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PREFACE 

AN attempt has been made in this volume to give a somewhat 
satisfactory account of many parts of Celestial Mechanics rather 
than an exhaustive treatment of any special part The aim has been 
to present the work so as to attain logical sequence, to make it 
progressively more difficult, and to give the various subjects the 
relative prominence which their scientific and educational importance 
deserves In short, the aim has been to prepare such a book that one 
who has had the necessary mathematical training may obtain from it 
m a relatively short time and by the easiest steps a sufficiently broad 
and just view of the whole subject to enable him to stop with much of 
real value in his possession, or to pursue to the best advantage any 
particular portion he may choose 

In carrying out the plan of this work it has been necessary to give 
an introduction to the Problem of Three Bodies This is not only one 
of the justly celebrated problems of Celestial Mechanics, but it has 
become of special interest in recent times through the researches of 
Hill, Poincar^, and Darwin The theory of absolute perturbations is 
the central subject in mathematical Astronomy, and such a work as 
this would be inexcusably deficient if it did not give this theory a 
prominent place A chapter has been devoted to geometrical considera- 
tions on perturbations Although these methods are of almost no use 
m computing, yet they furnish in a simple manner a clear insight into 
the nature of the problem, and are of the highest value to beginners 
The fundamental principles of the analytical methods have been given 
with considerable completeness, but many of the details m developing 
the formulas have been omitted in order that the size of the book might 
not defeat the object for which it has been prepared The theory of 
orbits has not been given the unduly prominent position which it has 
occupied m this country, doubtless due to the influence of Watson's 
excellent treatise on this subject 

The method of treatment has been to state aU problems in advance 
and, where the transformations are long, to give an outline of the steps 
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which are to be made The expression order of small quantities ” has 
not been used except when applied to power series in explicit para- 
meters, thus giving to the work all the definiteness and simplicity which 
are characteristic of operations with power series This is exemplified 
particularly in the chapter on perturbations Care has been taken to 
make note at all places where assumptions have been introduced or 
unjustified methods employed, for it is only by seeing where the points 
of possible weakness are that improvements can be made The frequent 
references throughout the text and the bibliogiaphies at the ends of the 
chapters, though by no means exhaustive, are sufficient to direct one in 
further reading to important sources of information 

This volume is the outgrowth of a course of lectures given annually 
by the author at the University of Chicago during the last six years 
These lectures have been open to Senior College students and to 
graduate students who have not had the equivalent of this work They 
have been taken by students of Astronomy, by many making Mathe- 
matics their major work, and by some who, althougli specializing in 
quite distinct lines, have desired to get an idea of the processes by 
means of which astronomers interpret and pi edict celestial phenomena 
Thus they have seived to give many an idea of the methods of investi- 
gation and the results attained m Celestial Mechanics, and have 
prepared some for a detailed study extending into the various branches 
of modern investigations The object of the work, the subjects 
coveied, and the methods of treatment seem to have been amply 
justified by this expeiience 

Mr A 0 Lunn, M A , has read the entire manuscript with great 
care and a thorough insight into the subjects treated His numerous 
corrections and suggestions have added greatly to the accuracy and the 
method of treatment in many places Professor Ormond Stone has read 
the proofs of the first four chapters and the sixth His experience as 
an investigator and as a teacher has made his criticisms and suggestions 
invaluable Mr W 0 Beal, M A , has read the proofs of the whole 
book with great attention and he is responsible for many improvements 
The author desires to express his sincerest thanks to all of these gentle- 
men for the willingness and the effectiveness with which they have 
devoted so much of their time to this work 


P R MOULTON 


Chicago, July ^ 1902 
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CHAPTEE 

FUNDAMENTAL PEINCIPLES AND DEFINITIONS 

1 Elements and Laws The problems of every science are 
expressible in certain terms which will be designated as eUTnents^ and 
depend npon certain prmc^ples and laws for their solution The 
elements arise from the very nature of the subject considered, and are 
expressed or imphed in the formulation of the problems treated The 
principles and laws are the relations which are known or assumed to 
exist among the various elements They are inductions from experi- 
ments, or deductions from previously accepted pnnciples and laws, or 
simply agreements 

An exphcit statement on the start of the type of the problems 
which wiU be treated, and an enumeration of the elements involved, 
and of the principles and laws which relate to them, wiU lead to 
clearness of exposition In order to obtam a complete understanding 
of the character of the conclusions it would be necessary to make a 
philosophical discussion of the reality of the elements, and of the 
origin and character of the pnnciples and laws These questionjs 
cannot be entered into here owing to the difSculty and complexity of 
metaphysical speculations It is not to be understood that such 
investigations are not of value , they forever lead back to simpler and 
more undeniable assumptions upon which to base all reasoning 

The method of procedure in this work will necessarily be to accept 
as true certain fundamental elements and laTvs without entermg in 
detail into the questions of their reahty or vahdity It will be 
sufficient to consider whether they are defimtions or have been inferred 
from experience, and to point out that they have been abundantly 
venfied m their applications They will be accepted with confidence, 
and their consequences will be derived, m the subject treated, so &r as 
the scope and limits of the work will allow 
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2 Problems Treated The motions of a material body subject 
to a central force of any sort whatever mil be briedy considered 
From the theorems reached, and the observed motions of the planets 
and them satellites, it will be shown that Newtons law of gravitatioii 
operates in the solar system Then talang it as being nriiversal it 
vnll be of fundamental importance in discussing the properties of the 
motions of the heavenly bodies in general 

In paitioular, the motions of two free bodies starting from 
arbitrary initial conditions will be investigated, and then tlieir motions 
when subject to disturbing influences of various sorts The essential 
features of pertuibations arising from the action of a third body will be 
developed, both from a geometrical and an analytical point of vievf 
There mil be two somewhat different cases One will be that in which 
the motion of a satellite around a planet is perturbed by the sun, and 
the second will he that in which the motion of one planet around the 
sun IS perturbed by anotlier planet 

Another class of problems winch will arise is the determination of 
the orhits of unknown bodies from the observations of their directions 
at different epochs, made from a body whose motion is ^ 

IS the theories of the orbits of comets and planetoids will he based 
upon observations of their apparent positions made from ttie earth 
This incomplete outline of the questions to he tieated is sufficient for 
the enumeration of the elements employed 


3 Enumeration of the Principal Elements In the dis- 
cussion of these various topics it mil be necessary to employ the 
following elements 

(a) Eeal numbers, and complex numhers incidentally in the 
solution of certain problems 

{b) Space of three dimensions, possessing the same properties m 
every direction 

(c) Ttme of one dimension, which will he tahen as the independent 
variable 

{d) Mass, having the ordinary properties of inertia, impenetra- 
bility, etc , which are postulated in elementary Physics 

(e) Force, with the content that the same term has in Physics 

Positive numbers arise in Arithmetic, and positive, negative, and 
complex numbers, m Algebra They have the same content here 
Space appears first as an essential element in Geometry Time appears 
hrst as an essential element in the subject of Kinematics But 
Kinematics may he regarded as a bianoh of Mathematics introduced 
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to avoid the metaphysical difficulties inherent m the subject of 
Mechanics, and to simplify the fonnulation of mechanical problems 
It might be said with justice, then, that time first appears as an 
essential element in physical discussions Mass and force appear first 
as essential elements m physical problems No defimtions of these 
famihar elements are necessary here 

4 Enumeration of Pnnciples and Laws In representing 
the various magmtudes by numbers, certain agreements must be 
made as to what shall be considered as being positive, and what 
negative These agreements will be made so that the commutative, 
associative, and distnbutive laws of Algebra shall hold whether space 
or time is considered The axioms of ordinary Geometry will be 
considered as being true 

The fundamental pnnciples upon which all work in Theoretical 
Mechanics may be made to depend are Newton’s three or 

Law% of Motion The first two laws were known by Galileo and' his 
followers, although they were for the first time announced together m 
all their completeness by Newton in the Principia The laws are as 
follows* 

Law I Ehery body continues m its state qf rest, or qf uniform 
motion in a straight line, unless it is compelled to chcunge that state by 
forces impressed upon it 

Law II The cha/nge qf motion is proportional to the force im^^ 
pressed, and takes place in the direction of the straight line in which 
the force acts 

Law III To every action there is an equal and opposite reaction , 
or, the mutual actions of two bodies are always equal and oppositely 
directed 

5 Nature of the Laws of Motion Newton calls them 
Axioms, or Laws of Motion, and after giving each, makes a few 
remarks concerning its import Later writers, among whom are 
Thomson and Taitt, regard them as inferences from experiences, but 
accept Newton’s formulation of them as practically final, and adopt 
them in the precise form in which they are given in the Prtnmpia 
A number of Continental wnters, among whom is Dr Ernest Mach, 

* Other fundamental laws may be, and indeed have been, employed , but they 
mvohe more difficult mathematical pnnciples at the very start They are such as 
D»Alembert’s prmoiple, Hamilton’s prmoiple, and the systems of KirohhofP, Mach, 
Hertz, Boltzmann, etc ’ 

+ Natural Philosophy, vol i Art 243 
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show that Newton’s laws are not strictly in accordance with every 

observed phenomenon , they will be accepted here 

to enter into the metaphysical aspects of the problem, althoiiKh the 

import of each will be pointed out 

6 Nature of the First Law In the fiist law the statement 
that a body subject to no forces moves with uniform motion, may be 
. dim... of «. Fo, ^ « » »t. .. »,.l- a»‘ l»e 
eits some method of measuring time in which motion is not involved 
Now It IS a fact that in the devices actually used foi moasiiiiiig time 
-this part of the law is a fundamental assumption For example, it ib 
assumed that the earth rotates at a uniform rate beeaiise theie is no 
force actmg upon it which changes the rotation sensibly 

The second part of the law, which afiirms that the motion is iii a 
straight hue when the body is subject to no forces, may ho taken as 
defining a straight line, if it be assumed that it is possible to dcteimino 
when a body is subject to no foices , oi, it may he taken as sliowmg, 
together with the hrst part, whether forces are acting or not, if it bo 
assumed that it is possible to give an independent definition of a 
straight hue Either alternative leads to troublesome difhc ultios wlieu 
an attempt is made to employ strict and consistent dofuiitious 


7 Nature of the Second Law In the second law the state- 
ment that the change of motion is propoitional to the foi( e impicssod, 
may be regarded as a definition of the relation between fouo and 
matter by means of which the magnitude of a force, or the amount of 
matter m a body may be measured By change of motion is meant 
the change of velocity multiplied by the mass of the body moved 
This IS usually called the change of momentum, and the ideas of the 
second law may be expressed by saying, the change of momentum I'l 
proportional to the force impressed and tales place in the direction of 
the straight line in which the force acts Or, the act elevation of motion 
of a body is dweethj proportional to the force to whnh it is siihjeit, and 
inmsely pi open tional to its mass, and takes place in the dmction in 
nhich the foi ce acts 

It may appear at first thought that foice may ho measuied without 
reference to velocity generated, and it is true in a sense Foi oxainplo. 


* See memoir by B S Woodward, iiot Journ^'^o 50‘2 
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the force -with which gravity draws a body downward is frequently 
measured by the stretching ot a coiled spnng, or the intensity of 
magnetic action, by the torsion of a fiber But it will be noticed in all 
cases of this kind that the law of reaction of the machine has been 
determined in some other way This may not have been by velocities 
generated, but it ultimately leads back to it It is worthy of note in 
this connection that all the units of absolute force, as the dyne^ contain 
explicitly in their definitions the idea of velocity generated * 

In the statement of the second law it is imphed that the efifect of a 
force IS exactly the same in whatever condition of rest or of motion the 
body may be, and to whatever other forces it may be subject The 
position of a body acted upon by a number of forces is the same at the 
end of a unit of time as it would be if each force acted separately for 
the same time Then the implication in the second law is, if any 
nuniber of forces act siTnultaneously on a body, whether it is at rest or 
in motion, each force produces the same change of momentum that it 
would if it alone acted on the body at rest It is apparent that this 
principle leads to great simplifications of problems, for in accordance 
with it the effects of the various forces may be considered separately 

Newton denved the parallelogram of forces from this lawt He 
reasoned that as forces are measured by the accelerations which they 
produce, the resultant of, say, two forces should be measured by the 
resultant of their accelerations Since an acceleration has magmtude 
and direction it may be represented by a directed line, or motor The 
resultant will then be represented by the diagonal of a parallelogram, 
of which two adjacent sides represent the two forces 

One of the most frequent applications of the parallelogram of forces 
IS in the subject of Statics, which, m itself, does not involve the ideas 
of motion and time In it the idea of mass may also be entirely 
eliminated Newton's proof of the parallelogram of forces has been 
objected to on the ground that it requires the introduction of the 
fundamental conceptions of a much more complicated science than the 
one in which it is employed Among the demonstrations which avoid 
this objectionable feature is one due to Poisson J, which has for its 
fundamental assumption the axiom that the resultant of two equal 
forces applied at a point is m the line of the bisector of the angle 
which they make with each other Then the magnitude of the resultant 
is denved, and by simple processes the general law is obtained 

* Appell’s Mecanique^ vol i p 96 

t JPnncipta, Cor i to the Uws of motion 

X Traits de MScanique, vol i p 46 et seq 
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8 Nature of the Third Law The first two laws are sufficient 
for the determination of the motion of one body subject to any number 
of known forces , but another principle is needed when the inyestiga- 
tion concerns the motion of a system of two or more bodies subject to 
their mutual interactions The thud law of motion expresses precisely 
this principle It is that if one body presses against another the 
second resists the action of the first with the same force And, this 
which IS not so easily conceiyed, if one body acts upon another through 
any distance, the second reacts upon the first with an e(][ual and 
oppositely directed force 

Suppose one can exert a giyen force at will , then, by the second 
law of motion, the relative masses of bodies can be measured since 
they are inyersely proportional to the accelerations which eq^ual forces 
generate in them When their relatiye masses haye been found the 
third law can be tested by permitting yarious bodies to act upon each 
other and measuring their relatiye accelerations Newton made seyeral 
experiments to yenfy the law, such as measuring the rebounds from 
the impact of elastic bodies, and observing the accelerations of magnets 
floating in basins of water ^ The chief difficulty in the experiments 
arises in eliminating forces external to the system under consideiation, 
and evidently they cannot be completely removed Newton also 
concluded from a certain course of reasoning that to deny the third 
law would be to contradict the first ^ 

In the scholium appended Newton made some remaiks concerning 
an important feature of the third law This was first stated in a 
manner in which it could actually be expressed in mathematical 
symbols by D’Alembert in 1742, and has ever since been known by his 
namet It is essentially this When a body is subject to an accelera- 
tion, it may be regarded as exerting a force which is equal and 
opposite to the force by which the acceleration is produced This 
may be considered as being true whether the force arises from another 
body forming a system with the one under consideration, or has its 
source exterior to the system In general, in a system of any number 
of bodies, the resultants of all the applied forces are equal and opposite 
to the reactions of the respective bodies In other words, the impresbed 
forces and the reactions, or the expressed forces, form systems which 
are in equilibrium for each body and for the whole system This 
makes the whole science of Dynamics, in form, one of Statics, and 
formulates the conditions so that they are expressible in mathematical 

* Fiincipia Scholium to the laws of motion 

t See Appell’s Mecanique, vol n chap xxiii 
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terms This phrasing of the thud law of motion has been made the 
starting point for Uie elegant and very general investigations of 
Lagrange in the subject of Dynamics* 

The primary purpose of fundamental prmciples m a science is to 
coordinate the various phenomena by stating in what respects their 
modes of occurrmg are common , the value of fundamental prmciples 
depends upon the completeness of the coordination of the phenomena, 
and upon the readiness with which they lead to the discovery of 
uninown facts , the characteristics of fundamental principles should be 
that they are self-consistent, that they are consistent with every 
observed phenomenon, and that they are simple and not redundant 

Newton’s laws coordinate the phenomena of the mechanical sciences 
in a remarkable manner, while their value m maTcmg discoveries is 
witnessed by the brilliant achievements in the physical sciences m the 
last two centuries compared to the slow and uncertam advances of all 
the ancients They are self-consistent, and are consistent with all the 
phenomena which have been so far observed , they are conspicuous for 
their simphcity, but it has been claimed by some that they are in some 
respects redundant One naturally wonders whether they are pnmary 
and fundamental laws of nature In view of the past evolution of 
scientific and philosophical ideas one should be slow m affirming that 
any statement represents ultimate and absolute truth The fact that 
several other sets of fundamental prmciples have been made the bases 
of systems of mechanics, points to the possibihty tliat perhaps some 
time the Newtonian system, even though it may not be found to be in 
error, will be supplemented by a simpler one even m elementary books 

Definitions and Gbnbbai Equations 

9 Rectilinear Motion, Speed, Velocity A particle is in 
rectilinear motion when it always lies in the same straight line, and 
when its distance firom a point in that hue vanes with the time It 
moves ^ith wnnform speed if it passes over equal distances in equal 
intervals of time, whatever their length The speed is represented by 
a positive number, and is measured by the distance passed over m a 
unit of a time The velocity of a particle is the directed speed with 
which it moves, and is positive or negative according to the direction 
of the motion Hence the velocity is given by the equation 



ColUcUd WorhSf toIs zi and zn 
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VELOCITY AND ACCELEEATION 


Smce s may be positive or negative ® may be positive or negative, tbe 
speed being the numerical value of u The same value of v is obtained 
whatever interval of time is taken so long as the corresponding value 
of s IS used 


The speed and velocity are mriahle when the particle does not 
describe equal distances in equal times , and it is necessary to define 
in this case what the speed and velocity at any instant mean Suppose 
a particle passes over the distance As m the time A# Suppose the 
interval of time A^ approaches the limit zero in such a manner that it 
alwajs contains the instant t Suppose that for every M the corres- 
ponding As is taken Then the velocity at the instant t is defined as 


( 2 ) 


'y= lim 

Ai=0 



ds 


and the speed is the numerical value of ^ 

Uniform and variable velocity may be defined analytically in the 
following manner The distance s, counted from a fixed point, is 
considered as a function of the time, and may be written 

s=<l>{t) 

Then the velocity may be defined by the equation 


v = 


ds 

dt 




•where (t) is the derivative of (j> (t) with respect to t The velocity is 
said to be constant, or uniform, if <l>' {t) does not contain t explicitly, 
or, in other words, if <^(f) involves t Imeaily as, <l>{t) = at + b It is 
said to be variable if the value of <j>' (t) changes with t 

Some agreement must be made to denote the direction of motion 
An arbitrary point on the line may be taken as the origin and the 
distances to the right counted as positive, and those to the left, 
negative With this convention, if the value of s determining the 
position of the body increases as the time increases the velocity will 
be taken positive , if the value of s decreases as the time increases the 
velocity will be taken negative Then, when 'o is given in magnitude 
and sign, the speed and direction of motion are determined 


lO Acceleration m Rectilinear Motion Acceleiation is the 
rate of change of velocity, and may be constant or variable Since the 
case when it is variable includes that when it is constant, it will be 
snflficient to consider the former The definition of acceleration at an 
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instant t is similar to that for velocity, and is, if the acceleration be 
denoted by a, 

(3) 

A^=o \^tj at 

By means of (2) and (3) it follows that 
/j\ d /ds\ dh 

^ ^ [dtj ~ df 

There must he an agreement regarding the sign of the acceleration 
When the velocity increases as the time increases, the acceleration 
will be taken positive, when the velocity decreases as the timA 
increases, the acceleration will be taken negative 


11 Speed and Velocities m Curvilinear Motion The speed 
with which a particle moves is the rate at which it describes a curve 
If v represents the speed in this case, and s the arc of the curve, then 


dt 


(5) 

where ^ represents the numerical value of ^ As before, the 

velocity IS the directed speed possessing the properties of vectors, 
and may be represented by a vector* The vector may be resolved 
uniquely into three components parallel to any three coordinate axes , 
and conversely, the three components may be compounded uniquely 
into the vector In other words, if the velocity is given, the com- 
ponents parallel to any coordinate axes are defined, and conversely, 
the components parallel to any coordinate axes define the velocity 
It IS generally simplest to use rectangular axes and to employ the 
components of velocity parallel to them Let X,, ju,, r represent the 
angles between the line of motion and the os, y, and 2 ?-axes respectively 
Then 


(6) = cos/* = ^, cosv = ^^ 

Let Vxi ooy, represent the components of velocity along the three 
axes That is, 


dx 


cos^ = ^. 


dz 


< 7 ) 


. ds dx dx 
, ds dy dy 

ds dz dz 


* Consult Appell’s Micamque, vol i p 46 ei 
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From these equations it follows that 


/ fdoo\ fdyV (dz 
^"V ^W) ^\dt. 


There must he an agreement as to a positiye and a negative diiection 
along each of the three coordinate axes 

12 Acceleration m Curvilinear Motion As m the case ol 

velocities, it is simplest to lesolve the acceleration into component 
accelerations parallel to the coordinate axes Constructing a notation 
corresponding to that used in Art 11, the following equations lesult 

/o^ . 




The resultant acceleration is 


“ V \dtV 


This IS not, in general, equal to tlie acceleration along the cuivo , 
dh 

that IS, to -jr For, from (8) it Moto that 


^~dt~ 


t) \dt) \dt) ’ 


whence, by differentiation, 

& d^ dy d^y dz d^z 

(ll) _ dx d^c dy d'^y dz 

dt‘^ J [dxV /dy\^ fdz\ ds dt ds dt^^ dh dt^ 
V \W'^\dt) ^\Jt) 


Thus, when the components of acceleration are known, the whole 
acceleration is given by (10), and the acceleration along the curve 
hy (11) 

13 The Components of Velocity Along and Perpendicular 
to the Radius Vector Suppose the path of the particle is in the 
iT^^-plane, and let the polar coordinates be r and 0 Then 

(12) x=roo^6, y-rmxO 

The components of velocity are therefore 

{dx dO .dr 

*“•’'=“*'"‘'’*+“* 3 - 1 ' 


\dO ^dr 


dy ndO . dr 
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Let QP be an arc of the curve described by the moving particle 
When the particle is at P, it is moving in the direction P and the 
velocity may be represented by the vector P V Let Vr and repre- 
sent the components of velocity along and perpendicular to the radius 
vector But the resultant of the vectors Vr and Vq is equal to the 

resultant of the vectors ^ and ^ , and therefore the sums of their 

projections upon any hne are equal ^ Therefore, projecting Vr and 

upon the x and ^-axes, it follows that 


(14) 


A 

^ = 'yyCos ^--y^sin^, 
^^ = 'yrSin^ + -y^cos^ 



Comparing (13) and (14) the requned components of velocity are found 
to be 


(15) 

The square of the speed is 


d/r 

dO 


+ V 



The components of velocity, Vr and maybe found in terms of 
the components parallel to the x and 3 ^-axes by multiplying equations 
(14) by cos 9 and sin 6 respectively and adding, and then by - sin 9 and 
cos 9 and adding The results are 


( 16 ) 


. = cos ^ ^ + sin ^ ^ , 
dt dt 




.dx 

= ‘-sm^-jT + cos( 
dt 


dy 

di 


^ See Appell’s M^camque^ vol i chap i 
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14 The Components of Acceleration The deriyatives of 
(13) are 

. r d6 dr d0~\ a 


(17) 


''dt^ '' 

ddy 


dt'^ 


d^y r 


dt^ 


drd^ 

dtdtj 


cos 6 + 


rd\ 


sin 


e 


Let and represent the components of acceleration along and 
perpendicular to the radius vector As in Art 13, it follows from tlie 
composition and resolution of vectors that 

'aa. = a^COS^-a0Sin 0 , 

, = a,, sm ^ cos 0 
Comparing (17) and (18) it follows that 
' dh fdO\ 

dt^ ^W’ 


(18) 


(19) 


d^ *^_ld 
dt^^^ dtdt rdt 


,dl 

dt 


The components of acceleration along and perpendicular to the 
radius vector m terms of the components parallel to the x and ^-axes 
are found from (17) to be 


( 20 ) 


. ^ d'^y 

ttg =— sin 0 ,- 7 -+ cos u - — 


dt dt^ 

By Similar processes the components of velocity and acceleiation 
parallel to any lines may be found 

15 Application to a Particle Moving in a Circle with. 
Uniform Speed Suppose the particle moves with uniform speed 



in a circle around the origin as center , it is rec^uired to determine the 
components of velocity and acceleration parallel to the cc and 3 ^-axos, 
and parallel and perpendicular to the radius Let B represent the 
radius of the circle, then 

x = Bq>o^ 0^ y~BmxO 
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Since the speed is uniform the angle 0 is proportional to the time, or 
0 = ct The coordinates become 

( 21 ) an = li cos (ct\ ^ = Jt sin (ct) 

Since and components of velocity parallel to the 

a and y-axes are found from (13) to be 

(22) Vco=-Bc sin (ct), Vy = Be cos (ct) 

From (15) it is found that 

(23) «r = 0, ^1)0 = Be 

The components of acceleration parallel to the a: and ^/-axes are given 
by (17), and are 

(a^ = -BcHos{ct\ 

1 etj, = - Bc^ sin {et) 

From (19) it is found that 

(25) a,. = -i^6^ a^ = 0 

It "Will be observed that, although the speed is uniform m this 
case, the velocity with respect to fixed axes is not constant, and the 
acceleration is not zero If it be assumed that an exterior force is the 
only cause of the change of motion, or of acceleration of a particle, 
then it follows that a particle cannot move in a circle with uniform 
speed unless it is subject to some force It Mows also from (25) and 
the second law of motion that the force continually acts in a hne 
passing through the center of the circle 

16 The Areal Velocity The rate at which the radius vector 
from a fixed point to the moving particle describes a surface is called 



Fig 3 


the areal rielocity Suppose the particle moves in the ojj^-plane Let 
JAA represent the area of the triangle OPQ swept over by the radius 
vector in the interval of time At 
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whence 


A.4 =^-^sin(A^) , 
A 


AJ. r' r sm(A^) 

"aJ “ "T~ A(9 M 


As tlie angl-e A^ diniimslies the ratio of the area of the triangle to that 
of the sector approaches unity as a limit The limit of ^ ' is r, and of 


sin (A<9) 


, unity Equation (26) gives, passing to the limit in both 


members, 


dA _ 1 2^ 
dt dt 


as the expression for the areal velocity Changing to rectangular 
coordinates hy the substitution 


r = j!x?->ry, 


equation (27) becomes 




If the motion is not in the ix;y-plane the projections of the areal 
velocity upon the three fundamental planes are used They are 
respectively 




In certain motions of bodies in mechanical problems the areal 
velocity is constant if the origin is properly chosen In this case it 
IS said that the body obeys the law of areas with respect to the origin 
That IS, 

dO ^ ^ 
r ^ = constant 

It follows from this equation and (19) that in this case 

a0 = O, 

that IS, the acceleration perpendicular to the radius vector is zero 
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17 Application to Motion in an Ellipse Suppose the 
particle moves in an dhpse whose semi-axes are a and I in such a 
manner that it obeys the law of areas with respect to the center of the 
ellipse as ongm , it is required to find the components of acceleration 
along and perpendicular to the radius vector The equation of the 
elhpse may be written 

(30) = a COS 0, y = 6 sin , 

for, if ^ IS 6liinina>tGd tlic ordinary eq^uation 

^ y® - 

IS found It follows firom (30) that 
(81) 

Substituting (30) and (31) in the expression for the law of areas, 


it becomes 


dAi dx 

r? ^ — =. / 


^ C 


The integral of this equation is 

<l> = Cit + Ci, 

and if <^ = 0 when #=0, then Ci=0 and 

Substituting this value of ^ in (30), it is found that 

-OT = - Cl « cos <^ = - Ci^tV, 




sin<^=-Ci®y 


Substituting these values of the derivatives in (20), and wnting in 
place of costf and sin6>, ^ and ^ respectively, the components of 
acceleration are found to be 

'<»r = -CaV, 

(09 = 0 
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I PROBLEMS 


1 A particle moves with uniform speed along a holix tiaced on a c \ Imder 
whose radius is B ^ find the components of velocity and accoloiation piualkl 
to the Si,, y, and z axes The equations of the helix aio 

«7=-Scosa), sin CD, z=sk(o 

^ rvx= - Be sin (ct), Vy = Be cos {( t), Vg ^ 

1 Oa: = - Be^ cos (ct), ay= - Bo^ sill (6Jf), a, - 0 

2 A particle moves in the ellipse whoso paiamotoi and octoutmit} aie 
p and e with uniform angular speed with respect to one of the foci as ongm , 
it IS required to find the components of velocity and iccoleration along aiul 
perpendicular to the radius vector and parallel to the a and y axes in iorins of 
the radius vector and the time 


Ans 




Vx— - cr (ct) + ^ r*" sin (2cjf), Vy— croon {<t)+ 
ar — -^ r^coQct+ {ct) - ch ^ 

09=— ^ 

2^ 2 / i 

0^.= -C>COS(Cif) + ^ ^2___ r2sin'(6if)+ ^ - ? ^HllH(ff)< osfc/), 


3ec2 




ay=:z-ch Sincj5+'^ r‘’sin(262f)4-"'^^ 


3 A particle moves in an ellipse in such a manner that it obt^yn tlio law 
of areas with respect to one of the foci as origin , it is roquircnl to find tlui 
components of velocity and acceleration along and perpondiculai to the tiiilius 
vectoi and parallel to the axes in terms of the cofiidmatos 


eA . 

q) — Sind, 

P 


A 

'^Q~’ f » 


Ans •< 




= -:! i 

^ p 7^^ 


a.=0, 


aa; = 


p r ’ 


p ""h ” 


4 The accelerations along the a, and y axes are the den\ati\OH of the 
velocities along these axes , why are not the acceloiations along and 
pendicular to the radius vectoi given by the derivatives of the volocitios in 
these respective directions? 
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18 Center of Mass of n Equal Particles The center nf 

Snf fr f point whose 

distence any plane is equal to the average distance of all of the 

x"*Lf: - Fr" 

.Xrf m irt of c 

center of mass, then by the definition 


(32) 


74 

w 'm ’ 

.■7- ^1 +ya+ 

M n ’ 


^ n 


Suppose Je mass of each particle is m, and let M represent the mass 

rreq:a£i;2) h“^ 


(33) 


2 mxi 

M ' 

n 

S my^ 


y = i=L 


ilf 

S «i«j 


I — '-I 




casef f/whlTtf ^^0 

cases, (a) when the masses are not incommensurable, ih) when the 

masses are incommensurable 

(a) Select a umt m in terms of which all the n masses can be 
^pressed integrally Suppose the first mass is the second 
y, etc and let n,m=7n„ etc The system may be thought 

by ArT^W particles each of mass m, and consequently 


MOM 


2 
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S mn^x^ 
1=1 

2 

2=1 

t=i 

” M 

% 

n 

S mn^yt 

2 m.y. 

< y~ n 

2 mn^ 
2=1 

2=1 

“ M 

n. 

n 

2 

2 

2=1 

2=1 

IT 

" ll 


V -1=1 


{b) Select an arbitrary unit m smaller than any one of the 
n masses They will be expressible in terms of it plus corUin re- 
mainders Neglectmg the remainders equations (34) are true lake 
as a new unit any submultiple of m and the remainders will remain 
the same or be diminished, depending on their magnitudes Iho 
submultiple of m may be taken so small that every remainder is 
smaller than any assigned quantity Equations (34) continually hold 
where the are the masses of the bodies minus the remainders As 
the submultiples of m approach zero as a limit, the reinaindeis 
approach zero as a limit, and the expressions (34) approach as limits 
the expressions in which the wi, are the actual masses of the particles 
Equations (34) are therefore true in general 

In order to complete the work it is necessary to show that, if the 
definition is fulfilled for the three reference planes, it is also fulfilled 
for every other plane It is to be observed that the 2/^“P1 aiio, for 
example, may be brought into any position whatevei by a change of 
origin and a succession of rotations of the coordinate system around 
the various axes It will be necessary to show then that equations 
(34) hold true, (1) after a change of origin, and (2) after a rotation 
around one of the axes 


(1) Transfer the origin along the ^-axis through the distance a 
The substitution \^x = x' ■¥ a, and the first equation of (34) becomes 


whence 


S {xl + a) 2 m^xl a^mi 


X 


M 

n 

2 


M ■‘if 


M ’ 


which has the same form as before 
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(2) Rotate the co and ^-axes around the 2 !-axis through the 
angle 6 The substitution is 

f x=al cos ^ -y sin 6, 

\y=a! sin^ +y cos^ 

The first two equations of (34) become 


S miXi 5 miHi 

<b cos sin 0=eo8 6 sin , 

» n 

2 TjfiiSSi 2 

(18 Sln^+^'cos^ = Slnflti^^+co8fl^=S^r^ 
M M 

Solving these equations it is found that 


S mtxi S 

M ’ y — W~ 

Therefore equations (34) hold true with the planes m the new 
positions, and consequently the condition is fiilfilled for every plane 


20 The Center of Gravity The members of a system of 
particles which are near together at the surface of the earth are 
subject to forces downward which are sensibly parallel and proportional 



to their respective masses The wffigM, or gramln/, of a particle will be 
defined as the intensity of the verhoal force f, which is the product of 
the mass m of the particle and its acceleration g The center of gramty 
of the system is such a pomt that, if the members of the system were 
rigidly connected and the sum of all the forces apphed at this point, 
then the effect on the motion of the system would be the gomA as that 
of the original forces for all orientations of the system 


2—2 
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It Will now be shown that the center of gravity coincides with the 
center of mass Consider two paiallel forces and f acting upon the 
rigid system if at the points Pi and P Resolve these two forces 
into the components f and g^, andf and g respectively The com- 
ponents f, being equal and opposite, destroy each other Then the 
components g-^ and g may be regarded as acting at A Resolve them 
again so that the oppositely dnected components shah be equal and lie 
in a line parallel to PiP , then the other components will he in the 
same line AB, which is parallel to the direction of the original forces 
f\ a^ndfa, and will be equal respectively tofi and f Therefoie the 
resultant of f-y and is equal to fi m magnitude From similar 
triangles 

f__A^ 
f B,B' f~PB’ 

whence, by division, 

fi^PB_ A -a 

■The solution for x gives 

_ +/2^ 
fi+Z 

If the resultant of these two forces be united with a third foice fi, 
the point where their sum may be apphed with the same effects is 
found in a similar manner to be given by 

^ +/3«s 

A+A+f ’ 

and so on for any number of forces Similar equations are true for 
parallel forces acting in any other direction 

Suppose there are n particles m, subject to n parallel forces f, due 
to the attraction of the earth The cooidinates of then center of 
gravity with respect to the origin are given by 


s,= 


n 


1=1 


n 



n 

1 

n 


2 gm, 
1=1 


A 2 

I ^ ’ 'if ’ 


n 


1=1 


if ’ 


n 


5 m^z^ 



( 35 ) 
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The center of gravity is thus seen to be coincident with the center of 
mass , nevertheless it is much less general than the latter, since the 
system must be in such a position that the accelerations to which the 
various members are subject shall be equal and parallel m order that 
it may be defined Euler (1707 — 1783) proposed the designation of 
center of inertm for this point 

21 Center of Mass of a Continuons Body If the particles 
become more and more numerous and nearer together the system 
approaches a continuous body as a hmit In the case of the ordinary 
bodies of mechanics the particles are innumerable and mdistinguish- 
ably close together , on this account such bodies are treated as 
contmuous masses For continuous masses, therefore, the hmits of 
expressions (34), as toi approaches zero, must be taken At the limit 
m becomes dm and the summation becomes the defimte integral The 
equations are therefore 

fadm 
Jdm ’ 

jiydm 
jdm * 

jdm ’ 

where the integrals are to be extended throughout the whole body 

When the body is homogeneous the density is the quotient of any 
portion of the mass divided by its volume When the body is not 
homogeneous the mean density is the quotient of the whole mass 
divided by the whole volume The density at any pomt is the limit 
of the mean density of a volume including the point in question when 
this volume approa/ches zero as a limit If the density be represented 
by cr, the element of mass is in rectangular coordinates 

dm-<rd(cdydz 

Then equations (36) become 

jjj(r^dxdydz 
f J Jcrdwdydz ’ 

5i!<^dxdydz 
{jj^dxdydz ’ 
j{\(rzdxdifdz 
jjjordxdydz 

The limits of the integrals depend upon the shape of the body, and or 
must be expressed as a function of the coordinates 
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In certain problems the integrations are performed more simply if 
polar coordinates are employed Tbe element of mass is 

dm-(T ah ho cd 



It IS seen from the figure that 

{ ah = dr, 
hc-rd<l>, 
cd = r cos <l>dO 

Therefore 

(38) dm = (xr® cos <l> d<i> dB dr, 

and 

! £c = rcoscl> cos 0, 
y = r cos <1^ sin 0, 
z=r sin 4> 

Therefore equations (36) become 

/ _J Jfcrr^ cos (hc()^6d<hd0d'i 
^ J cos 4>d(l>ddd9 ’ 

cos <l> d(fdO d7 ’ 

^ _ 5 SIR cos ^d <hd0d7 
^ i\\(y9^cos4>d<t>dBd7 
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The density o- must be expressed as a function of the coordinates, and 
the hmits must be taken so that the whole body is included If the 
body IS a line or a surface the equations admit of important simph- 
fications 


22 Planes and Axes of Symmetry If a homogeneous body 
IS symmetrical with respect to any plane, the center of mass is in that 
plane This plane is called a plane of symTmtry If a homogeneous 
body IS symmetrical with respect to two planes, the center of mass is 
in the hne of their mtersection This line is called an axts of 
symmetry If a homogeneous body is symmetrical with respect to 
three planes intersecting m a point, the center of mass is at that 
point From the consideration of the planes and axes of symmetry the 
centers of mass of many of the simple figures can be inferred without 
employing the methods of integration 


23 Application to a Heterogeneous Cube Suppose the 
density varies directly as the square of the distance from one of the 
faces of the cube Take the origin at one of the comers and the axes 
so that the y; 2 i-plane is the face of zero density Then <T = ka?^ where h 
IS the density at unit distance Suppose the edge of the cube equals a, 
then equations (37) become 


L 


m a 

af^dwdydz 

I 

m a 

os^dxdydz 

) 


A 


n a I a 

J a^ydxdydz 

y “ T^ra ra ’ 

A j j j afdxdydz 




m a 

a?zdxdydz 

I 

m a I 

o^dxdydz i 

I 


These equations become, after integrating and sulpstituting the hmits. 




% = 
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24 Application to the Octant of a Sphere Suppose the 
sphere is homogeneous and that the density equals umty It is 
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preferable to use polar coordinates m this example, although it is 
by no means necessary Either (37) or (40) may be used in any 
problem, and the choice should be regulated by the form that the 
limits take m the two cases It is desirable to have them all constants 
so far as they may be made so Equations (40) become, if the oiigin 
IS taken at the center of the sphere, and if the radius is 


IL 

2 r2 


0 JO 10 


co^^(t>Gos0dcl>d0dr 


TT IT 

f2 r2 


IT jr 

f2f2 


y = - 


0 Jo Jo 


r cos (f>d<l>d0d7 
r^cos ^sm0d<j>d6dr 


r2 12 p 
JO lo k 


TT IT 

f2 [2 


0 Jo Jo 


cos <j>dcl>dO dr 

r^sm ^ cos <i>d<t>d6dr 


TT TT 

[2 [2 i 


0 Jo JO 


r^QOS<l>d<l>d0dr 


Since the mass of a homogeneous sphere with radius a and density 
unity IS each of the denominators of these expressions equals 
This may at once be verified by integration Integrating the 
numerators with respect to and substituting the limits, the equations 
become 


/ ^ fsP 
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^ cos OdOdr 
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T^dOdr 
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Integratmg ■wilili respect to B, these equations give 



and the integration with respect to r gives finally 


As nearly all the masses occurring m astronomical problems are 
spheres or oblate spheroids with three planes of symmetry, the appli- 
cations of the formulas just given are extremely simple, and no more 
examples need be solved 


II PROBLEMS 


1 Find the center of mass of a fine straight wire of length R whose 
density vanes directly as the nth power of the distance from one end 

Ant R from the end of zero density 


2 Find the coordinates of the center of mass of a fine wire of uniform 
density bent into a quadrant of a nrcle of radius R 

Ant «=y= — , 

TT 

where the ongin is at the center of the circle 
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3 Find the coordinates of the center of mass of a thm plate of uniform 
density, having the form of a quadrant of an ehipse whose scmi axes are 


a and h 


Ans 




4 Find the coordinates of the center of mass of a thm plate of lunfoun 
density, having the foim of a complete loop of the lemnisoate whoso oipiation 
IS cos 26 


Am 


ttCC 



3 ^ = 0 


5 Find the coordinates of the center of mass of an octant of an ellipsoid 
of uniform density whose semi axes are a, 6, o 


Am 


/_ 3a 

g , 


V 


z — 


8 


6 Find the coordinates of the center of mass of an octant of a sphoro of 
radius R whose density vanes directly as the Tith power of the distance Iroin 
the center 

, _ _ _ 71 + 3 R 

Ans x—y-=z — — — : 

^ 7^+4 2 

7 Find the coordinates of the center of mass of a paraboloid of rovo 
lution out off by a plane perpendicular to its axis 

^ where h is the distance from the vertex of the paiaboloid 

to the plane 

8 Find the coordinates of the center of mass of a right circulai cone whose 
height is A and whose radius is R 



26] 


HISTORICAL SKETCH 


27 


HisTOBiOMi Sketch from Akoient Times to Netvtok 

26 The Two Divisions of the History The history of 
the development of Celestial Mechanics is naturally divided into two 
distinct parts The one is concerned with the progress of knowledge 
about the purely formal aspect of the universe, the natural divisions 
of time, the configurations of the constellations, and the determination 
of the paths and penods of the planets in their motions , the other 
treats of the efforts at, and the success in, attainmg correct ideas 
xegardmg the physical aspects of natural phenomena, the fundamental 
properties of force, matter, space, and time, and m particular, the 
way in which they are related It is true that these two hues m the 
development of astronomical science have not always been kept distinct 
by those who have cultivated them , mdeed, on the contrary, they 
have often been so intimately associated that the speculations in the 
latter have mfluenced unduly the conclusions in the former While 
it IS clear that the two kinds of investigation should be kept distinct 
in the mind of the investigator, it is equally clear that they should 
he constantly employed as checks upon each other The object of 
the next two articles will be to trace, m as few words as possible, 
the development of these two hues of progress of the science of 
Celestial Mechamcs from the times of the early Gheek Philosophers 
to the time when Newton applied his transcendent gemus to the 
analysis of the elements mvolved, and again to their synthesis into 
one of the sublimest products of the human mmd 

26 Formal Astronomy The first division, which is con- 
cerned with phenomena apart from their causes, will be termed 
Formal Astronomy The day, the month, and the year are suoTi 
obvious natural divisions of time that they must have been noticed 
by the most pnmitive peoples The determination of the relations 
among these periods required something of the scientific spint necessary 
for careful observations , yet, in the very dawn of Chaldean and 
Egyptian history they appear to have been known with a considerable 
degree of accuracy The records left by these peoples of their earher 
cmhzations 6|,re so meager tliat httle is known with certainty regard- 
ing their achievements The authentic history of Astronomy actually 
begins with the Greeks, who, deriving their first knowledge and in- 
spiration from the Egyptians, pursued the subject with the enthusiasm 
and acuteness which was characteristic of the Greek race 
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Thales (640—546 B c ), of Miletus, went to Egypt for instruction, 
and on his return founded the Ionian School of Astronomy and 
Philosophy Some idea of the advancement made by the Egyptians 
may be gathered from the fact that he taught the sphericity of the 
earth, the obliquity of the ecliptic, the causes of eclipses, and, 
according to Herodotus, predicted the eclipse of the sun of 585 B o 
According to Laertius he was the first to deteimine tlie length of 
the year It is fair to assume that he borrowed much of his in 
formation from Egypt 

Anaximander (611—545 bc), a friend, and piobably a pupil of 
Thales, constructed geographical maps, and is credited with having 
invented the gnomon 

Pythagoras (569 — 470 bo) travelled widely in Egypt and Chaldea, 
penetrating Asia even to the banks of the Ganges On his return he 
went to Sicily and founded a School of Astronomy and Philosophy 
He taught that the earth both rotates and revolves, and that the 
comets as well as the planets move in orbits around the sun Ho 
IS credited with being the first to maintain that the same planet, 
Venus, was both evening and morning star at different times 

Meton (about 465 — 385 bo) brought to the notice of the learned 
men of Hellas the cycle of 19 years, nearly equalling 235 lunations, 
which has since been known as the Metonic cycle The still more 
accurate Callipic cycle consists of four Metonic cycles, less one day 

Aristotle (384—322 bo) defended the idea of the globulai loim 
of the earth with many of the arguments which are used at the present 
time 

The earliest writings which have been handed down to modem 
times, as those of Hesiod and Homer, contain frequent references to 
the constellations It is remarkable that, although the outlines of 
most of the constellations are arbitrary, the divisions used by the 
Greeks, the Chaldeans, and to a considerable extent by the East 
Indians are practically identical Eudoxus (about 409 — 356 Bo) 
wrote a description of the constellations 

The next important event in the development of the science of 
Astronomy was the founding of the Alexandrian School by Ptolemy 
Soter (^ — 283 Bc), one of Alexander’s Generals, who became ml or 
of Egypt upon the death of his master Here the earliest systematic 
observations were made, and the first observers were Arystillus and 
Timocares (about 300 bc) Their observations enabled Hipparchus 
and Ptolemy to make some of then greatest discoveries 
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Aristarchus (310 — 250 Bc) wrote au importaut work entitled 
Magnitudes and Distances In it he calculated from the time which 
the earth is in quadrature as seen jfrom the moon that the latter is 
about one-nineteenth as distant from the earth as the sun 

Eratosthenes (275—194 bo) made a catalogue of 475 of the 
brightest stars, and is famous for haying determined the size of the 
earth from the measurement of the difference in latitude and the 
distance apart of Syene, in Upper Egypt, and Alexandna 

Hipparchus (190 — 120 b c ), a native of Bithyma, who observed 
at Rhodes and possibly at Alexandria, was the greatest astronomer 
of antiquity He added to zeal and skiU as an observer, the accom- 
plishments of a mathematician Following Euclid (about 330—275 b c ) 
at Alexandria, he developed the important science of Spherical 
Trigonometry He located places on the earth by their Longitudes 
and Latitudes and the stars by their Right Ascensions and Dechna- 
tions He was led by the appearance of a temporary star to make 
a catalogue of 1080 fixed stars He measured the length of the 
tropical year, the length of the month from eclipses, the motion of 
the moon’s nodes and that of her apogee , he was the author of the 
first solar tables , he discovered the precession of the equinoxes, and 
made extensive observations of the planets The works of Hipparchus 
are known only indirectly, his own writings having been lost at the 
time of the destruction of the great Alexandrian library by the 
Saracens under Omar, in 640 AD 

With the assistance of the philosopher Sosigenes, Julius Caesar 
reformed the Roman calendar in the year 46 b o by the addition of 
eighty days to that year, and the decree that every fourth year 
thereafter should consist of 366 days The outstanding errors in this 
system were corrected still further by an edict of Pope Gregory XIII , 
m 1582, when the present calendar was inaugurated 

Ptolemy (100 — 170 ad ) carried forward the work of Hipparchus 
faithfully and left the Almagest as the monument of his labors 
It has fortunately come down to modern times intact and contains 
much information of great value Ptolemy’s greatest discovery is the 
evection of the moon’s motion, which he detected by following the 
moon during the whole month, instead of confimng his attention to 
certain phases as previous observers had done He discovered re- 
fraction, but IS particularly famous for the system of eccentrics and 
epicycles which he developed to explain the apparent motions of the 
planets 
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The stationary period followed Ptolemy during which science was 
not cultivated by any people except the Arabs, who were imitators 
and commentators rathei more than original investigators In the 
Ninth Century the gieatest Arabian astronomer, Albategnius (850 — 
929), flourished, and a more accurate measurement of the aic of a 
meridian than had before that time been executed was earned out 
by him in the plain of Singiar, in Mesopotamia In the Tenth 
Century Al-Sufi made a catalogue of stars based on his own observa- 
tions Another catalogue was made by the direction of Ulugh Bcigh 
(1393— -1449), at Samarkand, in 1433 At this time Arabian asti onomy 
practically ceased 

Astronomy began to revive in Europe toward the end of the 
Fifteenth Century m the labors of Peurbach (1423 — 1461), Waltheius 
(1430 — 1504), and Eegiomontanus (1436 — 1476) It was given a 
great impetus by the celebrated German astronomei CopenucuB 
(1473 — 1545), and has been pursued with inci easing real to the 
present time Copernicus published his masterpiece, De RewUitioni'^ 
bus Orbium Goelestium, in 1543, in which he gave to the world the 
heliocentric theory of the solar system The system was rejettod 
by Tycho Brahe (1546—1601), who advanced a theory of Ins own, 
because he could not observe any parallax in the fixed stars Tycho 
was of Norwegian birth, but did much of his astronomical woik in 
Denmark under the patronage of King Frederick After the death 
of Fredenck he moved to Prague where he was supported the le- 
mainder of his life by a liberal pension from Rudolph II Ho was 
an indefatigable and most painstaking observer, and made very im- 
portant contributions to Astronomy In his later years Tycho Brahe 
had Kepler (1571 — 1630) for his disciple and assistant, and it was 
b> discussing his observations that Kepler was enabled, in less than 
twenty years after the death of his preceptor, to announce the three 
laws of planetary motion It was from these laws that Newton 
(1642 — 1727) derived the law of gravitation 

Galileo (1564 — 1642), an Italian astronomer, a contemporary of 
Kepler, and a man of greater genius and greater fame, applied the 
telescope to celestial objects He discovered four satellites rovolvnig 
around Jupiter, the rings of Satuin, and spots on the sun He, like 
Kepler, was an ardent supporter of the heliocentric theory 

27 Djniainical Astronomy By Dynamical Astronomy will 
be meant the connecting of mechanical and physical causes with 
observed phenomena Foimal Astronomy is so ancient that it is not 
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possible to go back to its ongin ^ Dynamical Astronomy, on the other 
hand, did not begin until after the time of Aristotle, and then real 
advances were made at only very rare intervals 

Archimedes (287 — 212 Bo), of Syracuse, is the author of the 
first sound ideas regarding mechanical laws He stated correctly 
the principles of the lever and the meaning of the center of gravity 
of a body The form and generahty of his treatment were improved 
by Leonardo da Vinci (1452 — 1519) m his investigations of statical 
moments The whole subject of Statics of a ngid body involves only 
the apphcation of the proper mathematics to these prmciples 

It is a remarkable fact that no single important advance was made 
in the discovery of mechanical laws for nearly two thousand years 
after Archimedes, or until the tune of Stevmus (1548 — 1620), who 
was the first, in 1586, to investigate the mechanics of the mclined 
plane, and of Galileo (1564—1642), who made the first important 
advance in Kinetics Thus, the mechanical prmciples mvolved in 
the motions of bodies were not discovered until relatively modern 
times The fundamental error m the speculations of most of the 
investigators was that they supposed that it required a contmually 
acting force to keep a body m motion This is the opposite of the 
law of mertia (Newton’s first law) This law was discovered by Gahleo 
quite incidentally in the study of the motion of bodies shding down 
an inclined plane and out on a horizontal surface Gahleo’s division 
of the mechanical pnnciples mto their elements was quite different 
from that of Newton He took as his fundamental principle that the 
change of velocity, or acceleration, is determined by the forces which 
act upon the body This contains nearly all of Newton’s first two laws 
Galileo applied his pnnciples with complete success to the discovery 
of the laws of faUing bodies, and of the motion of projectiles The 
value of his discovenes is such that he is justly considered to be the 
founder of Dynamics He was the first to employ the pendulum for 
the measurement of time 

Huyghens (1629 — 1695), a Dutch mathematician and scientist, 
published his Harologivm Osadlatonum m 1675, contaimng the theory 
of the determination of the intensity of the earth’s gravitation from 
pendulum expenments, the theory of the center of oscillation, the 
theory of evolutes, and the theory of the cycloidal pendulum 

Newton (1642—1727) completed the formulation of the funda- 
mental pnnciples of Mechanics, and apphed them with unparalleled 
success m the solution of mechanical and astronomical problems He 
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employed Geometry with such shill that his work has scarcely 
added to by the use of his methods to the present day 

Mathematicians soon turned to the more general and poweift^^ 
methods of analysis The subject of Analytical Mechanics founded ^ 
by Euler ( 1707 — 1783 ) in his woik, Mechamca siw Motus Scienti^^ 
(Petersburg, 1736 ), it was iinpioved by Maclaurm ( 1698 — 1746 ) 
his work, A Complete System of Fluxions (Edinburgh, 1742 ), and 
completed by Lagrange ( 1736 — 1813 ) in his Mecamque Analytiqit^ 
(Pans, 1788 ) 
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28 A great part of the work m Celestial Mechanics consists of 
the solution of differential equations which, in most problems, are very 
comphcated on account of the number of dependent vanables involved. 

he ordinary Calculus is devoted, in a large part, to the treatment of 
^nations in which there is but one independent variable and one 
dependent vanable , and the step to simultaneous equations m several 
vanables, requinng interpretation m connection with physical problems 
and mechamcal pnnciples, is one which is usually made not without 
some difSculty The present chapter will be devoted to the mathe- 
matical formulation and to the solution of classes of problems in wbch 
the mathematical processes are closely related to those which are 
expounded in the mathematical text-books It will form the bndge 
leading from methods which are familiar in works on pure MH.tboTn ginAB 
to those which are characteristic of mechanical and astronomical 
problems 

The examples chosen to illustrate the pnnciples are taken as 
largely as possible from astronomical problems They are of sufficient 
interest to justify their insertion, even though they were not needed 
as a preparation for the more comphcated work which will follow 
They embrace the theory of falling bodies, the velocity of escape, 
parabolic motion, and the meteonc and contraction theones of the 
sun’s heat 


The Motion oe Faiung Paetioibs 

29 The Differential Equation of Motion Suppose the mass 
of the particle is in and let s represent the line in which it falls Take 
the origin 0 at the surface of the earth and let the positive end of the 
hne be directed upward By the second law of motion the rate of 
MOM 


3 
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change of momentum, or the mass times the acceleration, is pro- 
portional to the force Let T represent the factor of propoitionality, 
the numerical value of which will depend upon the units employed 
Then, if/ represents the force, the differential equation of motion is 

d S f 

( 1 ) 

This IS also the differential equation of motion foi any lasi* iii 
which the resultant of all the forces is constantly in the same sti night 
hne and m which the body is not initially projected from that line 
A more general treatment will therefore be given than would be 
reqmred if / were simply the force arising from the eaith’s attiai tioii 
for the particle m 

The force / will depend in general upon various things, as the 
position of m, the time t, and the velocity v This may be lepiehonted 
by writing equation (1) 

( 2 ) = 

in which <f)(s, t, v) simply means that the force may depend njion file 
quantities contained in the parenthesis In oidei to solve (2) two 
integrations must be performed, and the charaotei of the 
will depend upon the manner in which 4* involves t, and o It will 
be necessary to discuss the different cases separately 


30 Case of Constant Force This simplest case is lu^aily 
realized when particles fall through small distances ncai tin* eaitldw 
surface under the influence of gravitation If the second is taken m 
the unit of time and the foot as the unit of length and 

(1) becomes 

This becomes after one integration 


jr-9t+cu 

where Ci is the constant of integration Let the velocity of the paiiic la 
at the time = 0 be ^ % Then the last equation becomes at 25 0 


whence 


% ^1 1 
ds 
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CASE OF CONSTANr FORCE 
The integral of this equation is 

Suppose the particle is started at the distance $q from the ongin at the 
time ^ = 0 , then this equation gives 


whence 

(4) 


Sq — C2 , 


* = -%- + ^o2f + ^ 


When the initial conditions are given this equation determines the 
position of the particle at any time , or, it determines the time at 
which the body has any position by the solution of the quadratio 
equation m t 


If the acceleration were any other positive or negative constant 
than — mg^ the equation for the space described would have the same 
form as (4) 

31 Attractive Force Varying Directly as the Distance 
Another simple case is that in which the force varies directly as the 
distance from the ongin Suppose it is always attractive toward the 
origin This has been found by experiment to be very nearly the law 
of tension of an elastic stnng within certain limits of stretching Then 
the velocity will decrease when the particle is on the positive side of 
the ongin , therefore for these positions of the particle the acceleration 
must be taken with the negative sign, and the differential equation for 
positive values of 5 is 

(5) 

For positions of the particle m the negative direction from the 
ongin the velocity mcreases mth the time, and therefore the accelera- 
tion must be positive The nght member of equation (5) must be taken 
with such a sign that it will be positive Since $ is negative m the 
region under consideration the negative sign must be prefixed, and the 
equation remains as before Equation (5) is, therefore, the general 
differential equation of motion for a body subject to an attractive force 
varying directly as the distance 

After multiplying equation (5) by ^ the left member is the denvative 


3—2 
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of 'T' -mth respect to t, as is easily verified, and the right ineniher 
2 \(ltJ 

IS the derivative of - Hence integrating once, (5) becomes 

If 5 = 5 o and ^ = 0, at the time ^ = 0, then this equation becomes 



which may be written, as is customary in sepaiating the vanablen, 

ds 


The integral of this equation is 


1 ? , Irt 

sin~^ - = + — + c 
^0 sJm 


It IS found from the initial conditions that , whence 

A 


( 6 ) 


, S , kt TT 
sin"^~= ±— .^ + -“ 
Jm 2 


Taking the sine of both members, this equation becomes 

(7) s = Sq sin (± + ~) = So cos ( 

\ vm 2/ \sjm' 


From this equation it is seen that the motion is oscillatory and 
symmetrical with respect to the origin, with a period of In 

A 

the practical example of the tension of a string the law (Iooh not hold 
while the body is near the origin, hence (7) must be regarded an being 
the solution of an ideal problem The conditions would ho more nearly 
realized if the body were a ring, shding on a wire without fiu turn, Iho 
point of attachment of the elastic string being at a distaiuo fioiu tlui 
wire greater than its normal length 
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III PROBLEMS 

1 A particle is started with an initial vdooity of 20 meters per sec and 
IS subject to an acceleration of 20 meters per sec What will be its velocity 
at the end of 4 secs , and how far will it have moved 1 

I V = 100 meters per sec 

I 8=240 meters 

2 A particle starting with an mitial velocity of 10 meters per sec and 
movmg with a constant acceleration descnbes 2060 meters m 6 secs What 
IS the acceleration ? 

Ans a= 160 meters per sec 

3 A particle is moving with an acceleration of 6 meters per sec 
Through what space must it move in order that its velocity may be m 
creased from 10 meters per sec to 20 meters per sec ? 

Ana 30 meters 

4 A particle starting with an initial velocity of 10 meters per sec and 
movmg under an acceleration of 20 meters per sec descnbed a space of 
420 meters What time was required? 

Ana ^=6 secs 

6 Show that, if a particle moves subject to an attractive force varying 
directly as the distance, the time of fallmg from any pomt to the ongin is 
independent of the distance of the point 

6 Suppose a particle moves subject to an attractive force varymg 
directly as the distance, and that the acceleration at a distance of 1 meter 
IS 1 meter a sec If the particle starts from rest how long will it take it to 
fall from a distance of 20 meters to 10 meters ? 

Ana 1 04*72 secs 


7 Suppose the force is repulsive from the ongm and that it vanes 
directly as the distance, and show that, if v^O and 8=8^ when ^=0, 


whence, letting - 7 =r = Z, 
s/m 




3a 


Observe that equation (7) may be written m the similar form 
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32 Solntioa by the General Method Equation (5) and the 
corresponding one for a repulsive force are linear in s, and may be 
solved in the following manner, which is efficient for all linear homo- 
geneous equations with constant coefficients * Consider the double form 

^ ^ + A 5 = 0, 


(8) 


dt^ 


-^5=0 


(9) 


Assume s = and substitute in the differential equations , whence 

j -\-k = 0, 

I A ^ = 0 

can vanish or become infinity only for if = + qo , and these values of 
the variable will be excluded , therefore this factor may be divided out 
and there results 

‘A2 + F = 0, 

A2-F = 0 

Let the roots of the first equation be \ and Ag , then the first eciuation 
of (8) is venfied by both of the particular solutions and The 
general solution is the sum of these two particular solutions each 
multiphed by an arbitrary constant Precisely similar results hold 
for the second equation of (8) Putting in the value of the roots, the 
respective general solutions are 

, , J S = 

^ ’ ys = c{^ + c'e-^, 

where Ci, c^y c/, and are the constants of integiation Suppose 

0 when ^ = 0 , therefore 


s 5qj anci 


f So — Cl S C2, 
[ 5o = Cl + C2 


The derivatives of (10) are 

^ = Cl «/ - 1 *«*'-'**- Ca \/~l 

ds 

Substituting # = 0 and ^ = 0, it follows that 


1 


CiN^ C2\/ — 1^ — 0) 

c(h — Ci k=0 
Cl = Cl, 

V Cl = C2 

See Johnson’s Differential Fquations, Art 95 
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Then the general solution becomes 


( 11 ) 






This shows the relation between the two problems much more clearly 
than the other method ol solving 


33 Attractive Force Varying Inversely as the Square of 
the Distance For positions m the positive direction from the ongm 
the velocity decreases as the time mcreases , therefore in this region 
the acceleration is negative Similarly, on the negative side of the 

A® 

origin the acceleration is positive Smce ^ is always positive the 

right member has different signs in the two cases For simphcity 
suppose the mass of the attracted particle is umty Then the 
differential equation of motion for all the positions of the particle m 
the positive direction from the origin is 


( 12 ) 


dt* f 


. ds 


Multiplying both members ^ ^ uitegiatmg, it is found that 


(13) 


2A* 

W#/ ~ a ^ 


Suppose v = % and a = s#, when t = Q, then 


L = ®o’-' 


Substituting in (13), 




da /2A’ . 2A® 

dt y a So 

If V? <0 there will be some fimte distance, 5 , at which 3 : will 

5o ^ at 

vanish , if the direction of motion of the particle is such that it reaches 

that pomt it wiH turn there and move m the other direction If 

^ 9 Q ^ vanish at s = 00 , and if the particle moves fronj 

So 

the origin it will approach infimty as the velocity approaches zero 
If ^ never vamshes, and if the particle moves from the 

So ( m * 

origin it will approach infinity with a finite velocity 
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Suppose the first condition is fulfilled and that ^ ~ ^ when 9 =- 


Then equation (13) gives 


(14) 


ds 

dt 


s] 2^ / ^ 


The positive or negative sign is to be taken according as the particle 
is receding from, or approaching, the origin The equation may be 
written in case the particle is approaching the oiigin 

- sds _ J'ikdt 

SiS — S s/ Si 


or again 


The integral is 


^ (^1 ^ h _ \l’‘lhdt 

2 Js-^s-f‘ 2\lsiS-s \lsi 


JsiS-^ ~ — vers”^ 
2 



-~7-=r- + C2 

V Si 


Since s=So when ^ = 0 it follows that 

Co= n/sqSi-So - § vers“^ — , 
a S\ 

whence 

(15) k^^t='jsis-s -|vers-^ + | vors"* 

This equation determines the time at which the particle has any 
position at the right of the origin and at a distance from it less than 
Si For values of s greater than Si, and for all negative values of s, the 
first term on the right becomes imaginary That means that the 
equation does not hold for these values of the variables , this was 
indeed certain because the differential equations (13) and (14) were 
both true only in the region 

0<s^ Si 


Putting s equal to zero m (15) the expression is obtained for the 
time it takes the particle to fall from the point Si to the center of force 
It 18 

( 16 ) 

From equation (14) Sj can easily be expressed in terms of so and % 


34 The Height of Projection Suppose = 0 , then % s„ 
If the particle starting from rest at ^ falls to and acquires the 
velocity it -will, if projected from in the direction of with 
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the Telooit 7 Vt, recede exactly to So, for, all the circumstaaces of 
motion wiU be the reverse of those m the motion firom Sg to Sa 

The direct proof from the equations is also very simple The 
square of the velocity acquired in falling from Sg to a, is found from 
(14) to be in this case 

\8i So/ 

Now consider the case where ^2 is the starting point, with the initial 
Telocity 'Oi The constant Ci has the value 

2 

= , 

02 

and the equation for the square of the velocity at any point is 

The particle wiU recede to the point where the velocity becomes 
aero Substituting the value of given above, in this equation and 

( ds\^ 

shall be zero, there results for the 

corresponding value of s 

S ^ Sq Q. B I) 

35 The Velocity from Infiiiity TThen the particle starts 
from Sg -mth zero velocity, equation (14) becomes 

(17) 

If the particle falls from an infinite distance, So is infimte and (17) 
reduces to 

From the mvestigations of Art 34 it follows that, if the particle be 
projected from any point s m the positive direction with the velocity 
defined by (18), it wdl recede to infinity The law of attraction in 
denvmg (18) was Newton’s law of gravitation , therefore tbs equation 
may be used for the computation of the velocity wbch a particle 
starting from infinity would acquire in frlling to the surfaces of the 
various planets, satellites, and the sun Then, if the particle were 
projected from the surfaces of the vanous members of the solar system 
with these respective velocities, it would recede to an infinite distance 
and be lost to the system 

36 Application to the Escape of Atmospheres The 
lanetic theory of gases is that the volumes and pressures of gases 
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are maintained by the mutual impacts of the individual molecules, 
■which are, on the average, in a state of very rapid motion Ihe rarity 
of the earth’s atmosphere and the fact that the pressure is about 
fifteen pounds to the square inch, serve to give some idea of the high 
speed with which the molecules move and of the great frequency of 
their impacts The different molecules do not all move with the same 
speed m any given gas under fixed conditions , but the number of those 
which have a rate of motion different from the mean of the squaies 
becomes very rapidly less as the differences increase Theoretically, in 
all gases the range of the values of the velocities is from zero to infinity, 
although the extreme cases occur at infinitely rare intervals compaied 
to the others Under constant pressure the velocities are directly 
proportional to the square root of the temperature, and inversely 
proportional to the square root of the molecular weight 

Since in all gases all velocities exist, some of the molecules of 
the gaseous envelopes of the heavenly bodies must be moving with 
velocities greater than the velocity from infinity^ as defined in Ait -^5 
If the molecules are near the upper limits of the atmosphere, and start 
away from the body to which they belong, they may miss collisions 
with other molecules and escape never to return* It is as certain, 
therefore, as that the kinetic theory of gases is true, that the atmo- 
spheres of aU the celestial bodies are being depleted by this process , 
but in most cases it is an excessively slow one, and is compensated, 
to some extent at least, by the accretion of meteoric matter and 
atmosphenc molecules from other bodies In the upper regions of 
the gaseous envelopes, from which alone the molecules escape, the 
temperatures are low, at least for planetary bodies like the earth, and 
high velocities are of very rare occurrence If the mean square 
velocity were as great as, or exceeded, the velocity from infinity the 
depletion would be a relatively rapid process In any case the 
elements and compounds with low molecular weights would be lost 
most rapidly, and thus certain ones might escape and others be 
retained 

The manner in which the velocity from infinity with respect to the 
surface of an attracting sphere vanes with its mass and radius will 
now be investigated The mass is proportional to the product of the 
density and cube of the radius Then which is the attraction at 
unit distance, varies directly as the mass, and therefore directly as the 
product of the density and cube of the radius Hence it follows from 

* This theory is due to Dr Johnstone Stoney, Tram Royal Dublin Soc 1892 
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(18) that the velocity from infinity at the surface of the planet vanes 
as the product of the radius and the square root of the density The 
densities and the radii of the members of the solar system are usually 
expressed m terms of the density and the radius of the earth ^ hence 
the velocity from infinity may be easily computed for all of them when 
it has been determined for the earth 

Let B represent the radius of the earth, and g the acceleration at 
its surface Then from the defimtion of it follows that 

(19) 

Substituting the value of determmed from this equation into (18), it 
becomes 

(ds\ _ 
ds 

Let V=-ji when s = R. whence 
at 

Let a second be taken as the unit of time, and a meter as the unit of 
length Then jB = 6,371,000, and ^=9 8094* Substituting m the 
last equation and carrying out the computation, it is found that 
F= 11,180 meters, or about 6 95 miles, per sec Taking the values 
of the relative densities and radii of the planets as given in the 
appendix to Young’s General Astronomy, the following table was 
computed 

Body Velocity from infinity 

Earth 11,180 meters, or 6 95 miles, per sec 


Moon 

2,383 



1 48 

77 

77 

77 

Sun 

611,643 

n 

>» 

380 00 

77 

77 

77 

Mercury 

3,938 

» 

>7 

2 45 

77 

77 

77 

Yenus 

10,250 


77 

6 37 

77 

77 

77 

Mars 

6,030 

» 

77 

3 13 

77 

77 

77 

Jupiter 

69,810 


77 

37 16 

77 

77 

77 

Saturn 

36,964 

j> 

77 

22 97 

77 

77 

77 

Uranus 

21,133 

jj 

77 

1313 

77 

77 

77 

Neptune 

21,950 

>7 

77 

13 64 

77 

77 

77 


The velocity from infinity decreases as the distance from the center 
of a planet increases, and the necessary velocity of projection in order 
that a molecule may escape decreases correspondingly, and this is still 
further reduced by the centrifugal acceleration of the planet’s rotation 

* Annual! e du Bureau des Long 1900 g is given for the lat of Pans, 48° 60' 
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The question anses whether, under the conditions prevailing at the 
surfaces of the various bodies enumerated, the average molecular 
velocities of the atmospheric elements do not equal or surpass the 
corresponding velocity from infinity 

It IS possible to find experimentally the pressure exerted by a given 
mass of gas upon a given surface at a given temperature, from which 
the mean square velocity may be computed In Risteen^s J^Ioleddes 
and the Molecular Theory^ p 39, it is stated that the square root of 
the mean square velocity of hydrogen molecules at the tempeiature 
0 Centigrade under atmospheric pressure is 5,571 feet pei seiond 
Under the same conditions the velocity of oxygen and nitrogen 
molecules would be about one-fourth as much 

The surface temperatures of the inferior planets are certainly much 
greater than zero degrees Centigrade in the parts where they leceive 
the rays of the sun most directly, even if all the heat which may ever 
have been received from their interiors is neglected It is certain from 
the geological evidences of igneous action upon the earth that in tho 
remote past they were at a much higher tempeiature, and it is piobable 
that the superior planets have not yet cooled down to the solid steto 
There is evidence that the most refractory substances have been in a 
molten state at some time, which implies that they have had a 
temperature of 3000 or 4000 degrees Centigrade* Therefore tho 
square root of the mean square velocity must have been much greater 
than the amount given above, and it probably continued much gi eater 
for a long period of time Oompanng these results with tho table on 
velocities from infinity it is seen that the moon and inferior planotn^ 
according to this theory, could not possibly have retained free hydrogen 
and other elements of very small molecular weights, such as helium, 
in their envelopes , in the case of the moon. Mercury, and Mars, tho 
escape of heavier molecules as mtrogen and oxygen must have bean 
frequent This is especially probable when the heated atmospheiew 
extended out to great distances The superior planets, and much 
more so the sun, could have retained all of the familiar teirestrial 
elements, and from this theory it should be expected that they would 
be surrounded with extensive gaseous envelopes 

The observed facts are that the moon has no appreciable atmo- 
sphere whatever. Mercury an extremely rare one, if any at all , Mars, 
one much less dense than that of the earth, Venus, one perhapn 

^ A Group of Hypotheses Bearing on Climatic Changes, T C Chamberlin Oeol 
Jour Oct —Nov 1897 ’ 
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somewhat more dense than that of the earth, on the other hand 
the superior planets are probably surrounded by extensive gaseous 
envelopes Their positions and physical conditions are such that it is 
not possible to determine with certainty how dense their atmospheres 
really are 


37 The Force Proportional to the Velocity When a 
particle moves in a resisting medium the forces to which it is subject 
depend upon its velocity Experiments have shown that m the earths 
atmosphere when the velocity is less than 3 meters per second 
the resistance vanes nearly as the first power of the velocity, for 
velocities from 3 to 300 meters per second it vanes nearly as the 
second power of the velocity , and for velocities about 400 meters 
per second, nearly as the third power of the velocity 


(a) Consider first the case where the resistance varies as the first 
power of the velocity, and suppose the motion is on the earth’s surface 
in a honzontal direction with no force acting except that ansing jfrom 
the resistance Then the differential equation for motion in the 
positive direction is 


( 20 ) 


d^s , 2 ^ 

3?** S 


= 0 


This is linear in the dependent vanable s, and the general method of 
solving linear equations may be applied 

Assume the particular solution 

s = 


Substitute in (20) and divide by , then 

The roots of this equation are 

r^i=o, 

and the general solution is 

= Cl + Ci6~^\ 

Suppose ~ = Vo and s = Sq when ^ 0 Then the constants Ci and 
may be determined in terms of 5o 

(b) Consider the case where the resistance vanes as the first power 
of the velocity and suppose motion is in the vertical hne Take the 
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* dt 


dr ^ 


positive end of the axis upward Then the differential equation 
for motion upward is 

and when the body is descending 
/ ds 

W-' 

These equations will be solved by the important method of The 
Variation of Parameters* This is one of the most effective pio- 
cesses of treating the differential equations which arise in astiorioimcal 
problems, and it will be used m equations of a much more difiicult 
type m the chapter on Perturbations 

Equations (22) and (23) would be linear and homogeneous if tlieir 
right members were zero This case has just been solved (Art 37), and 
the results obtained will be made the first step in solving the more 
general case where the right member is not zero The method consists 
in this The constants of integration Ci and Co in the first ecpiation of 
(21) will now be taken as variables depending upon the time, and they 
will be determined in such a manner that equation (22) shall be fulfilled 
There are the two functions Cj and Co available for use m satisfying the 
one equation (22) , therefore one arbitrary condition may be imposed 
upon them It will be chosen so that it will simplify matters as much 
as possible 

It remains to substitute (21) in (22) consideimg 6, and as 
functions of t to be determined Differentiating once, (21) becomes 


(24) 


ds 


= e~ 


f do\ 


h dCf> 


The condition will now be imposed that 
(25) 

dt dt 

Differentiating (24), it follows that 

d s 
dt 


(26) 


dt 


Substituting (24) and (26) in (22), the second condition upon tlio 
functions Ci and is found to he 

j q dC\ 


* See Johnson’s Dijffermtial liquations, p 84 
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Integrating 

(27) ^ = 

Substituting (27) in (25) and solving for Ca, it is found that 

(28) 62 = ^ ^ + Ca' 

Substituting tbe values of c-y and Cg defined by (27) and (28) respectively 
in tbe first equation of (21), tbe general solution of (22) is found to be 

(29) + p + 


Tbis IS tbe general solution since it contains two arbitrary constants 
and Ca', and when substituted in (22) identically fulfills it It will 
also be observed that if a function of tbe time bad appeared as tbe 
rigbt member of (22) instead of tbe constant tbe complete solution 
could have been found by tbe same method If -v and s are given at ^ = 0 
tbe constants c-l and may be determmed by tbe usual method. 

In a similar manner tbe solution of (23) is found to be 

(30) s = |i + cx" + |3+ca"e*^ 


The velocities for ascent and descent are respectively 



Suppose tbe particle is projected from tbe origin upward with tbe 

ds 

velocity That is, at the origin of time # = 0, and s-0 

From (29) and tbe first of (31) it follows that 


Cl' + Cg' + p = 0, 


whence 


! 




¥ ¥ 


Substituting this value of Cg' in 


(31), puttmg equal to zero, and 
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solving, it IS found that the time at which the particle will have 
reached its highest point is given by the equation 

JiaT -t , ^ 


Substituting in (29), it is found that the greatest height to which the 
particle will rise is given by 


38 The Force Proportional to the Square of the Velocity 

At the velocity of a strong wind, or of a body falling any considerable 
distance, or of a ball thrown, the resistance varies very nearly as the 
square of the velocity An investigation will now be made of the 
character of the motion of a particle when projected upwatd against 
gravity, and subject to a resistance from the atmosphere varying as 
the square of the velocity For simplicity in writing, the acceleration 
due to resistance at unit velocity will be taken as ^ y Then the 
differential equation for a unit particle is 

This equation may be written 

d {•, ds\ 


W I J l,VO 

Jt\ Jt. 




of wliioh the integral is 

(33) + 

If ^ = and 5o = 0, when ^ = 0, then 

Cl = tan-^ (i-Uo) 

Substituting in (33) and taking the tangent of both members, it 
follows that 

(34) ~ ~ tan {Iqt) 

dt k I ->r Vf^k tan {kgt) 

This equation expresses the velocity in terms of the time Multiplying 
both numerator and denominator of the right member of (34) by 
cos(%^) the numerator becomes the derivative of the denominator 
with respect to the time Then integrating 

(35) Q = i log sin ^ 



38] 


THE SQUARE OP THE VELOCITT 49 

It follows from the initial conditions that C 3 = 0 This equation ex- 
presses the distance passed over in terms of the timA 

The equations may be treated so that the velocity ■will he expressed 
in terms of the distance Equation (32) may be written 

of which, the integral is 



log |l + P I =-2gk^s + Cl' 
From the initial conditions it follows that 


Therefore 

(36) 


Cl' = log (1 + A V) 


The maximum height is reached when the velocity becomes zero, and 
IS found from (36) to be 

ds 

Putting ^ 0 in (34), the time of reaching the highest point is 
given by 

^’=^tan“M®oA) 

When the particle falls the resistance acts in the opposite direction 
and (32) has the sign of the last term changed Tins may be ac- 
complished by wnting kJ -1 instead of k, and if this change be made 
throughout the solution the results will be vahd Of course the results 
should be wntten in the exponential form, instead of the tngonometnc 
as they were in (34), in order to avoid the appearance of imagmary 
expressions If the mitial velocity is zero, ^o = 0 and the equations 
corresponding to (34), (35), and (36) are respectively 


(37) 


ds _ 1 

dt^ k er ^ ’ 


= - 






MOM 


4 
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IV PROBLEMS 


1 Solve equation (20) by direct integration and show that the same 
result IS found as by the method for linear equations 

2 Let la equations (22) and (23) respectively, integrate 

directly and show that the result is the same as that found by the variation 
of parameters 

3 Find equations (37) by direct integration of the differential oquxtions 

4 Suppose a particle starts from rest and moves subject to a repulsive 
force varying inversely as the square of the distance , find the velocity and 
time elapsed in terms of the space described 



5 What IS the velocity from infinity with respect to the sun at the 
earth’s distance^ 

Am 41,850 meters, oi 26 miles, per sec 


6 Suppose a particle moves subject to an attractive force varying 
directly as the distance, and to another proportional to the velocity , solve 
the differential equation by the general method foi linear equations 

Am Let F he the factor of proportionality for the velocity and P for the 
distance Then the solutions are 


where 





7 Suppose that in addition to the forces of problem 6 thoio is a force 
, discuss the motion by the method of the variation of parameters 


8 Develop the method of the variation of parameters foi a linear 
differential equation of the third order 
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39 Pwabohe Motion. There is a class of problems ihtoW 
or their solution mathematical processes which are siTni1fl.r to those 
employed thus far m this chapter, although the motion is not in a 
straight line On account of the similanty in the analysis a short 
account of these trajectones will be inserted here 

Suppose the particle is subject to a constant acceleration down- 
ward, it IS required to discuss the curve descnbed when the particle 
IS projected m any manner The orbit will be in a plane which wiU be 
token as the ^ plane Let the y-ams be vertical with the positive end 
directed upward Then the differential equations of motion are 


( 38 ) 


dt^ 


= 0 , 


d-'y 
\dt^ 


=-9 


Since these equations are mdependent, they may be mtegrated sepa- 
rately, and give 

f i2/ = OrJj -f 




Suppose x-y- 0 , ^ = '»o0osa, ^ = «o8ma when #=0, where o 
IS the angle between the line of initial projection and the plane of the 



honzon, and ^7o is the speed of the projection Then the constants of 
integration are found to be 

ai^-yocosa, a3=0, 

hx = -^0 sm a, 62 = 0 , 

{ £C~VoCOSa t, 

gt^ 

3/ = “y + VoSma t 


and therefore 
( 39 ) 


4—2 
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The equation of the curve descnbed is found by eliminating t 
between these two equations, and is 


(40) 


^sec a 

3/ = irtana- — 


X 


This IS the e(^iiatio]i of a parabola whose axis is vertical and vertex 
upward It may be written 


X sin a cos a 

9 


2Vq^ / _ a\ 

g sec a V ) 


The equation of a parabola with its vertex as the oiigm has the form 


x^ = 2py, 


where 2p is the parameter Comparing with the last equation the 
coordinates of the vertex, or highest point, are seen to be 


[ % 

cc = — sin a cos a, 

9 

- 

-yo^sin a 

The distance of the directrix horn the vertex is one-fourth of the 
parameter, therefore the equation of the directrix is 

p «o^Sm®a 'yo^COS a 

y~y~ 2 ~ 2 g ~ 2 g 

The square of the velocity is found to be 


(dx\ (dy \ _ 


To find the place where the particle will strike the horizontal plane 
put 3 / = 0 in (40) The solutions for x are ^ = 0 and 


X = Sin a COS a = ~ sin 2 a 

9 9 


From this it follows that the range will be greatest for a give 3 i initial 
velocity if a = 45 From (39) the horizontal velocity is 

bence tbe time of flight is — sm a Therefore, if the other initial 

9 

conditions are kept fixed, the whole time of flight varies directly as the 
sme of the angle of elevation 
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The angle of eleyation to attain a given range is found by solving 


a? = a = — sin 2a 


for a 






If a<-^ there are two solutions 
2 


If a>— there is no solution 
9 

for a differing irom the value for noaximuna range (a = 45*) by equal 
amounts 


If the variation m gravity at different heights above the earth’s 
surface, the curvature of the earth, and the resistance of the air be 
neglected, the investigation above apphes to projectiles near the earth’s 
surfsLce For bodies of great density the results given by this theory 
are tolerably accurate for short ranges When the acceleration is taken 
toward the center of the earth, and gravity is supposed to vary in- 
versely as the square of the distance, the trajectory is an elhpse with 
the center of the earth as one of the foci This will be proved in the 
neict chapter 


V PROBLEMS 

1 Prove that, if the accelerations parallel to the a? and y axes are any 
constant quantities, the path descnbed by the particle is a parabola for 
general initial conditions 

2 Find the direction of the major axis obtained in problem 1 m terms 
of the constant components of acceleration 

3 Under the assumptions of Art 39 fbad the range on a Ime mA.Tmig an 
angle j3 with the ^ axis 

4 Show that the direction of projection for the greatest range on a given 
hne passing through the point of projection is m a hne bisectmg the angle 
between the given hne and the y-axis 

5 Show that the loous of the highest points of the parabola as a 
aU values is an elhpse whose major axis is and minor axis, ^ 
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The Heat of the Sun 

40 Work and Energy When a force moves a particle against 
any resistance it is said to do worh The amount of the vork is pro- 
portional to the product of the resistance and the distance through 
which the particle is moved In the case of a free particle the 
resistance comes entirely from the inertia of the mass ; if there is 
friction this IS also resistance 

Energy is the power of doing work If a given amount of woik is 
done upon a particle free to move, the particle acquires a motion that 
will enable it to do exactly the same amount of work The energ} of 
motion IS called linetic energy If the particle is retarded by fiiction 
part of the original work expended will be used m overcoming the 
friction, and the particle will be capable of doing only as much work as 
has been done m giving it motion Until about fifty years ago it was 
supposed that work done in overcoming friction was lost, or that at 
least a part of it was In other words, it was believed that tlie total 
amount of energy in an isolated system would continually deciease It 
was observed, howeyer, that friction generates heat, sound, liglit, and 
electricity, depending upon the circumstances, and that these mani- 
festations of energy were of the same natuie as the oiiginal, but m a 
different form The next step was to prove that these modified forms 
of energy were in every case quantitatively equivalent to the waste of 
that originally considered The briUiant experiments of Joule made in 
the middle of the nineteenth century have established with great 
certamty the fact that the total amount of energy remains the same 
whatever changes it may undergo This principle, known as the 
conservation of energy^ when stated as holding throughout the 
universe, is probably the most far-reaching generalization that has 
been made in the natural sciences in a hundred years * 

41 Computation of Work The amount of work done by a 
Newtonian force in moving a free particle any distance will now be 
computed Let m equal the mass of the particle moved, and h a 
constant dependmg upon the umts employed Then 

(41) 

at 

Herbert Spencer regards the principle as being axiomatic, and states his views 
in regard to it in his First FnncijpleSf part n chap vi 
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The nght member is the force to which the particle is subject By 
Newton^s third law it is numenoally equal to the reactiou, or the 
resistance due to inertia Then the work done m moTing the particle 
through the element of distance ds is 


^ds 

dt^ 


The work done in moving the particle through the mterval from Sq to ^ 
IS found by taking the definite integral between the limits Sq and Si 
Performing the integrations and substituting the limits, it is found that 

Mfdsiy m fds^ /I 1 \ 

Suppose the imtial velocity is zero , then the kinetic energy equals the 
work W done upon the particle, and 


(«) (§)*-*■” (^s) 

The particle had no kmetic energy on the start, and therefore the 
power of doing work equals the product of one half the mass and the 
square of the velocity If the particle Ms from infinity, becomes 
infinite, and the formula for the kmetic energy is 

2\dt)^ 

If the particle were stopped by striking a body when it reached 
the point Si, its kmetic energy would be changed into some other form, 
principally heat It harfj been found by experiment that a body weighing 
one hlogram fallmg 425 meters * in the vicimty of the earth’s surface, 
under the influence of the earth’s attraction, will generate enough heat 
to raise the temperature of one kilogram of water one degree Centigrade 
This quantity of heat is called the calone The amount of heat 
generated is proportional to the product of the square of the velocity 
and the mass of the moving particle Then, letting Q represent the 
number of calories, it follows that 

( 44 ) Q = Onw^ 

Let m be expressed in kilograms and v m meters per second, in 
order to determine the constant C Take Q and m each equal to 


* Joule found 423 6 , Rowland 427 8 For results of expenmenta and references 
see Preston’s Theory oj Heat^ p 594 
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Timty , then the yelocity is that acquired by the body falling through 
425 meters It was shown in Art 30 that, if the body falls from lest, 

f 

Eliminating t, it follows that 

V = 2^6 

In the units employed ^ = 9 8094, and since s = 425, v = 8338, and 
by (44), 

^='5-T7-S- 

Then the general formula (44) becomes 


(45) 




83 ^’ 


where Q is expressed in calories if the kilogram, meter, and second are 
taken as the units of mass, distance, and time 


42 The Temperature of Meteors The increase of tempera- 
ture of a body, when the proper units are employed, is equal to the 
number of calories of heat acquired divided by the product of the mass 
and the specific heat of the substance Suppose a meteor whose 
specific heat is unity (in fact it would probably be much less) and 
whose mass is one kilogram should strike the earth with any given 
velocity , it is required to compute the increase of temperature to 
which it would be subject if it took up all the heat generated The 
specific heat has been taken so that the increase of temperature is 
numerically equal to the number of calories generated Meteors 
usually strike the earth with a velocity of about 25 miles, or 40213 
meters, per second Substituting for v 40233 and for m unity in (45), 
it IS found that T—Q— 194134, the number of calories generated, or 
the number of degrees through which the temperature of the meteor 
would be raised Practically a large part of the heat would be imparted 
to the atmosphere which would destroy most of the velocity with which 
the meteor would fall , but the quantity of heat is so enormous that it 
could not be expected that any but the largest meteors would last long 
enough to reach the earth 

A meteor falling into the sun from an infinite distance would 
strike its surface, as has been seen in Art 36, with a velocity of about 
380 miles per second The heat generated would be therefore ('^/^)^ 
or 231, times as great as that produced in striking the earth Thus 
it follows that a kilogram would generate, in falling into the sun, 
44,844,954 calories 
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43 The Meteoric Theory of the Sim's Heat When it is 
remembered what an enormous number of meteors (estimated by the 
late Dr H A Newton* as being 8,000,000 daily) strike the earth, it is 
easily conceivable that enough strike the sun to maintain its tempera 
ture Indeed, this has been advanced as a theory to account for the 
replenishment of the vast amount of heat which the sun radiates 
There can be no question of its quahtative correctness, and it only 
remains to examine it quantitatively 

Let it be assumed that the sun radiates heat equally m every 
direction, and that meteors fall upon it in equal numbers from every 
direction Therefore, the amount of heat radiated by any portion of 
the surface will equal the amount generated by the impact of meteors 
upon that portion The amount of heat received by the earth will be 
to the whole amount radiated from the sun as the surface which the 
earth subtends as seen from the sun is to the surface of the whole 
sphere whose radius is the distance from the earth to the sun The 
portion of the sun’s surface which is within the cone whose base is the 
earth and vertex the center of the sun, is to the whole surface of the 
sun as the surface subtended by the earth is to the surface of the 
whole sphere whose radius is the distance to the sun Therefore, the 
earth receives as much heat as is radiated by, and consequently gene- 
rated upon, the surface cut out by this cone But the earth would 
intercept precisely as many meteors as would fall upon this small area, 
and would, therefore, receive heat from the impact of a certain number 
of meteors upon itself, and as much heat from the sun as would be 
generated by the impact of an equal number upon the sun 

The heat derived by the earth from the two sources would be as 
the squares of the velocities with which the meteors strike the earth 
and sun It was seen in Art 42 that this number is ^ Therefore, 
if this meteoric hypothesis of the maintenance of the sun’s heat is 
correct the earth should receive much heat from the impact of 

meteors as from the sun This is certainly millions of times more heat 
than the earth receives from meteors, and consequently the theory is 
not tenable 

44 Helmholtz's Contraction Theory The amount of work 
done upon a particle is proportional to the product of the resistance 
overcome by the distance moved There is nothing whatever said 
about how long the motion shall take, and if the work is converted 
into heat the total amount will be the same whether the particle fells 


Mem Nat Acad of 8ci , yol i 
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the entire distance at once, or covers the same distance by a succession, 
of any number of shorter falls When a body contracts it is equivalents 
to a succession of very short movements of all its particles in straight 
lines toward the center, and it is evident that, knowing the law of 
density, the amount of heat which vill be generated can be computed 

In 1854 Helmholtz applied this idea to the computation of the heat 
of the sun in an attempt to explain its source of supply He made 
the supposition that the sun contracts in such a manner that it always 
remains homogeneous While this assumption is certainly incorrect, 
nevertheless the results obtained are of great value and give a good- 
idea of what doubtless actually takes place under contraction The 
mathematical part of the theory is given in the Philosophical Magaz%n0 
for 1856, p 516 

Consider a homogeneous gaseous sphere whose radius is and den- 
sity or Let ilTo represent its mass Let dM represent an element of 
mass taken anywhere in the interior or at the surface of the sphere 
Let R be the distance of dM from the center of the sphere, and let JMC 
represent the mass of the sphere whose radius is R The element of 
mass in polar coordinates is (Art 21) 

(46) dM=<TR^ co^(fidcl>dOdR 

The element is subject to the attraction of the whole spheie withixx 
it As will be shown in Chapter IV the attraction of the sphericail 
shell outside of it balances in opposite directions so that it need no-fc 
be considered in discussing the forces acting upon dM Every elementr 
in the infinitesimal shell whose radius is R is attracted toward tlxo 
center by a force equal to that acting on dM , therefore the whole shell 
may be treated at once Let dMg represent the mass of the elementary 
shell whose radius is R It is found by integrating (46) with respecf 
to 0 and <f> Thus 


TT 

(47) dMs = crR ^R cos</)C?<^| = 


4cTr<TR^dR 


The force to which dM^ is subject is - Th.e elen 

work done in moving dMs through the element of distance dR is 

dW,=^-dM,^dR 


The element of 


The work done in moving the shell from the distance CB to R is tko 
integral of this expression between the limits CB and B, or 

W, = - dM,hm 

JcB, R^ R \ C J 
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But M= iircrJt* , hence, substituting the value of dJft from (47) and 
representmg the work done on the elementary shell by W, = dW, it 
follows that 

dW=^‘ ^‘d£ 

The integral of tbs expression from 0 to gives the total amount of 
work done in the contraction of the homogeneous sphere from radius 
OjBq to Jto That is, 


wbch may be written 

(48) 

If 0 equals infinity 

(49) 

JlCq 


If the second be taken as the unit of time, the kilogram as the umt 
of mass, and the meter as the unit of distance, and if A* be computed 
from the value of g for the earth, then after dividing by W will 
be numerically equal to the amount of heat in calories that will be 
generated if the work is all transformed mto this kind of energy The 
temperature to which the body will be raised is 


(50) 


T= 


H 2W 
M^rj 8B38Mov’ 


where i) is the specific heat of the substance 
m (60), 


(51) 


3A» jlf, 2 

5i7 G 8338 


Or, substituting (49) 


By defimtion A’ is the attraction of the umt of mass at umt distance , 
therefore, if m is the mass of the earth and r its radius, it follows that 



Solving for A® and substituting in (51), this equation becomes 


(52) 


rp 3(g-l) ^ M, 

6yiG B„ m 8338 


If the body contracted &om. infimty (0= «), the amount of heat 
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generated would be sufficient to raise its temperature T degrees 
Centigrade, wheie T is given by the equation 

- ^ 

■q Bf, m 8338 


(53) 


y7_ ^ 

5 


Suppose the specific heat is taken as unity, which is that of water* 
The following data have been taken from the Annuavre du Bureau des 
Longitudes for 1900 

/ r= 6,371,000 
^=692,428,000 
-(J!f= 324,439 

^ = 9 8094 

Substituting in (53) and reducing, it is found that 
T = 26,850,000" Centigrade 

Therefore, the sun contracting from infinity in such a way as tc 
always remain homogeneous would generate enough lieat to laise thi 
temperature of an equal mass of wate'i more than twentij-sisc millions oj 
degrees Centigrade 


If it IS supposed that the sun has contracted only from Neptune’s 
orbit e(][uation (52) may be used, which will give a value of T aboui 
li'iisis l^ss In any case it is not intended to imply that it did evei 
contract from such great dimensions in the particular mannei assumed 
the results given are nevertheless significant and throw mu(^h hglii 
on the possible mode of evolution of the solar system from a vastly 
extended nebula 


The experiments of Pouillett have shown that, under the assumptior 
that the sun radiates heat equally in every direction, the amount o 
heat emitted yearly would raise the temperature of a mass of watc 
equal to that of the sun 1 25 degrees Centigrade In order to fine 
how great a shrinkage in the present radius would be required t< 
generate enough heat to maintain the present radiation 10,000 years 
substitute 12,500 for T in (52) and solve for C Carrying out tin 
computation, it is found that 


0^=1000465 

Therefore, the sun would generate enough heat in shrinking less tliaii 
one two thousandth of its present diameter to maintain its presen 
radiation 10,000 years 

* No other ordinary terrestrial substance has a specific heat so great as unit 
except hydrogen gas, whose specific heat is 3 409 But the lighter gases of the sola 
atmosphere may also have high values 
t Comptes Itendus, 1838 
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The sun’s mean apparent diameter is 1924", so a contraction of its 
diameter of 000465 would make an apparent change of only 0" 9, a 
quantity far too aTnii.11 to be observed on such an object by the methods 
now in use iReducing the shrinkage to other units, it is found that a 
contraction of the sun’s radius of 32 2 meters annually would account 
for all the heat that is being radiated at present 


VI PBOBLEMS 


1 According to Young’s Qefneral AsPronomy^ Art 338, a square meter 

exposed perpendicularly to the sun’s rays at the earth’s distance would receive 
30 calones per minute* The average amount received per square meter on 
the earth’s surface is to this quantity as the area of a circle is to the surface 
of a sphere of the same radius, or 1 to The earth’s surface receives, 
therefore, on the average calories per square meter per minute How 
many kilograms of meteoric matter would have to strike the earth with a 
velocity of 26 miles (40233 meters) per sec to generate amount of 

heatl 

Ans 000,000,1673 kilograms 

2 How many pounds would have to fall per day on every square mile on 
the average ? Tons on the whole earth 1 

r 1376 pounds 
1 136,400,000 tons 


3 Find the amount of work done in the contraction of any fraction of 
the radius of a sphere when the law of density is 

Ant Tf= 167 r*w(^^) or f of the work done 

when the sphere is homogeneous 


4 Fmd the amount of work done in the contraction of a spherical shell 
from radius ORq to jRq whose density is o-— around a homogeneous sohd 

nucleus of radius A and density ^ For what values of n does the general 


formula fail? 
Ans TTss 


167rW 


3(71-2) (2n 


-6)A»‘-"8\ C /L 


2(72—1) 

. 3(71 -2) A"-® 


1-6 




(71-3) 

5 Find how much the heat generated by the contraction of the earth 
from the density of meteorites, 3 6, to the present density of 6 6 would raise 
the temperature of the whole earth, assuming that the specific heat is 0 2 


Am ^r»6620 6 degrees Centigrade 


* Langley’s results 
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HISTORICAL SKETCH AND BIBLIOGRAPHY 

The laws of falling bodies under constant acceleration were investigated 
by Galileo and Stevinus, and for many cases of variable acceleiation by 
Newton Such problems are comparatively simple when treated by the 
analytical processes which have come into use since the time of Newton 
Parabolic motion was discussed by Galileo and Newton 

The kinetic theory of gases seems to have been first suggested by 
J Bernouilli about the middle of the 18th century, but it was first developed 
mathematically by Clausius Maxwell, Boltzmann, and 0 E Meyer have 
made important contributions to the subject, and more recently Burbury 
Some of the principal books on the subject are Ristcen’s MoUmln and the 
Molecula't Theory (descriptive work), L Boltzmann’s Qasthto^ie , II W* 
Watson’s Theory of Gases, 0 E Meyer’s Die Kinetischo Tluorio der 

Gase , S H Burbury’s Emetic Theory of Gases 

The meteoric theory of the sun’s heat was first suggested by R Mayor 
The contraction theory was first announced in a public lectiiro by Helmholtz 
at Konigsberg Feb 7, 1854 and was published later in Dhil Mag 1856 
An important paper by J Homer Lane appeared in the Am Jow of fiei 
July, 1870 The amount of heat generated depends upon the law of density 
of the gaseous sphere Investigations covering this point are 16 pajiois by 
Bitter in W%edemann^s Annalen, vol v 1878 to vol xx 1883 , by G W Hill, 
Annals of Math vol iv 1888, and by G H Darwin, Phil Mag 1888 The 
original papers must be read for an exposition of the subject of the boat of 
the sun 



CHAPTEE III 

CENTRAL FORCES 

45 Central Force This chapter will he devoted to the dis- 
cussion of the motion of a material particle when subject to an 
attractive or repelling force whose line of action always passes through 
a fixed point This fixed point will be called the center of farce It 
IS not implied that the force emanates from the center or that there 
IS but one force, but simply that the resultant of all the forces acting 
on the particle always passes through this point The force may be 
directed toward the point or from it, or part of the time toward and 
part of the time from it It may be zero at any time, but if the particle 
passes through a point where the force to which it is subject becomes 
infinite, a special investigation which cannot be taken up here, us 
required to follow it farther Since attractive forces are of most 
frequent occurrence in astronomical and physical problems the formulas 
developed wiU be for this case , a change of sign of the coefficient 
of intensity of force for unit distance will make the formulas valid for 
the case of repulsion 

The origin of coordinates wiU be taken at the center of force, and 
the line from the origin to the moving particle wiU be called the radius 
motor The path described by the particle will be called the orbit 
The orbits of this chapter are plane curves The planes are defined by 
the position of the center of force and the hne of mitial projection 
The ii^-plane will be taken uniformly as the plane of the orbit 

46 The Law of Areas The first problem will be to derive 
the general properties of motion which hold for all central forces The 
first of these, which is of great importance, is the law of a/reas, and 
constitutes the first Proposition of Newton's Prmcipia It is, if a 
pa/rticle is subject to an/j^ central force^ the a/i eas which are swept over 
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by tJlB TG/dlUS WCtOT OA & pVOpOTtlOndl to tho ITht&T veils of %7l wlltck 
they m e described The following is Newton's demonstration of it 

Let 0 be the center of force, and let the particle be projected from 
A in the diiection of B with the velocity AB Then, by the first 
law of motion, it would pass to G' in the first two units of time if there 
were no external forces acting upon it But suppose that when it 
arrives at B an instantaneous force acts upon it in the direction of the 
origin with such intensity that it would move to b in a unit of time if 



it had no previous motion Then, by the second law of motion, it will 
move along the diagonal of the parallelogram BhCC' to 0 If no other 
force were applied it would move with umfoim velocity to Z)' in the 
next unit of time But suppose that when it ai rives at G another 
instantaneous force acts upon it in the direction of the origin with such 
intensity that it would move to c in a unit of time if it had no previous 
motion Then, as before, it will move along the diagonal of the 
parallelogram and arrive at D at the end of the unit of time This 
process may be repeated indefinitely 

The following equalities among the areas of the triangles involved 
hold, since they have sequentially equal bases and altitudes, 

OAB=^ OBO' = OBC= OCD' = OOD = etc 

Therefore, it follows that OAB-=^OBG- OOD= ODE, etc That 
IS, the areas of the triangles swept over in the succeeding units of 
time are equal , and, therefore, the sums of the areas of the triangles 
described in any intervals of time are proportional to the intervals 

The reasoning is true without any changes however small the unit 
of time IS taken, and however frequent the instantaneous impulses are 
supposed to act Let the path from A to some other point E be 
considered Suppose the unit of time is taken shorter and shorter 
the impulses will become closer and closer together, and the broken 
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hue Will become nearer and nearer a smooth curve Suppose now the 
uin 0 time approaches zero as a limit, the succession of impulses 
will approach a continuous force as a hmit, and the broken hue wiU 
appro<ioh a smooth curve as a limit The areas swept over by the 
ra( lUiS vector in any finite intervals of time are proportional to these 
intervals during the whole limiting process Therefore, the proper- 
tioiia ity of aieas holds at the limit, and the theorem is true for a 
continuous central force 

It will be observed that it is not necessary that the central force 
shall vary continuously It may be attractive and instantaneously 
change to repulsion, or become zero, and the law will still hold , but 
it IS necessary to exclude the case where it becomes infinite unless a 
special investigation is made 

The hneai velocity varies inversely as the perpendicular fi:om the 
origin upon the tangent to the curve at the point of the moving 
particle , lor, the area described in a unit of time is ecj^ual to the 
product of the velocity and the perpendicular upon the tangent Since 
the aiea described in a unit of time is always the same, it follows that 
tlu velocity vanes inversely as the perpendicular 

47 Analytical Demonstration It is of interest to note that, 
although the linguage of Geometry was employed in the demonstration 
above, yet tlie essential elements of the methods of the Differential and 
lutegial Ocih ulus were used Thus, in passing to the limit, the process 
was cshcntuilly that of expressing the problem in differential equations , 
and, in insisting upon comparing intervals of finite size when the units 
of mcasiiicinent were indefinitely decreased, the process of integration 
was leally employed It will be found that in the treatment of all 
prolhuus involving variable forces and motions the methods are in 
csseiKC^ those of the Calculus, even though the demonstrations be 
coin lied in geometneal language It is perhaps easier to follow the 
reasoning in geometrical form when one encounters it for the first 
time , but the processes are all special and involve fundamental 
difficulties winch are often troublesome On the other hand, the 
development of the Calculus is of the precise form to adapt it to the 
ireatment of these problems, and after its principles have been once 
mastered, the application of it is characterized by comparative sim- 
plu ity and great generality A few problems will be treated by both 
inethodH to sliow their essential sameness, and to illustrate the 
advantages of analysis 

Let / represent the acceleration to which the particle is subject 

treated the acceleration will depend 

5 


M 0. 
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upon the position of the particle, and not upon the time or velocity 
with which it moves By hypothesis the hne of force always passes 
through a fixed point, which wiB be taken as the origin of coordinates 



Let 0 be the center of force, and F any position of the paitiole 
with the rectangular coordinates x and y, and the polar coordinates r 
and 6 Then the components of acceleration along the x and y-axes 
are respectively +/cos^, and +Jsirx6, and the differential equations of 
motion are 


(1) 


_ .x 


= +/COS 0 = +/ 


d X 

If 

g=T/sin^ = T/f 


The negative sign must be taken before the right members of these 
equations if the force is attractive, and the positive if it is repulsive 
Multiply the first equation of (1) by —y and the second one by x 
and add The result is 

d^y d^cr 

Integratmg this expression by parts, it follows that 

x^-v-=li 

w ‘^dt y dt ’ 

where h is the constant of integration 

The integrals of differential equations generally lead to impoitant 
theorems even though the whole problem has not been solved, and in 
the following they wiU be discussed as they are obtained 
Eeferrmg to Art 16, it is seen that (2) may be written 
dy dx dO ^ dA , 

where A is the area swept over by the radius vector The integral of 
this equation is 

4 = ^# + c, 
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shows that the area is directly proportional to the time, which is 
Leorem to be proved 


3 Converse of the Theorem of Areas By hypothesis 
A=c^t + Oi 

g the derivative with respect to t, it is found that 


dA 

dt 


aecomes in polar coordinates 


-2c 


i rectangular coordinates 

dm dec ^ 

envative of this expression with respect to t is 
d^y d^x „ 


dt^ 


d'^w d^y 

dt^ y 

IS, the components of acceleration are proportional to the co- 
ites , therefore, if the law of areas is true with respect to a point 
sultant of the acceleration passes through that point 

ration perpendicular to the radius vector is zero , that is, the 
ration is all in a line passing through the origin 


) The Laws of Angular and Linear Velocity From the 
ision for the law of areas in polar coordinates, it follows that 

dt ’ 

□re, the angular mlocity is inversely pioportional to the square of 
dius vector 
le linear velocity is 

& _ & ^ A 
dt dS dt dO r® 

represent the perpendicular from the tangent upon the ongm , 
it IS known from Differential Calculus that* 


— - — 
dO^' p 


f 


I 


WiUiamBon’a DifferenHaZ Caleiil/as, p 224 
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Hence the expression for the linear velocity becomes 

ds 

W di~p’ 

therefore, the linear velocity is inversely pioportional to the 
pend%cul€b 7 froififi the origin upon the tangent 


Simultaneous Differential Equations 

50 The Order of a System of Simultaneous Differential 
Equations* One integral, equation (2), of the differential equations 
(1) has been found which the motion of the particle must fulfill Ihe 
question is how many more integrals must be found in order to have 
the complete solution of the problem 

The number of integrals which must be found to completely solve a 
system of differential equations will be called the ordei of the system 
Thus, the equation 

(5) 


dt 


: = c 


is of the ^th order, because it must be integrated n times to be reduced 
to an integral form Similarly, the general equation 


( 6 ) 


Jn 




.dx . 


= 0 , 


where A, ,/o are functions of x and t^ must be integrated n times 

m order to express i?? as a function of t, and is of the wth ordoi 

An equation of the nth order may he reduced to an equimlent 
system of n simultaneous equations each of the first order Thus, to 
reduce (6) to a simultaneous system, let 




whence 


( 7 ) 


dx 

Tt^ 


X2- 


dxi 


Xn-i ~ 


dXifi—2 

~~dT’ 


dx 

dxi 

dt 

dx2 


dt 


' = ^3, 


dXn~i fn-l 




A 


^ dt f% 

* See Jordan’s Goun d Analyse, vol in chap i 
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Therefore, these n simultaneous equations, each of the first order, 
constitute a system of the w-th order An eq[uation, or a system of 
^nations, reduced to the form (7) is said to be reduced to the normal 
jonrij and the system is called a rhormal system 


Two simultaneous equations of order m and n may be reduced to a 
normal system of order m + n Thus, consider the equations 


( 8 ) 


, d'^y 


^ CbX 




dy 

di' 


9 — 0 , 


where fi and are functions of x, y, and t By a substitution similar 
to that used above, it follows that they are equivalent to the normal 
system 

/ dx 


( 9 ) 




dXm-^l _ ^ 


dt 


fm 




dt 





A 

fm 


dt 


i^n-i 


^1 <Ao 

9n 9n 


which IS of the order m + n Evidently a similar reduction is possible 
when each equation contains derivatives with respect to both of the 
variables, either separately or as products 


Conversely, a normal system of order n may he tran^ormed irvto 
a single equation of order n with one dependent va/nahle To fix the 
ideas, consider a system of the second order, as 


( 10 ) 




In addition to these two equations form the denvative of one of them 
with respect to t, as 


( 11 ) 


d^x _^dx ^^dy ^ 
di^ " dx'Si^ dy dt^ ^t 
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From equations (10) and (11) y and ^ may be eliminated, giving an 
equation of the form 

If the normal system were of the third order in the dependent vari- 
ables X, y, and z, the first and second derivatives of the first equation 
would be taken, and the first derivative of the second and third equa- 
tions These four new equations with the original three would make 

seven from which y, z^ and could be eliminated, 

giving an equation of the third order in x alone This process ma}^ be 
extended to a system of any order 

The differential equations (1) may be reduced by the substitution 
normal system 
I dx dx ^ j,x 




dx rX 


dy , d%j ^ j,y 

which IS of the fourth order Therefore four integrals must be found 
in order to have the complete solution of the problem The com- 
ponents of velocity, d and y', play r6les similar to the coordinates in 
(12), and, for brevity, they will be spoken of frequently m the future as 
being coordinates 

51 Keduction of Order When an integral of a system of 
differential equations has been found two methods may be followed in 
completing the solution The remaining integrals may be found from 
the original differential equations as though none was already known , 
or, by means of the known integral, the order of the system of differen- 
tial equations may be reduced by one That the order of the system 
may be reduced by means of the known integrals will be shown in the 
general case Consider the system 


II 

, x^,^ t), 

11 

, Xyij !?), 

u 

it 

, Xifij if) 




Suppose an integral 

, oJn, t) = constant 

nas been fonnd 

Solye this equation for one of the yanables, as 


Substitute this expression for Xi m the last n-1 equations of (13 ) , 
they become 


(14) 


. / 

dt “^ 2 (^ 2 , 

^^8 I / 


_ , / 
dt 


, Xn , J^), 

, t), 

, ^) 


This IS a simultaneous system of order 1, and is mdependent of the 
variable Xi 


It IS apparent from these theorems and remarks that the order of a 
simultaneous system of differential equations is equal to the sum of the 
orders of the individual equations , that the equations may be written 
in several ways, e g as one equation of the Tith order, or n equations of 
the first order , and that the integrals may all be denved from the 
onginal system, or that the order may be reduced after each mtegral 
IS found In mechanical and physical problems the mtuitions are 
important in suggesting methods of treatment, so it is generally 
advantageous to use such variables that their geometrical meanmgs 
shall be easily perceived For this reason, it is generally simpler not 
to reduce the order of the problem after each integral is found 


VII PROBLEMS 

1 Prove the converse of the law of areas by the geonoetrical method, and 
show that the steps agree with the analysis of Art 48 

2 Prove the law of angular velocity by the geometncal method 

3 Why cannot equations (1) be integrated separately ? 

4 Derive the law of areas directly from equation (2) without passing 
to polar cobrdinates 

6 Show m detail that a normal system of order four may be reduced to 
a single equation of order four, and the converse 

6 Reduce the system of equations (12) to one of the third order by 
means of the integral of areas 
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52 The Vis Viva Integral Suppose the acceleration is 
toward the origin , then the negative sign must be taken before the 

right members of equations (1) Multiply the first of (1) ty 2 ^ , the 
second by 2 ^ , and add The result is 



From = + it follows that 

dx dy 

i J_ 0! —iL. =/> 

dt 


dr 


therefore 


+ 9 / — 

df dt df dt ^ dt 


Suppose / depends upon r alone, as it does in most astronomical and 
physical problems Then/=<^(r), and 


^ d'^x dx 
df dt 


2 


^^ = _2ciW — 
dt dt dt 


The integral of this equation is 

When the form of the function ^ (r) is given the integral on the right 
can be found Suppose it is ^ (f) , then 
(16) ^;^ = ~2^(r) + c 

If ^ (r) IS a single-valued function of r, as it is in physical pioblems, 
it follows from (16) that, if the central force is a function of the 
distance alone, the velocity is the same at all points equally distant 
fi:om the ongm Its magnitude depends upon the initial distance and 
Telocity, and not upon the path described Since the force of gravi- 
tation varies inversely as the square of the distance of the atti acting 
bodies apart, it follows that when a body is approaching the sun it 
moves with the same velocity as when receding at the same distance 


Examples wheee / is a Function oe the Cooedinates 

63 Force Varying Directly as the Distance In order to 
find integrals of equations (1) other than that of areas, the value of 
/ in terms of the coordinates must be known There is one case in 
which the integration becomes particularly simple It is when the 
mtensity of the force varies directly as the distance Let represent 
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the acceleration at unit distance Then /= and equations (1) 
become 


(17) 


— --Pa; 




% 


An, important property of these equations is that each is independent 
the other, as the first one contams the dependent variable alone 
and the second one y alone It is observed, moreover, that they are 
hnear and the solution may be found by the method given m Art 32 
The results are, for the first equation, 

[a>= 


(18) 




Suppose so=a;„, ~ = x„', when t = 0 , then 


whence 


r^o — Cl + € 2 , 
[a'o=J~lk{ci- Cj), 






J-lk 


2ca=aib — 

Therefore, equations (18) become 

a, = J («''-*** - 

1 § = ^ , 

or, in the tngonometncal form, 


(19) 


a = a!Q cos sill H 
= -a?o^8mh + a^o'co8^f, and similarly, 


dt 


y = yQ cos ^ sin let, 
^1= -yo^sm ht-\-yQ QO 8 ht 


The equation of the orbit is obtained by ehmmating t from the 



74, differential equation 

first and third equations Multiplying by the appropriate factors and 
adding, it is found that 

j («oyo' - yo^o') sin ht=k (x^y -yt^x), 

I (^oyo' - yo«o') cos It = ylx - x^y 
Squaring and adding, 

(20) + yo'") 0 ^ + + «o'') ^ - 2 (^^o2/o + ifoVo') ^ 

-(ii’oyo'-yoiKo')'' 

This IS the equation of an ellipse with the origin at the center unless 
^oyo'-yo«o' = 0, when it degenerates to two straight lines which must 
be coincident j for, then 


from which 


^ ^ = constant = c , 

£Cq^cxq\ yo-cyo 


In this case equation (20) becomes 

( 2 1 ) {Jch^ + 1 ) (ydix! - a!oyY = 0 , 

and the motion is rectilinear and oscillatory In every case both the 
coordinates and the components of velocity change with a period of 

O^jT 

whatever the initial conditions may be 

rC 


54 Differential Equation of the Orbit The curve de- 
scribed by the moving particle will be in all cases of much interest 
A general method of finding it is to integiate the differential equations 
and then eliminate the time This is often a complicated process, and 
the question arises whether the time may not be eliminated before the 
integration is performed, so that the integration will lead directly to 
the orbit It will be shown that this is the case 


Consider the equations 


( 22 ) 


d X _ .X 
df ^ r 


Since / depends upon the coordinates alone the time enters only in the 
derivatives But a second differential quotient cannot be separated m 
though it were an ordinary fraction , therefore, the order of the deriva- 
tives must be reduced before the direct elimination of t can be made, 
or an indirect process must be employed The latter method will be 
adopted 
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— ^ therefore 


X- 

Ave with respect to t is 

_ _ ^ dS oos^ ^ 

u dt dt 

iiisegral of areas, 


cos^ 


=-( 


sm ^ + cos 0 


JL ^ 

dO) dt 


L^= 

dt 


g this value of h and differentiating again with respect to t, 
3) becomes 






^dO ^du . 
cos ^ ^ + sin ^ - sin 0 


dudO . 



, fdu\ , f^\ 

^\M) _ \de) do 
dt ~ dO dt^ dB^ dt 

dB 

s substitution and eliminating ^ by means of the equation 
4) becomes 

^ = (« 008 0 + cos 

j right member of this equation equal to the right member 
of (22), it IS found that 

cLifferential equation of the orbit in polar coordinates It 
econd order, but one integral has been used in determining 
)re the problem of finding the path of the body is of the 
The complete problem was of the fourth order, the fourth 
presses the relation between the coordinates and the time, 
fixe position of the particle in the orbit 

sely, equation (25) may be used to find the law of central 
L -will cause a particle to descnbe a given curve It is only 
o -write the equation of the curve in polar coordmates and to 
le right member This is generally a simpler process than 
one of finding the orbit when the law of force is given 
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55 Denvation of Newton’s Law In the early part of the 
seventeenth century Kepler announced three laws of planetary motion 
He derived thp-m from a most laborious discussion of a long senes 
of observations of the planets, espeoiaUy of Mars They are the 
following 

Law I The radius motm of each planet with respect to the sim as 
the origin^ sweeps over equal areas in equal times 

Law II The orbit of each planet is an ellipse with the sun at one 
of its foci 

Law III The squares of the periods of the planets are to each othm 
as the cubes of the majoi semi-axes of their respective oi bits 

It was on these laws that Newton based his demonstration that the 
planets move subject to forces directed toward the sun, and varying 
inversely as the squares of their distances from the sun The Newtonian 
law will be derived here by employing the analytical method instead of 
the geometrical methods of the Principia^ 

From the converse of the theorem of areas and Kepler’s first law, it 
follows that the planets move subject to central forces directed toward 
the sun The curves described are given by the second law, and 
equation (25) may, therefore, be used to find the expression for the 
acceleration in terms of the coordinates Let a represent the major 
semi-axis of the ellipse, and e its eccentricity, then its equation 
in polar coordinates is 

1 + ^ cos ^ 


Therefore 


Pu _ 1 


Substituting in (25), it is found that the expression for the acceleration 

IS 

^ a^{l -e) P r 

Therefore, the acceleration to which any planet is subject varies 
inversely as the square of its distance from the sun 

The third law shows, as will be proved later t, that the planets are 
aU subject to the same acceleration when reduced to unit distance 


From the consideration of these laws, the gravity at the earth’s 


* Book I , Proposition xi 
t Art 89 
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surface, and the motion of the moon around the earth, Newton was 
led to the enunciation of the Law of Umversal Goravitation, which is, 
0O&ry of Tfioitt&r m tho u^iw&rso CbttTacts &o(sTy othsv pccTticlo 

with a force which acts in a line joining them, and whose intensity 
mnes as the product of the masses and inversely as the squares of the 
distances apart 

It -will be observed tiiat the law of gravitation involves considerably 
more than can be derived from Kepler’s laws of planetary motion , and 
it was by a master stroke of gemus that Newton grasped it in its 
immense generality, and stated it so exactly that it has not been 
necessary to change a syllable in more than 200 years When 
contemplated in its entirety it is one of the grandest conceptions in 
the physical sciences 

56 Examples of finding Law of Force (a) If a particle 
describes a circle passing through the ongin, the law of force under 
which it moves is a very simple expression Let a represent the radius, 
then the polar equation of the circle is 

r = 2a cos 0, 

1 

2 

2a cos o 

Therefore ^ = 8a® a® 

Substituting in (25), it follows that 

J ^ 

(b) Suppose the particle describes an ellipse with the ongin at the 
center , it is required to find the law of central force The polar 
equation of an ellipse with the center as ongm is 

1-e^ cos® 0 

From this it follows that 

/ bu= ^l-e^co&^O, 

^d^u cos® ^ — g® sin® ^ g* sin® 6 cos® 0 
- dO^ cos® 6 (1 - ^cos® ’ 

d^u _l-e^ 1 

Substitutmg XU (25), the expression for the central force is found to be 

/= \ 4 . 
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The Univeesalitt of Newton’s Law 

57 Double Star Orbits The law of gravitation has been 
promd so far to exist only in the solar system , the question whether 
it IS actually universal naturally presents itself The fixed stars are 
so remote that it is not possible to observe planets revolving aioiind 
if indeed they have such attendants The only observations 
thus far obtained which throw any light upon the subject are those of 
the motions of the double stars 

Double star astronomy started about 1780 with the search for close 
stars by Sir William Herschel for the purpose of determining paiallax 
by the differential method A few years were sufficient to show him, 
to his great surprise, that in some cases the two components of a pair 
were revolving around each other, and that, therefore, they were 
physically connected as well as being apparently in the same part of 
the sky The discovery and measurement of these systems has been 
pursued with increasing interest and zeal by astronomers until the 
catalogues now contain many thousands of these objects The relative 
motions are so slow in most cases that only a few have yet completed 
one revolution, or enough of one revolution so that the shapes of their 
orbits are known with certainty There are now about thirty pans 
whose observed angular motions have been sufficiently gieat to piovo, 
within the errors of the observations, that they move in cllii)ses 
with respect to each other in such a manner that the law of aieas 
is fulfilled But in no case is the primary at the focus, oi at the 
center, of the relative ellipse described by the companion, but oc cupies 
some other different place within the ellipse, the position vat y mg 
greatly in different systems 

From the observations and the converse of the law of aioas it 
follows that the resultant of the forces acting upon one stai of a pair 
IS always directed toward the other The law of variation of the 
intensity of the force depends upon the position in the ellipse winch 
the center of force occupies It must not be overlooked at this point 
that the orbits of the stars are not observed directly, but that it is their 
projections upon the planes tangent to the celestial sphere at then 
respective places which are seen The effect of this sort of projection 
IS to change the true ellipse into a different apparent ellipse whose 
major axis has a different diiection, and one that is differently situated 
with respect to the central star , indeed, it might happen that if one 
of the stars was really m the focus of the true ellipse described by the 
other, the projection would be such as to make it he on the minor axi« 
of the apparent ellipse 
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Astronomers have assumed that the apparent departure of the 
central star from the focus of the ellipse described by the compamon 
IS due to projection, and have then computed the angle of the Ime of 
nodes and the inchnation No inconsistencies are mtroduced, but the 



Fig 9 

possibility remains that the assumptions are not true The question 
of what the law of force must be if it is not Newton’s law of gravitation 
wiU now be investigated 


68 Denvation of Law of Force If the force varied directly 
as the distance the pnmary star would be at the center of the eUipse 
descnbed by the secondary (Art 53) No projection would change 
this relative position, and since such a condition has never been 
observed it is inferred that the force does not vary directly as the 
distance 

The condition will now be imposed that the curve shall be a come 
with general position for the origin, and the law of central force will be 
found The equation of the general come is 
(26) 

Transforming to polar coordinates and putting ^ > tins equation gives 


(27) 

where 


= 4sind + 5cos0±»y<7sHi2^ + i)cos2^ 


A=^- 


9 


5=-. 

9 


^ fd+bg d^+ag-f*-og 

0=-y-, JD ^ . 

„ d? + ag*f*+cg 

Differentiating (27) twice, it is found that 
(28) ^ = sin^-^cos^ 

^ -(7-2y-(t7ain2g + .Pcos2g)»-2g(0'Bin2fl + 2)coa2g) 
~ (0'8Ui 2^ +i)oo8 2^+J2)* 
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Substituting (27) and (28) in (25), it is found that 

^ (C'sin2^ + j[)cos2^4-iy)^ 

This becomes as a consequence of (27) 

( 30 ) /=±" 

These two equations are the general expressions for the law of central 
force when the particle describes a conic section The force depends, 
except m special cases, upon both the distance of the particle and its 
direction from the origin 

It does not seem reasonable to suppose that the attraction of two 
stars for each other depends upon their orientation in.space Equation 
(29) becomes independent of ^ if (7=i) = 0, and (30), if -d. — 0 
The first gives 

j, , constant 

/-± j 

and the second, 

/= + constant r 

The first is Newton’s law, and the second is excluded by the fact that 
no primary star has been found in the center of the orbit described by 
the companion Hence, if the attraction does not depend upon the 
direction of the bodies from each other, Newton’s law of gravitation 
operates in the binary systems 

59 Geometrical Interpretation of the Second Law The 

general expression for the central force given in (30) may be put in 
a very simple and interesting form Let {JP - (7^ - j[>^) = N , and 

transform A miO-B cos 0^ into rectangular coordinates and tho 

original constants , then (30) becomes 

The equation of the polar of the point {x\ y*) with respect to the 
general conic (26) is* 

axx* + h {xy -^yx) + cyy ’¥d{x-¥d) -^f{y'^y') — g = 0 
When {x\ y') is the origin this equation becomes 
(32) dx+fy-g=^0, 

* Salmon’s Conic Sections ^ Art 89 


- j 4 sm 6 — 5 cos ^ 
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and has the same form as the denominator of (31) The values of x 
and y in (31) are such that they satisfy the equation of the conic, 
while those m (32) satisfy the equation of the polar line They are, 
therefore, in general numencally different But the distance from 
any point («, y) of the conic to the polar line is given by the equation 

dx+fy-g 

where x and y are the coordinates of points on the conic Let 

— -- -j 

{d^+D*’ 


. -N'r 
F 


then (3l) becomes 
(33) 

Therefore, if a ^pwrtxcU momng subject to a central face describes cmy 
comCy ths intensity oj the force w/ries directly as the distance of the 
particle from th^ ongin^ and imersely as the cube of its distance from 
the polar (f the origin with respect to the conic 

60 Hzamples (a) When the orbit is a central conic with 
the origin at the center, the polar hne recedes to infinity, and — 

must be regarded as a constant Then the force vanes directly as the 
distance as was shown in Art 56 (i) 

(5) When the ongin is at one of the foci of the conic the polar 

hne IS the directnv, and = where e is the eccentncity Then 

e 

(83) becomes 

This IS Newton’s law and was denved from the same conditions in 
Art 55 


Vni PROBLEMS 


1 Find the vis viva integral when ^ = cr, ^ 

2 Suppose that in Art 53 the particle is projected orthogonally wfrom 
the se axis , find the equations corresponding to (19) and (20) Suppose still 
further that 1, d?os=l , find the initial velocity such that the eccentncity of 
the ellipse may be 1/2 

Vs 

lor 


Ans 


MOM 


6 
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3 Derive (25) starting from the equation y=rs\-a6 Express (26) in 

terms of r and 6 , , .i i 

4 Find the centrd force under which a particle may describe the spiral 

1 B 

__ ^ the spiral r=« 


Ans 


f-- 


/= 


W 


'' 7*3 

5 Find the central force under which a piiticle may doscrilio the 
lemmscate r^=a‘’cos2^ 


AriB f— 




6 Find the central force tinder which a particle may descnbe the 
cardioid r=ci(l + oosd) 


Ans /= 


Zah^ 


7 Suppose the particle describes an ellipse with the oiigin in its interior, 
at a distance ft from the x axis and m from the y axis («) Show that the 
laws of force are 
h 


/ = 
f = 


[2mft sin d cos 5 + (a - c - n^+m") cos^ 6+0 - ’ 
h^d*c^r 


'\ac-am^-cn -cny-ama?^'* 
where a and e have the same meaning as in (26), and where the polar axis 
IS parallel to the major axis of the ellipse (6) If the origin is between the 
center and the focus show that the force at unit distxnce is a inaxiinum for 

^ = 0 and IS a minimum for (9 = | , that if the origin is between a focus and the 

nearest apse the maximum is for d = ^ and the minimum for ^“0 , and that 
if the origin is on the minor axis the maximum is for d = (), and the minimum 
for^ = ^ 


8 Interpret equation (29) geometrically 


{dx A-fyf + g + cy^ + ’^hxy ) 




E%%t C'sm2^-hi)cos2d+^= 

The numerator of this expression set equal to zero is the equation of the 
tangents (real or imaginary) from the origin to the conic (Salmon’s Gome 
Sectiom^ Art 92 ) 

9 Find the expressions for the central force when the orbit is an ellipBO 
with the origin at an end of the major and minor axes respectively Show 

that they reduce to when the ellipse becomes a circle 


i/= 


h Vc 


Am 


AVa 

^ ^ /•r'2 


cos"^ 6 ’ 
1 

sin^ 6 



61 ] 


FORCE ViuRTINO AS DISTANCE 


83 


Detbemifatiof of the Orbit from the Law op Porob 

61 Force Varying as the Distance The pioblem of finding 
the orbit when the law of force is given is generally more difficult than 
the converse, since it involves the integration of (25) The method of 
integration vanes with the different laws of force, and the character of 
the integrals depends upon the initial conditions The process will 
be lUnstrated first in the case in which the force vanes as the distance* 
a problem treated by another method m Art 53 

If/=iV, equation (25) becomes 
A® 73 0 / 




The integral of this equation is 


whence 


I 

\d6) “ ] 




Let = 

The constant -4® must be positive in order that ^ maybe real, as it is 
if the particle is started with real initial conditions 
Usmg the upper sign, equation (34) becomes 

It IS easily yenfied that the same final equation irould he leachecl, 
when the initial conditions are suhstituted, if the lower sign were 
used The integral of (35) is 

cos~* 2 (^ + Cs)» 

or a = JL cos 2 -I- Ca) 

Changing to the variable r, this equation becomes 


'Ci-2^COS2(S+(Ja) 


6—2 
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This IS the polar equation of an ellipse luth the origin at the center 
Hence, a particle moving subject to an attractive force varying < irec y 
as the distance describes an elhpse with the origin at the center Ihe 
only exceptions are \\lien the particle passes through the oiigin, and 
when It describes a circle In the hrst li = 0, and equation (2 >) ceases 
to be valid, in the second has such a value tint it satishes tlie 

equation 

\dOj^ h Mo 


and the equation of the orbit becomes u = ih lu e(iiiation 

(34) fails 


62 Force Varying Inversely as the Square of the Distance 

A particle is moving under the influence of a central atti action the 
intensity of v^hich vanes inversely as the square of the distaiu e , it is 
required to determine its orbit when it is projected in any imunier 
Equation (25) is in this case 


(37) 


d u ¥• 


This becomes, after integrating and solving so 
yanables, 



as to sepaxato the 


The integrals of these equations are 



Solving for u and taking the reciprocal, it is found that 


(38) 




1 


c.) 



1 



cos (6 + c/) 


These are the polar equations of a conic section with the origin at the 
focus When the constants c and C 2 are determined fioin the initial 
conditions they reduce to the same expression 
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From this investigation and that of Art 55 it Mows that, if the 
orbit IS a conic section with the origin at one of the foci, then the body- 
moves subject to a central force varjnng inversely as the square of the 
distance, and conversely, if the force varies inversely as the square of 
the distance, then the body will desonbe a conic section with the origin 
at one of the foci 


Let p represent the parameter of the conic and e its eccentricity 
Then, companng (38) with the ordinary polar equation of the conic, 
P 

r - — - , it 18 found that 

l+«cos<;!> 


(39) 






¥ 



and that = where w is the angle between the polar axis and the 

end of the major axis directed to the nearest apse The constants 
and Ci are determined by the initial conditions, and they in turn 
define p and e by (39) If 6<1, the conic is an ellipse, if ^ = 1, the 
conic IS a parabola, if e>l, the conic is a hyperbola If ^-0, the 
conic IS a circle, but it cannot take this value as defined by (39), 
for then the equation following (37) is not valid This case arises 

Then u equals a constant, and the curve is a circle 



when the values of Ci, h, and are such that ” ( 


63 Force Varying Inversely as the Fifth Power of the 

k 

Distance In this case/= and (25) becomes 


(40) 




[ d^u\ 
V ^ de^j 


Solving for ^ and integrating, it is found that 


(41) 

Therefore 

(42) 


/dwy 1 P ^ 3 


= 7=^ 


du 


/ 4 a 


This cannot in general be integrated in terms of the elementary 
functions, but can be transformed into an elhptic mtegral of the first 
bnd Then «, and consequently r, is eiqiressible m terms of 6 by 
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elliptic fanctions, and the orbits are spirals, their particular character 
depending upon the initial conditions 

There are certain special cases which are worthy of notice 

(a) If such a constant value of u be taken that it fulfills the nght 
member of (41) 'when it is set equal to zero, then r is a constant and 
the orbit is a circle with the origm at the center It is easily seen that 
a aiTm1a.r special case will occur for a central force varying as any power 
of the distance 

(b) Another special case is that in which the initial conditions are 
such that Cl 4= 0 and the nght member of (41) is a perfect square That 

IS, Cl = ^ Then equation (41) becomes 

\de) 

The integral of this eq,uation is 

T 1 + A^u 

whence 






(43) 


r = -A^ 




This IS the equation of the hyperbolic cotangent* 

(c) If the initial conditions are such that Ci = 0, equation (41) 
gives 

+ d 


dll 


the integral of which is 




Ik 

2/i^ 




+ 0 = cos 


-(f)-- 


Taking the cosines of both membeis and solving for r, the polar 
equation of the orbit is found to be 


(44) 




which IS the equation of a circle with the origin on the ciicuinference 

(d) If none of these conditions is fulfilled the right member of (4 1) 
IS a biquadratic, and equation (42) may be written in the form 

±d0= - : v , , 

7 + (l±aV) {l±^U^) 

* See Byerly's Integral Calculus chap ii 


( 45 ) 
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where (7, and are constants which depend upon the coefficients of 
(41) in a simple manner Equation (45) leads to an elhptic integral 
which expresses B in terms of u Taking the inverse functions and the 
reciprocals, r is expressed as an elhptic function of B The curves are 
spirals of which the circle through the origin, and the one around the 
ongin as center, are limiting cases 

If the curve is a circle through the ongin the force vanes inversely 
as the fifth power of the distance (Art 56) , but if the force vanes 
inversely as the fifth power of the distance the curves which the 
particle wiU descnbe are spirals of which the circle is a particular 
hmiting case On the other hand, if the curve is a come with the 
ongin at the center or at one of the foci, the force vanes directly as 
the distance, or inversely as the square of the distance, and conversely, 
if the force vanes directly as the distance, or inversely as the square 
of the distance, the orbits are always conics with the ongin at the 
center, or at one of the foci respectively [Arts 53, 55, 56 (b)] A 
complete investigation is necessary for every law to show this converse 
relationship 


IX PROBLEMS 

1 Discuss the motion of the particle by the general method for hnear 
equations when the force varies inversely as the cube of the distance Trace 
the curves in the various special cases 

2 When the force is /= p + ^ show that, if v<h, the general equation 

of the orbit described has the form 

_ a 

^""1-0COS(^^)’ 

wheie a, e, and k are the constants depending upon the initial conditions and 
fi and V Observe that this may be regarded as being a conic section whose 
major axis revolves around the focus with unifoim angular velocity 

where T is the period of revolution 

3 Show that m the case of a central force the motion along the radius 
vector is defined by the equation 

d^r ^ A2 
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4 Express G, a\ and of equation (45) m terms of the initial conditions 
For original projections at right angles to the radius vector investigate all the 
possible cases, i educing the integrals to the normal form, and expressing t as 
elliptic functions of B Draw the curves in each cise 

5 Suppose the law of force is that given in (29) , i e 

^ M M 

~ 0 2 (asm ^6 + D cos U+Hf [0 {B)f 

Integrate the difteiential equation of the orbit, (25), by the method of vaiiation 
of parameters, and show that the general solution has the form 

i cos ^ + Cg sin ^ -h a/<#) (d), 

where and Cg constants of integration Show that the curve is a conic 

6 Suppose the law of force is that given by (30) , i e 

/= 

J n \3 

T J.sin d-jBcosdj 

Substitute m (25) and derive the general equation of the orbit described 
Hint Let sin cos d , then (25) becomes 

dh 

Ans i=iL sm d+jB cos cos^ d+Cg sin 2^ + 03 sm^d, 

which IS the equation of a conic section 
*7 Suppose the law of force is 

^_Ci + C2 cos 2d 

show that, for all initial projections, the orbit is an algebraic cuive of the 
fourth degiee unless C2=0, when it reduces to a conic 
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HISTORICAL SKETCH AND BIBLIOGRAPHY 

The subject of central forces was first discussed by Newton In Sections 
II and III of the First Book of the Prmcipa he gave a splendid geometrical 
treatment of the subject, and arrived at some very general theorems These 
portions of the Pnncipia especially deserve careful study 

All the simpler cases were worked out in the eighteenth century by 
analytical methods A few examples are given in detail in Legendre’s TtclxU 
des Fonctions Elhptiques An exposition of principles and a list of examples 
are given in nearly every work on analytical mechanics , among the best of 
these treatments are the Fifth Chapter in Tait and Steele’s Dynamics of a 
Pa/rticle, and the Tenth Chapter, \ol i, of Appell’s M^canique Rationelle 
Stader’s memoir, De orhitu et motihus puncti cuiusdam corporei circa centrum 
attractionum aliis^ quam Newtonia^ attractioms legihus solhntati^ vol XLVI , 
Journal fur Mathematik^ treats the subject in great detail 

The problem of finding the general expression for the possible laws of 
force operating in the binary star systems was proposed by M Bertrand in 
vol Lxxxiv of the Comptes Rendus, and 'was immediately solved by 
MM Darboux and Halphen, and published in the same volume The 
treatment given above in the text is similar to that given by M Darboux, 
which has also been reproduced in a note at the end of the M^camque of 
M Despeyroua The method of M Halphen is given in Tisserand’s M4can\que 
C4leste^ vol i p 36, and in Appell’s Micamque Rationelle^ vol i p 372 It seems 
to have been generally overlooked that Newton had treated the same problem 
in the Pnnoipia^ Book I , Scholium to Proposition xvii This was reproduced 
and shown to be equivalent to the work of MM Darboux and Halphen by 
Professor Glaisher in the Monthly Notices ofRAS^ vol xxxix 

M Bertrand has shown {Gomptes Rondus^ vol Lxxvii ) that the only laws 
of central force under the action of which a particle will describe a conic 
section for all initial conditions, provided the initial velocity is not too great, 
¥ 

are /= ± p and /= ±¥r M Koenigs has shown {Bulletin de la Boci4t4 

Math4rmtique^ vol xvii ) that the only laws of central force depending upon 
the distance alone, for "which the curves described are algebraic foi all imtial 
¥ 

conditions, are /= ± ^ and f^ ±¥r 




CHAPTER IV 


THE POTENTIAL AND ATTRACTIONS OF BODIES 

64 The previous chapters have been concerned with problems 
in which the law of force was given, or with the discovery of the law 
of force when the orbits were given All the investigations were made 
as though the masses were mere points instead of being of finite size 
When forces exist between every two particles of all the masses in- 
volved, bodies of finite size cannot he assumed to attract like pai tides 
This leads to the problem of determining the way in which finite bodies 
of different shapes attract each other 

It follows from Kepler’s laws and the principles of central forces 
that, if the planets are regarded as being of infinitesimal dimensions 
compared to their distances from the sun, they move undci the 
mfluence of forces which are directed to the center of the siin and 
which vary mversely as the squares of the distances (Art 55) This 
suggests the idea that the law of inverse squares may account for the 
motions still more exactly if the bodies are regarded as being of finite 
size, with every particle attracting every other particle in the system 
The appropriate investigation shows that this is true 

This chapter wiU. be devoted to an exposition of general methodB 
of finding the attractions of bodies of any shape on unit particles in 
any position, exterior or interior, when the forces vary inversely as the 
squares of the distances The astronomical applications will be to the 
attractions of spheres and oblate spheroids, to the vaiiation in the 
surface gravitation of the planets, and to the perturbations of the 
motions of the satellites due to the flattening of the planets 

65 Solid Angles If a straight line constantly passing through 
a fixed point is moved until it takes its original position, it generates 
a comcal surface of two sheets whose vertices are at the given point 
The area which one end of this double cone cuts out of the surface of 
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the unit sphere whose center is at the given point will he called the 
^olid angle of the cone ^ or, the area cut out of axij eoneentnc sphere 
■divided by the square of its radius measures the solid angle 

Since the area of a spherical surface equals the product of 4ir and 
the square of its radius, it follows that the sum of all the sohd angles 
about a point is 47r The sum of the sohd angles of one half of aU the 
■double cones which can be constructed about a pomt without inter- 
secting each other is 27r 

The volume contained within an infinitesimal cone whose solid 
angle is o) and between two spherical surfaces whose centers are at the 
vertex of the cone, approaches as a limit the product of the sohd angle, 
the square of the distance of the spherical surfaces from the vertex, 
and the distance between them, as they approach each other If the 
centers of the spherical surfaces are at a point not m the axis of the 
cone the volume approaches as a limit the product of the sohd angle, 
the square of the distance from the vertex, the distance between the 
spherical surfaces, and the reciprocal of the cosine of the angle between 
the axis of the cone and the radius from the center of the sphere , or, 
it IS the product of the solid angle, the square of the distance from the 
vertex, and the intercept on the cone between the spherical surfaces 
Thus the volume of abdc is F = a> ab 



Fig 10 


The volume of a'b'd'c' is 

<Da'0^ &V “77^2 

cos {paO ) 

Sometimes it will be convenient to use one 
sometimes the other 


a'V 

of these expressions and 


66 The Attraction of a Thixt Homogeneous Spherical 
Shell upon a Particle m its Interior The attractions of spheres 
and other simple figures were treated by Newton m the 
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Eook I, Section 12 The following demonstration is essentially as 
given by him 

Consider the spherical shell contained between the infinitely near 
spherical surfaces S and S\ and let P be a particle of nnit mass 
situated within it Construct an infinitesimal cone whose solid angle 


A 



IS w With its vertex at P Let or be the density of the shell Then 
the mass of the element of the shell at J. is m = (t A BojAF^ , likewise 
the mass of the element of A' is m' A' B' A' F The attractions of 
m and m upon P are respectively 

km , km' 

""" aF' aF" 

Since A' B ~ AB, a = k^ABi^cr = a! This holds for every infinitesimal 
solid angle with vertex at P ^ therefore a thin homogeneous ^phei ical 
shell attracts particles uithin it equally m opposite diieotions 

This holds for any number of thin spherical shells and, therefore, 
for shells of finite thickness 

67 The Attraction of a Thm Homogeneous Ellipsoidal 
Shell upon a Particle m its Interior The theorem of this article 
IS given in the Pnncipia, Book i , Prop xci , Cor 3 

Let a homoeoid be defined as a thin shell contained between two 
similar surfaces similarly placed Thus, an elliptic homoeoid is a thin 
shell contained between two similar ellipsoids similarly placed 

Consider the attraction of the elliptic homoeoid whose surfaces are 
the ellipsoids E and E upon the interior unit particle P Construct 
an infinitesimal cone whose solid angle is w with vertex at P The 
masses of the two infinitesimal elements at A and A' are respectively 
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m- crABiaAJP^ and wf = crA'B' <xiA'F^ The attractions aTea = 
Wvri 


Ip 


and a' = ^^2 Construct a diameter GG parallel to AA in the 


elliptical section of a plane through the cone, and dra-w its conjugate 
BD' They are conjugate diameters in both elliptical sections, E and 
E\ therefore DD' bisects every chord parallel to GC' j andAE^A'B' 



The attractions of the elements at A and A' upon P are therefore equal 
This holds for every infinitesimal solid angle whose vertex is at P , 
therefore the attractions of a thin elliptic homoeoid upm an interior 
particle are equal in opposite chrections 

This holds for any number of thin shells and, therefore, for shells of 
finite thickness 

68 The Attraction of a Thin Homogeneous Spherical 
Shell upon an Exterior Particle Newton's Method Let 
AHKB and ahkb be two equal thin spherical shells with centers at 0 




Fig IS 


and 0 respectively Let two unit particles be placed at P and p, 
unequal distances from the centers of the shells Draw any secants 
from p cutting off the arcs il and hk, and let the angle hpl approach 
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zero as a limit Draw from P the secants P L and PK, cutting oiF 
the arcs IL and HK eq[nal respectively to il and hh Draw oe 
perpendicular od perpendicular to ph, perpendicular to ^6, and 
%r perpendicular to pli Draw the corresponding lines in the other 
figure Then it follows from similar triangles and the ratios at the 
hmits that 

jP/ FF=M DF, 

I pf pi^FF{-df') r% 


The product of these two proportions is 

(1) PI pf PF pi=^RI n = HI h 

Prom the similar triangles PIQ and POE^ it follows that 
PI PO = IQ OE, 

and similarly 

po pt = OE { = oe) iq 
The product of these two proportions is 

( 2 ) PI po PO pi=-IQ iq 
Takmg the products of (1) and (2), it follows that 

(S) PI pf po p%^ PF PO = HI IQ hi %q 

Eotate the figures around the diameters PB and ph, and call 
the masses of the circular rings generated by HT and h, M and m 
respectively, then 

( 4 ) HI IQ hi iq-M m 

Let the attractions of M and m upon P and p in the directions 
I and % he Aj and respectively Therefore 


( 5 ) 


A/ 


M m 
FI pi 


Let the forces Aj and a, be resolved into components along and 
perpendicular to the lines PB and ph Since the figures have been 
rotated around these hnes as axes, the components which are per- 
pendicular to them will balance each other Let A^ and represent 
the components toward the centers , then 


Ao 





PF 

PO 


po 


This proportion becomes as a consequence of (3), (4), and (5) 

(6) Ao PO^ 
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Therefore, the circular rings attract the extenor particles toward the 
centers of the shells with forces which are lUYersely proportional to the 
scpiares of their respective distances from these centers In a similar 
manner the same may be proved for the rings KL and M 

Now let the lines PK and ph vary from coincidence with the 
diameters PJS and pb to tangency with the sphencal shells The 
results are true at every position separately, and hence for all at once 
Therefore, the resultobnts of the dttrotctiom of thin sphencal shells upon 
exterior particles are directed toward their centeis^ and the intensities 
qf the forces vary in'cersely as the squares of the distance-s of the po/rticles 
from the centers 

If the body is a homogeneous sphere, or is made up of homogeneous 
sphencal layers, the theorem will hold for each one separately, and 
consequently for all of them combined 

69 Comments upon Newton’s Method While the demon- 
stration above is given in the language of Geometry it really depends 
upon the principles which are fundamental in the Calculus Letting 
the angle kpl approach zero as a hmit is equivalent to taking a 
differential element , the rotation around the diameters is equivalent 
to an integration with respect to one of the polar angles , the vanation 
of the hne pk from coincidence with the diameter to tangency is 
equivalent to an integration with respect to the other polar angle , 
and the summation of the infinitely thm shells to form a solid sphere 
IS equivalent to an integration with respect to the radius 

Since the work has been done entirely m ratios the results obtained 
do not relate to the absolute intensity of the attraction This is of 
scarcely less importance than a knowledge of the manner m which it 
vanes with the distance 



Fig 14 


Take two equally dense sphencal shells, and Si, internally tangent 
to the cone 0 Let POi = On, PO^ = a^, and ilfi and be the masses of 
Si and Si respectively The two shells attract the particle P equally , 
for, any solid angle which mcludes part of one shell also mcludes a 
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similar part of the other The masses of these included parts aie as 
the squares of their distances, and their attractions are iiiveisely as the 
squares of their distances, whence the equality of their attractions upon 
P Let A represent the common attraction , then leinove so that 
its center is at O 2 Let A' represent the intensity of the atti action of 
81 in the new position , then, by the theorem of Art 68, 

A M 2 

Therefore, the t%o shells attract a particle at the same distance with 
forces directly proportional to their masses Fioin this and the previous 
theorem, it follows that a particle exterm to a sphere which is homo- 
geneous in concentric layers is atti acted towaod its centei with a force 
directly pioyoitxonal to the mass of the sphere and mmisely as the 
square of the distance from its center, 01 , as though the mass of the 
sphere were all at its center 

Since the heavenly bodies nearly fulfill these conditions they may 
be regarded as material points in the discussion of then mutual inter- 
actions except when they are relatively near each other as in the case 
of the planets and their respective satellites 

70 The Attraction of a Thin Homogeneous Spherical 
Shell upon an Exterior Particle Thomson and Tait's Method 

Let 0 be the center of the spherical shell whose radius is a, and whose 
thickness is Cr>.a, P the position of the attracted particle, and PO a line 



from the attracted particle to the center cutting the sphernal surface 
in G Take the point A so that PO OG~ 00 OA, and construct the 
mfimtesimal cone whose solid angle is w with its vertex at A Let a- be 
the density of the shell Then the elements of mass at B and B' are 
respectively 


m = croiAB^ 


Aa 

cos (OB A) ’ 


m/ = crtoAB'^ 


Ag 

cos(OB'A) 



9 ? 


THOMSON AND TAIT’S METHOD 
Th.e attra-ctiOHs of the two masses upon. P are respectively 

Aa 


(7) 


a = PGrco 
a'=^;Vco 


AB^ 

^ (,o&{OBAy 

AB'^ Aa 
'WF cos (ORA) 


From the construction of A 


PO OC=OG OA, 

or PO 0£=OB OA 

Hence the triangles POB and BOA, haying a common angle included, 
between proportional sides, are similar Therefore 

AB _ OB _ a 
BP~ OP~OP 

Similarly 

AB' _ 

B'P~ OP 

The angle OB A equals the angle OB' A Then equations (7) become 

' M ^ 

a = A'<r(i)— =rT , 

OP' cos (OB A)’ 

1 '-P JL Aa 

[“ """oF cos (OB A) 

Hence a=a' 


The angles BFO and B'PO are respectively equal to 0£A and 
OBA j therefore they are equal to eaoh other The resultant of the 
two equal attractions a and a is m the line bisecting the angle 
between them, or in the direction of 0, and is given m magnitude 
by the equation 

AJ8 = a cos (BPO) + a' cos (BPO) - 2a COS {OB A) 


This becomeSj as a consequence of (8), 


A2? = 2A®<ro) 


'W 


This equation is true for every solid angle with vertex at A and 
consequently for their sum Therefore the attraction of the whole 

7 


MOM 
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spherical shell upon the extenor particle is, summing ^ith respect 


to ( 0 , 


=.47rF or 




hM 

OF' 


or, It vanes directly as the mass and inversely as the square of the 
distance of the particle from the center 


71 The Attraction upon a Point in a Thin Homogeneous 
Spherical Shell Let 0 be the center of the spherical shell of 
thickness Aa, and P the position of the attracted particle Construct 



Fig 16 


a cone whose solid angle is o) with its vertex at P Let or be the 
density of the shell , then the mass of the section cut out at A by the 
Aa 


cone is orwAP 


cos(OAP) 
AF^ Aa 


The attraction of the element along AP is 

The resultant attraction of the shell is in 

AP^cos(OAP) 

the direction PO since the mass is symmetrically situated with respect 
to this line The component in the direction PO is 

AB = a COS (APO) = a COS {OAP) = h croiAa 

hM 

It follows from this equation and the results obtained in Arts 66 
and 69 that the attraction on an interior particle inhnitely near the 

h M 

shell IS zero, on a particle in the shell, , and on an exterior particle 

Jid 

infinitely near the shell, ^ 


The attraction of the whole shell is P = ^k^cnrAa = 


^ See note on the attraction of spherical shells, Lagrange, Collected Works 
vol Yii p 591 
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X PROBLEMS 

1 Suppose any two similar bodies are placed m perspective Show that 
a particle at their center of perspeotivity is attracted inversely as their linear 
dimensions if they are thin rods of equal density , equally, if they are thm 
shells of equal density , and directly as their hnear dimensions if they are 
solids of equal density 

2 Prove that the attractions of two spheres of equal density for particles 
upon their surfaces are to each other as their radii 

3 Prove that the attraction of a homogeneous sphere upon a particle in 
its interior varies directly as the distance of the particle from the center 

4 Prove that all the frustums of equal height of any homogeneous cone 
attract a particle at its vertex equally 

5 Find the law of density such that the attraction of a sphere for 
a particle upon its surface shall be independent of the size of the 
sphere 

6 Prove that the attraction of a uniform thin rod, bent in the form of 
an arc of a circle, upon a particle at the center of the circle is the same as 
that which the mass of a similar rod equal to the chord joining the extremities 
would exert if it were concentrated at the middle pomt of the arc. 

7 Prove that the attraction of a thin uniform straight rod is the same m 
magnitude and direction on an exterior particle as that of a circular arc of the 
same density, with its center at the particle, and subtending the same angle 
as the rod, and which is tangent to the rod 

8 Prove that if straight uniform rods form a polygon all of whose sides 
are tangent to a circle, a particle at the center of the circle is attracted equally 
in opposite directions by the rods 

9 Prove that two spheres attract each other as though their masses were 
all at their respective centers 


7—2 
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72 The General Equations for the Components of At- 
traction and for the Potential when the Attracted Particle is 
not a Part of the Attracting Mass The geometrical methods of 
the preceding articles are special, being efficient only in the particular 
cases to which they are applied , the analytical methods which follow 
are characterized by their uniformity and generality, and illustrate 
again the advantages of processes of this nature 

Consider the attraction of the finite mass M whose density is tr 
upon the umt particle P, which is not a part of it That is, P is 
exterior to M or within some cavity in it Let the coordinates of P 



be a, y Let its distance from any element, dm, of ilf be p 
the components of attraction parallel to the coordinate axes 
spectively 


(9) 


dm (<»■—*)_ 


2 1 iP-y) 


(iK) P P J ( M ) P 


F=-FI 

'(M) P 


■ r ' 
M 


(y-g) 


(M) p 


dm. 


Then 
are re- 


where p^= (a — scf + (/3 - yf + (y - 


o- =/(^, y, 

I signifies that the integral must be extended ovei the whole mass 
J ( M ) 

M Then, if cr is a finite continnons function of the couidinates, as 
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mil alTOys be the case in what follows, JT, F, and ^are finite definite 
quantities In practice dm is expressed in terms of <t and the ordinaiy’ 
rectangular or polar coordinates, and F, and Z are found by triple 
integrations 

The three integrals (9) may be made to depend upon a smgle 
mtegral m a very simple manner Let 


(10) F= f — 

KM) P 

F IS called the potential fiiTwtion, the term having been introduced by 
Green m 1828 It will be spoken of as the potential of M upon P at 
the pomt (a, fiy y) 

Since jP is not a part of the mass M, p does not vanish in the 
region of mtegration The limits of the integral are independent of 
the position of the attracted particle , therefore the function under the 
integral sign may be differentiated* with respect to the parameters 
A 7 The partial denvatives are 






3a 

hm p* 

dV 

f (^-y) 

3/8" 

JiM) P* 


dm, 

dm. 


dV 

dy 


-L 


(y-«) 


(JO r 


dm 


Comparing these equations with (9), it is found that 


(11) 




T=h 


,dV 

3/8’ 


dy 


Therefore, in the case in which Pis not part of M the solution of the 
problem of finding the components of attraction depends upon the 
computation of the smgle function V 


73 Case where the Attracted Particle is a Part of the 
Attracting Mass It will now be proved that the components of 
attraction and the potential have finite, definite values when the particle 
%s a part of the attractmg mass, and that m this case equations (11) 
hold also 

* Byerly’s Integral CalcuhUt Art 89 
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Consider the mass df and the particle P constituting a part of it 
Construct around P as a center a small sphere with radius e Let 
the components of attraction and the potential of the mass exterior to 



the small sphere upon the particle P be JE" , T” , and Z , and P 
respectively" The components of attraction and the potential of the 
whole mass upon P are then 

/X=limJr', 

e=0 

r=iim r, 

, .=0 

Z=lmZ', 

e—0 

I F=hm V’ 

e=0 


Let M' represent the mass extenor to the small sphere , then 

( 12 ) 


X'=-F[ 

J(.lk 

V'=f 

Ja 


dm, 


J(X') p 
dm 
Jin') p 

If the origin is tahen at P the expression for the element of mass in 
polar coordinates is 

dm - (rp^ cos <l>dcl)dOdp, 


and 


a—cc 


= cos <#> cos 6 


Therefore eq[nations (12) may be written 

/ ^ 

ri cp 

I I cr <f> COB Odcl>dO dp, 

^ 0 e 

, /’2 fp 

F'=J ^jo J f^pooB<l>d<l>dOdp , 
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" “ 2fir 

^ 0d4d6dp 

“2 

IT 

(13) - + ^ Jo jo ^ ^ 0d<l>d0dp, 

-2 

TT ^ 

~ j IT Jq ^d<l>dOdp “ jo jo ^df^dBdp 

^ “2 "2 

The first integrals in the right members are finite, determmate, and 
mdependent of € Moreover, it follows from Art 72 that, for every 
positive value of €, 

jr'=F^ 

da 

Consider the second integrals of the right members of (13) Let 

TT 

X*' = jo jo ^ ^ Od^dOdp, 


IT 

V" “ ~ J^,r /o jo ^d^d^dp 

The differential elements of the first integral are positive or negative 
according as cos ^ is positive or negative, while all of those of the second 
mtegral are positive Let the first integral be divided so that the 
positive and negative elements occur separately, as 

TT ft 

X" = j’ <r cos' COS ed<i>d& dp 

”2 

IT 

+ jsn- / Bd<f>dOdp 

“2 Y 

E ?zr 

+ ^ j ^ Jo ^ 0d<j>d0dp 


The differential elements are positive in the first two terms in the 
nght member and negative in the third By hypothesis <r is finite 
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and continuous Let its maximum value in the sphere c be o-q and 
its minimum o-i Then 


cos^<^ cos 0 d(f>dO dp 


1 J§!r Jo 
~2 2 


cos’ 4> COS 0d<J>d0dp 


(To [ ^ [ cos’ (f> cos OdfpdOdp 
Jo 




cos' cji COS Od(l>dO dp 


2 /■2’r fe 


E J^ Jo 
2 2 


COS <j> COS Odcl>dO dp 


TT JtT 

2 r 2 


cos^ 4> cos 0dcl>d0dp, 


0^r"^-<Tc 


p cos (i>d<J>dB dp 


Carrying out the integration, these inequalities become 

(cTi (To) ^ FtTC (cTo - (Ti), 


Therefore 


Hence, at the limit. 


fhmX" = 0, 

1 6 = 0 

1 hm F" = 0 
6 = 0 

dV 

X= F , and similarly, 


r=F- 


-Zr=F- 


ivhen the attracted particle ib a part of the attracting mass, as well as 
when it IS not 


74 Level Surfaces The equation F=c, where c is a constant, 
defines what is called a level surface^ or an eqmpotential surface, or, in 
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Freach) a sw^ace de niveom la tlas equatioa th.e ruaaiag coordinates 
are a, 7 Any displacement So, S;8, Sy, of the particle m this surfiEkce 
mast fulfill the eq_uatioa 


dY 

9a 


Sa + 




OX, as a consequence of (11), 

(14) XSa+ FS/3 + Z87=0 

The direction cosines of the resultant attraction axe proportional to 
JJT, y, and the direction cosines of the hne of the displacement are 
proportional to Sa, 8^, 8y Since the sum of the products of these 
direction cosines in corresponding pairs is zero, it follows that the 
resultant attrachm is orthogonal to the l&oel sm faces 


76 The Potential and Attraction of a Thin Homogeneous 
Circular Disc upon a Particle in its Axis Take the ongin at 
the center of the disc whose radius is M Let the coordinates of P be 
a, 0, 0 Then 


J p yo Jo 


rdrdS 



Integrating, it is found that 
(16) 




r-p=="ii 

LJa? + J!!‘ J 


If a is kept constant and JR is made to approach infinity as a limit, the 
attraction becomes 
(16) 


JT — 2rf<r 
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This equation does not depend upon a , therefore a thin circular disc 
of infinite extent attracts a particle above it with a force which is 
independent of its altitude Any number of superposed discs would 
act jointly in the same manner Hence, if the earth were a plane of 
infinite extent, as the ancients commonly supposed, bodies would 
gravitate toward it with constant forces at all altitudes, and the laws 
of falling bodies derived under the hypothesis of constant acceleration 
would be rigorously true 

76 The Potential and Attraction of a Thin Homogeneous 
Spherical Shell upon an Interior or an Exterior Particle Let 



<J5) represent the angle between OP and the radius, and 6* the angle 
between the fundamental plane and the plane OAP Then 


(17) 




Bm.ct)d(l>d6 

P 


One of the three variables <l>, p must be expressed m terms of the 
remaining two From the figure it is seen that 

p 2 = _ 2aB cos </> , 

whence 


(18) pdp — aRBui<j}d<l> 

Then (17) becomes, if P is exterior, 

(19) Vs=— Tdpde. 

O' Ja-R Jo 

and if P IS interior, 

Per /*2ir 


( 20 ) 


7?<T T-jR+a /•2ir 

/ dpde 

a jR-a j 0 


* It must be noticed that the ^ and 6 here are not the ordinary polar angles used 
elsewhere 
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The integrals of these equations are respectively 

M 


( 21 ) 




Yl=Atr<rR=-^ 


The a!-components of attraction are respectively 


( 22 ) 




0a 

9F, 


IM 

«2 > 


X.= F^^^ = 0, 


which agree with the results obtained m Arts 66 and 70 

The attraction of a solid homogeneous sphere may he also found 
at once Considering the shell as an element of the sphere, the M of 
(22) is given by the equation 

M = i^rar^d/r 

Let X represent the attraction of the whole sphere Af , then 


iFircr 2 j 

Tar— ^ ^ - Ar « 
Jo o a a 




77 Second Method of Computing the Attraction of a 
Homogeneous Sphere A very simple method will now be given 
of finding the attraction of a solid homogeneous sphere upon an extenor 
particle when it is known for interior particles It is a tnvial matter 
in this case and is introduced only because of its simphcity The 
corresponding device in the case of the attractions of elhpsoids is of the 
greatest value, and constitutes Ivory’s celebrated method 



Let it be required to find the attraction of the sphere S upon the 
exterior particle jP\ supposing it is known how to find the attraction 
upon interior particles Construct the concentnc sphere S through 
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P' and suppose it has the same density 8 A one-to-one corres- 
pondence between the points on the surfaces of the two spheres is 
estabhshed by the relations 

Jt 


(23) 




i y- 


z = 


B , 
V’ 

R , 

— /y 

B' 


The coi responding points are m a line passing through the common 
center of the spheres, and P corresponds to P' Let X and X' 
represent the attractions of S' and S upon P and P' respectively 
They are given by the eciuations 


(24) 


But 


(25) 


1 

11 


1 

1 

L P‘ 

b 

1 

J dx'dy'dz' = + AV jj 

pi dxdydz-h o- IJ 


- doddy dz\ 

V 

-dxdydz 


\P 

dx 

__ ^ 
Pi 

Pi 




dx'dy'dz' 

dy'dz', 

dydz, 


where and pi are the extreme values of p obtained by integrating 
with respect to x That is, the first integration gives the attraction of 
an elementary column extending through the sphere parallel to the 
X axis, and ^>1 and p 2 are the distances from the attracted particle P' to 
the ends of this column In completing the integration the sum of all 
of these elementary columns is taken The corresponding statements 
with respect to the first eq^uation of (25) aie true 

Suppose these integTals are computed in such a manner that 
corresponding columns of the two spheres are always taken at the 
same time Consider any two pairs of corresponding elements, as 
those at A and A' For these p = p', and this relation holds through- 
out the integration as arranged above Hence it follows from equations 
(24) and (25) that 
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But, from (23), 


dy = ^,dy', dz = ^,diif , 


therefore X' = Pa- ^2 U(^ “ 

Let M represent the mass of the sphere S, and M' that of 8' The 
attraction upon an interior particle is given hy 

"bncrGioro -a — * 

agreeing with results previously obtained (Arts 69, 70) 


XI PROBLEMS 

1 Prove by the limiting process that the potential and components of 
attraction have finite, determinate, values, and that ec[uations (11) hold when 
the particle is on the surface of the attracting mass 

2 Find the expression for the potential function for a particle extenor 
to the attracting body when the force varies inversely as the wth power of the 
distance 

1 f dm 


"=— ( 


3 Find by the limiting process for what values of n the potential in the 
last problem is finite and determinate when the particle is a part of the 
attracting mass 

4 Show that the level surfaces for a straight homogeneous rod are prolate 
spheroids whose foci are the extremities of the rod. 

6 Find the components of attraction of a uniform hemisphere whose 
radius is R upon a particle on its edge , (a) in the direction of the center of 
its base , (6) perpendicular to this in the plane of the base , (c) perpendicular 
to these two 

Am {a) {h) 7=0, (c) Z=i(rk^R 

6 Find the deviation of the plumb line due to a hemispherical hill of 
radius r and density <r^ Let R represent the radius of the earth, assumed 
to be spherical, and its mean density 

Ans If X IS the angle of deviation, 

■" i 'rro-^R - (Tir ’ 

or tan X = ^ ~ ^ approximately 

7 Prove that if the attraction varies directly as the distance, a body of 
any shape attracts a particle as though its whole mass were concentrated at 
its center of mass 
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78 The Potential and Attraction of a Solid Homogeneous 
Oblate Spheroid upon a Distant Particle The planets aie very 
nearly oblate spheroids, and they are nearly enough homogeneous so 
that the results obtained in this aiticle will represent the actual facts 
with sufficient approximation 

Suppose the attracted paiticle is remote compared to the dimensions 
of the attracting spheroid Take the origin of coordinates at the center 



Fig 22 


of the spheroid with the 5:-axis coinciding with the axis of revolution 
Let B represent the distance from 0 to P, and r the distance fiom 0 
to the element of mass Then 


Mjf- 

(26) ^ P = + 

\ r = Jx 

It follows from these equations that 


/iT 4- - 2 (ax + /3y + yz) 


r - 2 {ax 4 /By + yz) 


Let P’ B small quantities of the first order, 

then expanding by the binomial theorem, it is found that, up to small 
quantities of the third order, 


f 1 f 1 olx + I3i/ -{-yZ 7^ 

p~ Hi W ^ 

3 {a. x^ + /3^ + y!^ + 2a-Paiy + ^Pyyz + iyazx) 

2 ^ 4 . + 
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+ 1 Ji j^dm + Jfdm + I l^dm 

i josydm+^^ ^yzdm jzxdm-¥ 

Let M represeat the mass of the spheroid^ then 

jdm = M, 

and, since the ongin is at the center of gravity, 

jxdm=Q^ jydm=0y = 

Let or represent the density , then 

^ dm = (rT^ cos <f>d(j>d6dr, 

(?7=r cos<^cos^, 
y=r cos (jismO, 

\ = r sm 

and (27) beconaes 

F = IJj^^ cos <l>d<f)dd dr jjj cos® cos® 6 d^dOdr 
-f UJr^ cos^ </>&iix^0d(f>d6dr’h^^ JJJ am^ <!> cos <f>d(l>d6 dr 
4 - JjJ cos® <#) sin 9 cos dd<j>d6dr 
-I- JjJr^ sin ^ cos® sin 0d<l>d0dr 


+ JjJr* sin (f> cos®< 3 f> cos 0d<l>d6dr+ , 
where the limits of integration are for r, 0 and r , for <#>, - - and 
and for 6, 0 and 27r Since r and <#> are independent of 6, the 

2 

integration may he performed with respect to B first, giving 
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^fT r2 Cr 


[ r^ sm <!> COS ^cl<f> dr + , 

Jo 


the last three integrals being zero 

The next integration must be made with respect to r, as this 
variable depends upon <!> Let the major and minor semi-axes of a 
meridian section be a and b respectively, and let e be the eccentiicity 
Then 

^ l-e cos^(^ 

Integrating (28) with respect to r and expanding in powers of e, it is 
found that, up to terms of the second order inclusive, 


M ^ TTorb^ C 2 


+ cos <^+ ) cos (t>d<l> 


3 '3rcr&® 
10":^ 


(a^ + J (l+§e^cos <f>+ ) cos^ <j5> d<f> 


I -^ 5 ™ J (1 + f cos'" (f> + ) sin^ cf) cos 


Integrating with respect to </> and airanging in powers of e, it is 
found that 

j-y. M 2 TTob^ . ^ o\ 9 

But 

M=\TtUCL by 



SOLID OBLATE SPHEROID 


113 


r9] 

therefore 

(29) F = fl + ** ^ + 1 

/i!L 10 ^ J 

1 he coiupouents of attraction are 


( 80 ) 




L 10 ji* 

I 3 A»(“* + /8“-4y*) ^ 

^ r -A |^l+._6av — — U. e!> + 


da 


W/a 

in' 


dfi 

,3F 


3y /i' L 10 a* ® + 


]. 

]. 

] 


If the spheroid should become a sphere of the same mojaa^ the 
expressions for the components of attraction would reduce to the first 
terms of the right members of equations (30) If the attracted particle 
18 in the plane of the eijuator of the attracting spheroid, then y ~ 0 , 
and if It is in the polar line, then a=^ = o Hence it follows from 
(80) that the attraction of an oblate spheroid upon a particle in the 
plane qf tie equator is greater than that of a sphere cf equal mass, and 
tn the polar line, less than that of a sphere cf equal mass As the 
partule recedes from the attracting body the attraction approaches 
that of a sphere of equal mass Therefore, as the particle recedes m 
the plane cf the equator the attraction decreases more rapidly than the 
square cf the distance increases , and as it approaches, the attraction 
increases more rapidly than the square cf the distance decreases The 
opposite results are true when the particle is in the polar line 


79 The Potential and Attraction of a Solid Homogeneous 
SUipsoid upon a Unit Particle in its Interior Let the equation 
of the surface of the ellipsoid be 


(81) 


a" (f 


-1 = 0 , 


and let the attracted particle be situated at the interior point (o, p, y) 
Take this point for the origin of the polar coordinates p, 6, and <i> 
Taking the fundamental planes of this system parallel to those of the 
first system, these vanables are related to the rectangular coordinates 
by the equations 

( jr=a + /»cos<;f>cos^, 
y = yS + p cos sin 9, 

« = y + P sin ^ 

M 0 H 8 
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The potential of the ellipsoid upon the unit particle P is 

TT 

V^{ COS <l>d<l>de dp 

J(M) P 

Since the value of p depends upon the polar angles the integration 
must be made first uith respect to this vanahle Ihe integration 

gives 

^ 33 ) J%i cos <l>d<j>d9 

__ 

To express pi in terms of the polar angles substitute (^2) iii (31) , 
whence 

^ 34 ) Api -^2Bpi+ G=0, 

where ^ o , /i jl 

cos^</)COs 0 cos </>sm ^ , &in_9 

A _ -1- — h 2 > 

DC 

„ acos<i)COsfl 13 COS <i>sm 6 ysmj> 

5 = + 5 . 

^ ,2 ^ A2 ^ ^2 


(35) 




' c 

From (34) it is found that 


Pi = 


— JB ±JB — AG 


The only pi having a meaning in this problem is positive A is 
essentially positive, and G is negative because (a, p, y) is withm the 
elhpsoidal surface , therefore the positive sign must be taken before 
the radical Substituting this value of pi in (33), it is found that 


, , „ <r p-m --2BJB'-AG-AC) 

^-2] Jo - 3 

2 

Consider the integral 

Jo A 


cos 


oo^4>d<l>d0 


It follows from the expression for B that the differential elements 
corresponding to 6 — Oq, (j> — 4*(i ^ = -tt + ecpial in 

numerical value but opposite in sign Since all the elements entering 
in the integral may be paired in this way, it follows that F"i = 0, aftei 
which (36) becomes 
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(37) { 


T 

V=-r fco£^_co^ _A^ ®08^ ^ sm'' 6 /2^ a 

^J_wJo 1 a“ Vffl2 ja yi^-Oj 

2 

Jn) coa i)dif>d6 

Jj J .= 


1^/2/ 


• 2 <r r r” s m^cos^ ^ sm ^ cos <l> sm ( 

1 a^6® ja^a 


7°sm<^cos^cos^ '> cos 
c^a** / 

By compaiing tie elements properly paired, it is seen that the second 
integral is zero 

Let 


(38) 




coQ 4 d<l> (id 


2 


0 COS^<I>C OB^O co^^sin^l 

•• " ■*!“ — 






then (37) may be -written 

(39) F=-(rir+"'!E+^£E+i“i^ 

0 / d(x> b db C dc 

Since W IS independent of a, /?, and 7 , the components of attraction are 

CO da 9a ’ 


(40) 




y_M M vir^ 

b db dfi’ 

C dc dy 


Por a given ellipsoid TF^ is a constant, and the e(][iiation of the 
level surfaces has the form 

(7i a® + Clj = constant, 

vrhich IS the equation of concentnc similar ellipsoids, whose axes 
are proportional to Or^, and 
Let 


then (38) becomes 


/ cos' <l> sm' <l> 

' a' c' ’ 

I AT _ ^ 


fl TT TT 

p r2it COB r r G08<f> d<l>d0 

2K/0 jo ifoos'(9 + JV^sin'<9 


8—2 
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M and N are independent of 6 , hence, integrating with respect to 
this variable, it is found that* 


( 41 ) W=2-ir(r f 

Jo 


cos cl>d(l> 

~Vmn 


-2Trcrabc^ 


f 


cos (l>d<j> 


J{a sm <?f) + c cos <^) {b^ sm^ cj^ + c cos^ 4) 

To return to the symmetry m a, bj and c which existed in (38), 

Rodriguez introduced the transformation 

, 0 
sin <^ = - 


whence 


W=7rcrabc 


/: 


Vc +5’ 

ds 


J{a + i) + s) + s) 

Forming the derivatwes with respect to a, &, and c, and substituting m 
(39), it follows that 

/ o? B 

( 42 ) V=^mbcj^ V-aUrs~bn~7Ts. 

The components of attraction are 

db 


ds 


^f{a‘^-^s){b +5) (6 +i>) 


(43) { 


dV f 

X=l^ — = - ^TTcrabcak I 
OCL Jo 

Y= = -^'^o‘(x>bc/3l f 

op Jo 

dV r 

Z=^'k ^--^TrcrabGyk 

oy Jo 


0 {a + s) V(a + s) {b^ + s) {(/ + s) 
ds 

(b + s) V (a^ + s) {ff + i») (c + s) 
» db 

{& + s) V(a + 9 ) {h^ + s) (6 + s) 


Equation (41) is homogeneous of the second degree in a, b, and c ^ 

, computed from (39), aie homogeneous 
It follows, theiefore, that if 


and therefore 


0J^ 

da ’ 


of degree zero in the same quantities 
a, b, and c are increased by any factor v the components of attraction 
JT, y, and will not be changed , or, the elliptic homoeoid contained 
between the elhpwidal surfaces whose axes aie a, 6, c, and va, vb, and 
VC attracts the int&iior particle F equally in opposite directions 
(Compare Art 67 ) 

The component of attraction, X, is independent of ^ and y and 
inwolves a to the first degree , therefore the x-component of attraction 
IS pioportional to the x-cooidinate of the particle and is constant 
emiy where within the ellipsoid in the plane x-a Similar results 
are true for the two other coordinates 

* Lettmg tan the integral reduces to one of the standaid forms 
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Suppose the notation, has been chosen so that a>h>c Then ( 41 ) 
may be put in a very convenient form by the substitution 

8m<j> = u, 

a!‘ = c‘{l + X\ 

6» = c=(l + ^=^), 


vhioh gives 
(44) 


TV = ^TTcrab 




s/(l+XV)(l + /4V) 

This IS an elliptic integral of the first kind, and may be readily 
computed when the body is nearly spherical by expanding in powers 
of A** and fj?, and integrating term by term 

XII PROBLEMS 

1 Discuss the level surfaces given by equation (29) 

2 Set up the expressions for the components of attraction instead of that 
for the potential as in Art 79 Determme wbat parts of the integrals vanish, 
integrate with respect to 6, and show that the results are 


JT* - 4jrarbcaJi!^ 


i! 


sin^ (p cos (j) d(l> 


0 siaS cj)+a^ cos-^ 0) sin^ -h a® cos® <f)) ^ 

It 

r= - r v 

J 0 sjn® 0+6® cos® 0) (a® sin® 0+6® cos® 0) 

TT 

P . . . 

J 0 s/[a^ sin® 0 + c® cos® 0) (6® sin® 0 +c® cos® 0) 

Rint Derive the results for Z, and since it is immaterial in what order the 
axes are chosen, derive the others by a permutation of the letters a, 6, c 

3 Transform the equations of problem 2 bj 

a ^ . o 


sm 0= 


respectively, and show that equations (43) result 

4 Show that the potential of an ellipsoid upon a particle at its center is 

ds 


/c®+« 


^0= 


■‘Tvcrdho 


f,-. 




V(a®+a) (6®+s)(c®+^) 

6 From the value of Vq and equations (43) derive the value of the 
potential (42) 

6 Transform the equations of problem 2 so that they take the form 


/ 


\/(l±XV){l±(»V) 
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80 The Attraction, of a Solid Homogeneous Ellipsoid 
upon an Extenor Particle Ivory’s Method The integrals 
become so complicated in the case of an exterior particle that the 
components of attraction never have been found by direct integration 
They arQ computed indirectly by expressing them in terms of the 
components of attraction of a related ellipsoid upon particles in its 
interior This artifice constitutes Ivory’s method* 

Let it be required to find the attraction of the ellipsoid Jh upon the 
exterior particle, P\ at (a', y) Let the semi-axes of be <x, b, 
and c Construct through P' an ellipsoid E', confocal with E, with the 


a' 



semi-axes a\ c', and suppose it has the same density as E 
axes of the two ellipsoids are related by the equations 

1 a' = Ja +/C, 
b' =- \/¥ + K, 
d = *Jg^ + k, 

where /c is defined by the equation 


(46) 






+ K 


-1 = 0 


The 


The only value of k having a meaning in this problem is real and 
positive Equation (46) is a cubic in #c and has one positive and two 
negative roots , for, the left member considered as a function of k is 
negative when k = + go , positive, when k = 0 (because (a', y) is 
exterior to the ellipsoid E ) , positive, when /c = -c^+ c (where c is a 
very small quantity) , negative, when k = - - c ^ positive, when 


* Philosophical h ansactions, 1809 
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K = — + negative, when K = positive, when k = — + 

negative, when /c = - - € , and negative when k = - oo The graph 

of the function is given in Pig 24 



Taking the positive root of (46), a', V, and c' are determined uniquely 

A one-to-one correspondence between the points upon the two 
ellipsoids will now be established by the equations (compare Art 77) 


(47) 


V 


/ W / ^ 



2? 


Let P be the point corresponding to P' It will now be shown that 
the attraction of E upon F is related in a very simple manner to the 
attraction of E' upon P 


LetX, Y, and represent the components of attraction of P' upon 
the intenor particle P. (a, y) They may be computed by the 
methods of Art 79, and will be supposed known Let X', F, and Z 
be the components of attraction of E upon F , which are required. 
The expressions for the aj-components are 


( 48 ) 


0 (4) 

X=-/fc“crJJJ^ dx'dy'd^ = dx'd^dsf, 

3(i) 

2r' = -P(rjjl^^^da!dydx>=P<rjJj-^dxdifdx! 
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Performing the integration with respect to x, it follows that 

The p and Pi are the distances from P' to the ends of the 
elementary column obtained by integrating with respect to x The 
solution IS completed by integrating over the whole surface of E The 
first equation of (49) is similar 

Now X' will be related to X in a simple manner by the aid of the 
following lemma 

If P and A au any two paints on the surface of and if P' 
and A aie the respective cm responding points on the smface of E\ 
then the distances PA' and P' A are equal 

Let PA! - p\ and AP' = p Then p = p For, let the coordinates 
of P and A be respectively osi, yi,Zi, and x ,y ^ and of P' and A', 
x!, y!, z!, and x^', yi^ z! Then 

p '" = (^1 - ^ ') + { y \ - y ') + (^1 - ^ 20 ^ 

x!) + (y - yxf + (^2 - Si!y 

Making use of equations (45) and (47), it is found that 





Since P and A are on the surface of the ellipsoid whose semi-axes are 
a, b, and c, each parenthesis equals unity Therefore p'^ — p^-0, or 

p = p' Q E D 


Suppose the integrals (49) are computed so that the elements at 
corresponding points of the two surfaces are always taken sinoultaneously 
Then pi = pi' and p 2 = p' throughout the integration Moreover, from 
b G 

(47), dy=-r, dy'^ dz--dz Therefore 
0 c 
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The letters a, 6, c and s of eq[uations (43) should be given accents to 
agree with the notations of this article , and, since P and P^ are corres- 
ponding points, a=— a', y=^y' Making these changes in 

equations (43) and substituting them in (50) and (51), it is found 
that 


JT' “ — ^Trtrabci^a' j 
Jo 


^ 

(a'^ + 5 ') ( 5 '^ + 5 ') {c'^ + s') ’ 

^ 

{b'^ + s') J(a'^ + s){b'^ + s') (c'^ + 5 ') ' 


— 27r< 

By equations (45) 


0 (c'^ + s') V {a'^ 4- s') (b ^ + s') (c'^ + s') 


a'^=a^ + K, b'^ = ¥^K, c'^ = c^ + K, 

hence, letting 5 = 5 ' + k, it follows that 


JT' ~ — ^TTcrabcJlJ^a' j 


00 


& 

(a^ + 5 ) V (a® + s) {b^ + 5 ) (c^ + s) ’ 


(52) ^r= 


- 2Tr<rahc1^P' 

— ^TTo- aboJJ^y j 


& 

(5® + 5) >J{a^’^$) (b^ + s) (c® + 5 ) ’ 

& 

{c^ + s) J{a^ + s){b^ + s){d^ + 6) 


It follows from equations (40) and (41) that the components 
of attraction for interior particles are homogeneous of degree zero 
in a, 5, and c, and that they are proportional to the respective 
coordinates of the attracted particle Let JT, as above, represent the 
attraction of the ellipsoid E', whose semi-axes are a', b', c', upon the 
interior particle at (a, y) , let JC" represent the attraction of E' 
upon an interior particle at (a", p", y"), which wiR be supposed to be 
related to (a, y) by equations of the same form as (47) Then it 
follows that 


X" _o!' t;_ ^ 

X a’ F" /S’ Z y 


Let the point (a y"), always remaining correspondmg to (a, 
approach the surface of E' as a limit Then at the limit 
X' _a' 

F’J’ Z 0 




Combining these equations with (50) and (51), it follows that 
X' Y" Z" a'Vd M' 
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That IS, the> attraction of a solid ellipsoid upon an exterior particle is to 
the attraction of a confocal ellipsoid passing though the pai tide, as 
the mass of the first ellipsoid is to that of the second ellipsoid 

Consider another ellipsoid confocal with the one passing through the 
particle and interior to it , by the same reasoning the ratios of the 
components of attraction of these two ellipsoids are as their masses 
Let T", T\ Z'' he the components of attraction of the new ellipsoid 
whose semi-axes are a"\ d” Then 

X" F" F" _ aUc __ M' 

Z'" ” a!' b "d" AF' 

Combining this proportion with (53), it is found that 
X F „ X _ AI 

- Y"’ ^,n 

Therefore, two confocal ellipsoids attract particles which ai e extei lor 
to both of them m the same direction and with foi oes which are pro- 
portional to their masses This theorem was found by Maclaurm and 
Lagrange for ellipsoids of revolution, and was extended by Laplace to 
the general case where the three axes are uneq[ual It is established 
most easily, however, by Ivory’s method as above, and it is frequently 
called Ivory’s theorem 

Equations (52) may be transformed into the normal form of elliptic 

integrals of the first kind by putting, in the first, — =^u , m the 

\f a s 

h c 

second, , = u , and in the third, -p= = u The results of the 

sib ^s sid^-s 

substitutions are 


= - WcPa' 

Jo 


(54) ^ 


Y =-A^<Tcak^l3' [' 
Jo 


0 sj [a^- {a^ - b^) ~ (a^ - c^) ^ 

b 

sJb^'hK iddu 


n/[6" - {b^ - 6^) [6^ - (6^ - a^) u ] ' 


Z' = — Airaabk^y f 
Jo 


, f sJc^+K 


Mu 


'o sl\d - {d - a ) u^] [c^ - {d - I/) u^] 


When the attracted partiqle is in the interior of the ellipsoid the forms 
of the integrals are the same except that the upper limits are unity 


81 The Attraction of Spheroids The components of at- 
traction will be obtained from (54), which hold for exterior particles 
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Suppose the figure is an oblate spheroid and that a=h>c, let e 
represent the eccentricity of a meridian section Then 

c“ = a® (1 - e®), 

and equations (54) become 


(55) 


= — 4ir<rPVl-^t 

a B Jo 


■Ja^+K U^du 




Z' 
^ y 


" 1 79 /'VoHiC Mu 

/ 4‘n‘O'AJ I “ ; 

Jo 1 - «“ + e 


The integrals of these equations are 

a ^ Lja^+K^ a+< 


(5«) ■! 

, f-*”? hfr. 

The components of attraction for interior particles are obtained 
from these equations by putting k = 0 

Suppose the figure is a prolate spheroid, and that a = h<c Then 
( 3 ^^ = equations (54) become 


(57) 


aft Jo 


U^du 




y yo J- ~ 


The integrals of these equations are 


^ F' ^ _ 2t<tF 

V~ 


+ K 


(58) 


LVa®+fc » w 



aV 


J]’ 


When the particle is interior to the spheroid the equations for 
the components of attraction are the same except that k = 0 
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82 The Attraction at the Surfaces of Spheroids The 
componentb of attraction for an interior particle, which are obtained in 
the case of an oblate spheioid from (56) by putting /c= 0, are, omitting 
the accents. 



The limits of these expiessions as the attracted particle appi caches the 
surface of the spheroid are the components of attraction for a paiticle 
at the surface As the attracted particle passes outward through the 
surface, k, m equations (56), starts with the value zero and increases 
continuously in such a manner that it always fulfills equation (46) 
Therefore equations (59), having no discontinuity as the attracted 
particle reaches the surface, hold when a, y fulfill the equation of 
the ellipsoid 

When e is small, as m the case of planets, equations (59) aie 
convenient when expanded as power series in e Substituting the 
expansions 



in (59), it IS found that 


(60) 


•I 

^ = (l + |e ) 


The mass of the spheroid is 


M=^7rcra C = J iro-a^ 
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The radius of a sphere having eq^ual mass is defined by the eq^uation 

Mr= |7r<ri2“ = ^TTcra* , 

whence 

B = a(X-^^ 

The attraction of this sphere for a particle upon its surface is given by 
the equation 

(61) 


When the attracted particle is at the equator of the spheroid 
slo? + = a 5 hence the ratio of the attraction of the spheroid for a 

particle at its equator to that of an equal sphere for a particle upon its 
surface is 


^ {1-W ) 

F (1 - 30 


This IS less than unity when e is small ^ therefore the attraction of the 
spheroid for a particle at its equator is less than that of a sphere of 
equal mass and volume 

When the attracted particle is at the pole of the spheroid 
— hence 




(1+1^ ) -i , ^ 

(1-^)^ 15 


This IS greater than unity when e is small , therefore the attraction of 
the spheroid for a particle at its pole is greater than that of a sphere of 
equal mass and volume 

There is some place between the equator and pole at which the 
attractions are just equal The latitude of this place will now be 
found The coordinates of the particle must fulfill the equation of the 
spheroid, therefore 

(62) /(a, + = ® 


The direction cosines of the normal to the surface at the point (a, y) 
are* 


* The e<itiations of the tangent plane at the point (ajq, yq , ^fq) are 

a/ ’ 

0a; dy dz 

(Jordan’s Cours Analyse, yoI i p 601 ) Therefore the direction cosines of a hne 
perpendicular to this plane are those given at the top of page 126 
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1. ^ 

9a 3/3 



The last is the cosine of the angle between the normal at (a, /3, y) and 
the 2 ;-axis, and is, therefore, the sine of the latitude, which will be 
repiesented by Hence, it follows from (62) that 



From (62) and (63) it is found that 


a" + /3^ = ^. ® = aPcos^<p{l+e‘^ sin” <j> + }, 


a^(l sin 
1-e 


= a^sin^<^{l-^2^1 + cos <!>) } 


Let G represent the whole attraction of the spheroid, or, from (60) 
and (64), 

G=-Jx^TW+Z^ 

= - It-o-F Y {a? + 13^) + (1 + |e 

= - ^va-Tc^a {l ~ ^ (1 + cos^ <^) I 

The ratio of this expression to that for the attraction of a sphere of 
equal mass and volume, given by (61), is 


^ (1 + cos® 4>) 
(l-e)^ 


. 6®(1-3 sin®<3{)) 

30 


This becomes equal to unity up to terms of the fourth order in e when 
3 sin <f> = 1, from which 


<j!> = 35 15' 52^ 



82] 


THE SURFACES OF SPHEROIDS 


127 


Let r represent the radius of the spheroid , then 

1 - cos® ’ 

where is the angle between the radius and the plane of the e(pator 
Since this angle differs from 4> only by terms of the second and togher 
orders m e, it follows that, with the degree of approximation employed, 

1 - e® cos® <t> 

¥hen 4> = 35° 15' 52", 

^ = ) 

The radius of a sphere of equal volume has beeu found to be given by 
the equation 

= = ), 

which IS seen to be equal to the radius of the spheroid up to terms of 
the second order inclusive in the ecoentncity Therefore, in the o^e 
of an oblate spheroid of small eccentncity the mtensity of the 
attraction is sensibly the same for a particle on its surface in latitude 
S5° 15' 52" as that of a sphere of equal mass and volume for a particle 
on its surface , or, because of the equality of B and r, a spheroid of 
small eccentncity attracts a particle on its surface in latitude 35° 15 52 
with sensibly the same intensity it would if its mass were all at its 
center 


yjTI PROBLEMS 

1 Show that Ivory’s lemma may be apphed when the attraction vanes 
as any power of the distance 

2 Show why Ivory’s method cannot be used to find the potential of a 
sohd eUipsoid upon an extenor particle when it is known for an mtenor 
particle 

3 Tind the potential of a thin ellipsoidal shell contained between two 
aiTv.ilfl.r eUipsoids upon an mtenor particle Hint It has been proved 
(Art 79) that the resultant attraction is zero at all mtenor points , therefore 
the potential is constant and it is sufficient to find it for the center Let the 
semi axes of the two surfaces be a, h, o and (1 +/*) a, (1 +^)b, ( 1 + 11 ) 0 , then 
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the distance between the two surfaces naeasured along the radius from the 
center will be fxp Therefore 


2 

~ 2iiTcriJL(ibG I 

J 0 


27r p3c0S (pdipdB __ 




cos (pd<pd3 


- ^ 0COS 6 ^ cos^^ sin^d ^ sm^ <j> 


ds 


¥ 


+- 


>j{a^+s){¥-\-s){c + 5 ) 


4 Show that in the case of two thin confocal shells similxr elements 
of mass at points which correspond according to the definition (47) are 
propoitional to the products of the three axes of the respective ellipsoids 
Then show, using problem 3 and Ivory^s method, that the potential of an 
ellipsoidal shell upon an exterior paiticle is 

F'=2n-o-/ia6c I ' =27r<rabo f" — — 

J 0 (a ^ + s') (d'^ + s') (c'^ + <i ) J \^(a^ + s) (5^ -i- s) (c +s) 

5 Prove that the le\ el surfaces of thin homogeneous ellipsoids are 
confocal ellipsoids What are the lines of foice which are oithogonal to 
these surfaces *2 


6 Discuss the form of level surfaces when they are entirely exterior to 
homogeneous solid ellipsoids 


HI8T0EICAL SKETCH AND BIBLIOGRAPHY 

The attractions of bodies were first investigated by Newton His results 
are given in the Principia^ Book i , Secs xii and xiii , and arc derived by 
synthetic processes similar to those used in the fiist part of this chapter 
The problem of the attraction of ellipsoids has been the subject of many 
memoirs, and the case in which they are homogeneous was completely solved ♦ 
early in the nineteenth century Among the important papeis are those 
by Stirling, 1735, Phil Trans , by Euler, 1738, Petersburg , by Lagiango, 
1773 and 1775, Coll Wooks, vol iii p 619, by Laplace, 1782, M^c G4l , 
vol 11 , by Ivory, 1809 — 1828, Phi Trans , by Legendre, 1811, M4rrb de 
VInst de France^ vol xi , by Gauss, Coll Worhs^ vol v , by Rodriguez, 1816, 
Gorges sm VEcole Poly, vol lii , by Poisson, 1829, Gonn des Temps, by 
Green, 1836, Math Papers, vol viii , Chasles, 1837—1846, Jour V Ac ole 
Poly and Mim des Savants Strangers, vol ix , MacCullagh, 1847, Puhlin 
Proc , vol III , Lejeune Dirichlet, Journal de Liouville, vol iv, and Grelle 
vol xxxii ’ 

The earlier papeis were devoted for the most part to the attractions of 
homogeneous ellipsoids of revolution upon particles in particular positions, 
as on the axis Lagrange gave the general solution for the attractions of 
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general homogeneous ellipsoids upon interior pai-ticles This was extended 
by Ivory and Maolaunn (with Laplace’s generalizations) to extenor p f i. w-.ini e B 
Ivory s theorem has been extended in a most interesting manner by Darboux 
in Note XVI to the second volume of the M4oamqm of Despeyrous Laplace 
proved that the potential for an exterior pai tide fulfills the partial differential 
equation 

3^72 ^ 0^^^’ 

and determined V by the condition that it must be a fimction satisfying this 
equation This is a process of great generality, and is relatively simple 
except in the trivial cases This has been made the starting point of most 
of the investigations of the latter part of the last century, especially where 
the attracting bodies are not homogeneous In a paper on Electricity and 
Magnetism in 1828 Green introduced the term potential function for F, and 
discussed many of its mathematical properties Green’s memoir remained 
nearly unknown until about 1846, and in the meantime many of his theorems 
had been rediscovered by Cbasles, Ganss, Sturm, and Thomson One of 
Green’s theorems has been found an extremely useful application, when the 
independent varnbles are two in number, in the Theory of Functions 

Poisson showed that the potential function for an interior particle fulfills 
the partial differential equation 

327 a2F 027 
3?y2 a? "* 

Chasles gave a synthetic proof of the theorems regarding the attractions 
of homogeneous ellipsoids in Mimoires de% ^avant^ ittrangers^ vol ix , and 
Lejeune Dirichlet embraced in a most elegant manner in one discussion the 
case of both interior and exterior points by using a discontinuous factor 
{Liouvillda Journal^ vol iv ) 

Many of the later investigations have been for heterogeneous bodies, or 
for forces other than the Newtonian gravitation 

* Among the books treating the subject of attractions and potential may be 
mentioned Thomson and Tait’s Natural JPhilosopk^, part ii , Neumann’s 
Potential^ Poincard’s Potential, Routh’s Analytical Statics, vol ii, and 
Tisseraud’s M^camque C^este, vol ii The last mentioned develops most 
fully the astronomical applications and should be used in further reading 
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CHAPTEE Y 

THE PROBLEM OF TWO BODIES 

83 Equations of Motion It will be assumed in this chapter 
that the two bodies are spheres and homogeneous in concentric layers 
Then, in accordance with the results obtained in Art 69, they will 
attract each other with a force which is proportional to the product of 
their masses and varies inversely as the square of the distance of their 
centers apart 

Let and m represent their masses, and mi + 2 Choose 

an arbitrary system of rectangular axes in space and let the coordinates 
of mi and m 2 referred to it be respectively iiy ^i, and *> 7 , 4 Let 
the distance between mi and m be denoted by r , then, the difierential 
equations of motion are 

k miM^ — - , 

Fmim2 , 

r 

J^Mim 

Wm mi , 

In order to solve these six ‘=umultaneous equations of the second 
order twelve integrals must be found They will introduce twelve 
arbitrary constants of integration which may be determined m any 
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particular case by the three initial coordinates and the three com- 
ponents of the initial velocity of each of the bodies 

84 The Motion of the Center of Mass Adding the first 
and fourth e(iuations, the second and fifth, and the third and sixth, it 
IS found that 

^ d% „ 

d°Ki d% ^ 

+ JW 2 -0 

These e(iuations are immediately mtegrable, and give 

d^i d^2 

dvi dr)2 Q 


( 2 ) 


nil 


dSi d^Q 


dt 




Integrating again, 
(3) 


nii^l + ^ 2^2 ■" ® 2 > 

miyii + nhv + 

.W^l4 + W^24 = 71^ + 72 
Thus, SIX of the twelve integrals are found, the arbitrary constants 
of integration being a^, 03 ,^ 1 , ^ 3 , Let i, and X be the 

coordinates of the center of mass of the system , then it follows from 
Art 19 and equations (3) that 

j 2 f ” nil ^ 2^2 = ttj + Oqj 

(4) j Afi,2^=^l■>7l+W^3772 = ^l3f4•^2, 

Ari, 2 ? = niiii + 77Z24 = yit 4 . ya 

From these equations it follows that the coordinates increase 
directly as the time, and, therefore, that the center of mas^ moves 
with uniform velocity Or, taking their derivatives, squanng, and 
adding, it is found that 


whence 


“ ((s#) {'£} ^ (sf) } = ’ 

Vr s/q^? + + Yi 
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where V represents the speed with which the center of mass moves 
The speed is therefore constant 

Eliminating t from (4), it follows that 

ai ” A 71 

The coordinates of the center of mass fulfill these relations which 
are the symmetrical equations of a straight line m space , therefore, 
the center of mass mores in a straight line with constant speed 


85 The Equations for Relative Motion Take a new system 
of axes parallel to the old, hut with the origin at the center of mass 
of the two bodies Let the coordinates of mi and referred to this 
new system be yi, and 3 / 2 , respectively They are related 
to the old coordinates by the equations 

f «ri = X2— ^ 

(5) = = 

Ui=Cl-C = 

Substituting m ( 1 ), the differential equations of motion in the new 
variables are found to be 


( 6 ) 




' d Xi t {xi-x) 

mi = — A riim — — , 

=-^ irh'm > 

=-h nhm. ~ 


' df 

d X 2 


^ ’ 
(^2 - ^ 1 ) 


m^-TT^ =■- K m mi 
dt r" 

=-hmmr , 


which are of the same form as the equations for absolute motion 

The coordinates of the center of mass are given by equations (4) , 
therefore if 3 / 1 , , 5^2 were known, and if the constants ag, 

jgg, yi, and y were known, the absolute positions in space could be 
found But, since there is no way of determining these constants, the 
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problem of relative motion, as expressed m (6), is all that can be 
solved 

Since the new origin is at the center of mass, the coordinates are 
related by the equations 

== 0 , 

(7) . + 

Therefore, when the coordinates of one body with respect to the center 
of mass of both are known the coordinates of the other are given by 
(7), and if the constants in (3) could be determined, the coordinates of 
both with respect to fixed axes in space could be found By means of 
(7) the coordinates of the second body might be eliminated from the 
first three equations of (6), after which they might be solved inde- 
pendently of the last three for x^^ and It will be preferable, 
however, to solve for the position of one body with respect to the 
other From (7) it is easily found that 

+ W22 A/i 2 ’ 

( 8 ) 

Xi __ m2 
^Xi-Xi’' Ml 2 ^ 

and similar equations in y and z 

Let the coordinates of mi with respect to m 2 , as origin, be (v, y,z, 
then 


Therefore (8) gives 


gives 

j X — Xi ^ 2 : 

\z=Zi’- Z 2 

m2X 

-VhX 


if, a ’ 


-OT,y 


if.a“ 

nfhz 

^ -miz 

11 

ifi.» 


By these equations the coordinates of the bodies with respect 
to their center of mass are defined when their relative positions are 
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known Substituting in (6), the differential eq[uations of motion of 
TTii referred to mg are found to be 


(9) 





t 


dt-~ »■= 


The problem is now of the sixth order, having been reduced fiom 
the twelfth by means of the six integrals (2) and (3) The six 
new constants of integration which will be introduced in integrating 
equations (9) will be determined by the three initial coordinates, and 
the three projections of the initial velocity of with respect to m2 


86 The Integrals of Areas Multiply the first equation of (9) 
by - y, and the second by o), and add , the lesult is 

^ ^ ^ = 0, and similarly, 

dz d^y ^ 

d’^x d^z ^ 


The integrals of these equations are 


( 10 ) 


dy dx 
dz dy 

ydt-^fr^^ 


^ dx 

''Hi' 


^dz 
' dt 


It follows from Art 16 that a^, ^3 are the projections of twice 
the areal velocity upon the xy, yz^ and zx planes respectively Mul- 
tiplying equations (10) by 5;, x, and y respectively, and adding, it is 
found that 


( 11 ) aiZ + a^x + a^y = 0 

This IS the equation of a plane passing through the origin, and it 
follows from its derivation that the coordinates of mi always fulfill it , 
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therefore, the motion of one body with respect to the oth&i is in a plane 
passing though the center of the other 


The constants cti, Og, and a^ determine the position of the plane 
of the orbit with respect to the axes of reference Equation (11) 
becomes in polar coordinates 

(12) ai sin <^ + ^2 cos <I>qobO + as cos < 3 t> sin ^ = 0 

Let S3 represent the angle between the positive end of the ir-axis and 
the line of intersection of the and the plane of the orbit , let 

^ represent the mclination of the two planes Then, when <^ = 0, 

^ = S3 + wr, where n is any integer, and when ^ = S3 + ^, = ^ Makmg 

these substitutions in (12), it is found that 


(13) 


tanS3==- 




tane = 


Os 

ikj a^ + Os 


ai 


Since the projections of the areal velocity upon the three funda- 
mental planes are constants the areal velocity in the plane of the 
orbit is also constant Let it be represented by Ci It is defined by 
the equation 

(14) Cl = Ja^ + + as 


Solving (13) and (14), it is found that 


j ai = Cl cos 

(15) I aa = CiSin^siiiS3, 

[a3 = -ClSln^cosS3 


87 Problem m the Plane Since the orbit lies in a known 
plane, the coordinate axes may be chosen so that the x and y-axes he 
in this plane If the coordinates are represented by x and y as before, 
the differential equations of motion are 


(16) 


^ 



I 


The problem is now of the fourth order instead of the sixth as it 
was in (9), havmg been reduced by means of the mtegrals (10) It 
will be observed that, since the position of the plane is defined by the 
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two elements 53 and or by the ratios of a-y^ and % in (11), only 
two of the arbitrary constants were involved m the reduction This 
problem might be solved by deriving the differential equation of the 
orbit as m Art 54 and integrating as m Art 62, the last integral being 
derived from the integral of areas ^ but, it is preferable to obtain the 
results directly by the method which is usually employed in Celestial 
Mechanics 

Equations (16) give 


The integral of this equation is 

dy 

^dt-y 

which becomes in polar coordinates 


(17) = 

Let A represent the area swept over by the radius vector r , then 
^dA ydO 

whence 

(18) 2J. = Ci^+c, 

from which it follows that the areas swept over by the radius vector 
are proportional to the times m which they are described 

Multiplying (16) by 2 ^ and 2 ^ respectively, and adding, the 
result IS 


dhjdy_^ , (d_x^dy' 

dt^dt ^drdt'~ ^ r® V dt ^Tt, 


dt 


The integral of this equation is 

/I q\ fdx^, / dy\ _ 2k Ml 2 

Transforming the left member to polar coordinates, this equation 
becomes 


^ (d6'^ j 


therefore 


\dt) \dt) T 

dr _ dr dO 
dt dO dt ’ 
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dB 

Eliminating ^ by means of (17), this equation giyes 


dO^ 


Cidr 


which may be written 
( 20 ) dB = 

Let 


r s! — Cl 2h^Mi 2 ^ + Csr®’ 

/y. 1 2 2 ClV 

V ~r) 


C8+ — 






Cl r 

in which B must be positive for a real orbit , then (20) becomes 

’du 


dB = 

The integral of tbs equation is 




e = cos“^ ^ + C4 

Expressing this in terms of r and the original constants, it is found that 

gx 


(21) 


r = - 


PMi 

Cl 


, / k^Mi^ 


■ cos (B - C4) 


which IS the polar equation of a conic section with the ongin at one of 
its foci 


88 The Elements in Terms of the Constants of Integra* 
tion The node and inclination are expressed in terms of the constants 
of integration by (13) 


The ordinary equation of a conic section with the origin at the 
nght-hand focus is 


P 

1 + ^ cos (^ - 0 )) ’ 


where p is the semi-parameter, and <0 the angle between the polar axis 
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and the major axis of the conic 
it IS found that 


Comparing this equation with (21), 


/ 


p = 




I My 


1 + 


( 22 ) 


Cl 


0) = ^4 ~ TT , 

C^z=zl sjMy op 


^3 = ' 


‘( 1-0 

P 


My 


When e < Ij the oibit is an ellipse and jo = a{l — e wheie a is the 
major semi-axis , when e' the orbit is a parabola and p = 2q wliere 
q IS the distance from the origin to the vertex of the parabola , and 
when e >\, the oibit is an hypeibola and p-aie'-X) 

Let -do represent the aiea described at the time the body passes 
perihelion*, then the time of peiihelion passage is found from (18) 
to be 

2A-C2 


(23) 


T= 


Cl 


In place of this element it is generally more convenient to use the 
mean longitude at the epoch 

This completes the determination of the elements in teims of the 
constants of integration The constants of integration are defined in 
terms of initial coordinates and components of velocity by the equations 
where they first occur, viz (10), (17), ^18), (19), and (21) 


89 Properties of the Motion Suppose the orbit is an ellipse 
Then, vhen the values of the constants of integration given in (22) are 
substituted in (17) and (19), these equations become 


(24) 






where V is the speed in the orbit at the distance r from the origin 
When the orbit is a circle, r = a and 


* Unless m is specified to be some body other than the sun the nearest apse will 
be called the perihelion point 
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When the orbit is a parabola, a = qo and 
2 — 2 

Therefore, at a given distance from the origin the ratio of the speed in 
a parabolic orbit to that in a circular orbit is 
(25) Fp F, = >/2 1 

Thus, in the motion of comets around the sun they cross the planets' 
orbits with velocities about 1 414 times those with which the respective 
planets move 

The speed that a body will acquire in falling from the distance s to 
the distance i toward the center of force h^Mi 2 is given by (see 
Art 35) 

If s IS determmed by the condition that this shall equal the speed in 
the orbit, it is found, after equating the right member of this expression 
to the right member of the second of (24), that 

s = 2a 

Therefore, the speed of a body moving in an ellipse ts at every point 
equal to that which it would acquiie in falling from the circumference 
of a Circle^ with center at the origin and radius equal to the major axis 
of the coniCi to the ellipse* 



The speed at P m the ellipse is equal to that which would be 
acquired in falhng from P' to P 

* Proved by Van der Kolk, Astronomische Nachrichten^ No 1426 
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When the body falls from infinity, 5 ~ oo 


corresponding value of F, then 




Let U represent tho 


Eliminating FMi from the last of (24) by means of this equation and 
solving for a, it is found that 


(26) 



U depends upon the masses of the two bodies and their distance apart , 
therefore, the majoi axis of the come depends upon the imtial distance 
from the ongin^ and the initial speedy and not upon the direction of 
projection 

Let and ^2 he two epochs, and Ai and J .2 the corresponding 
values of the area described by the radius vector Then equation (18) 
gives 

2 (^2 ” ^1) ~ (^2 


Suppose h-ti-Pi o, the period of revolution ^ then 2 (Aq - Ai) equals- 
twice the area of the ellipse, equals ^irab The expression for the 
period, found by substituting the value of Ci given in ( 22 ) and 
solving, is 


From this equation it follows that the period is independent of every 
element except the major axis , or, because of (26), the period depends- 



Fig 26 

only upon the initial distance from the origin and the initial speed, 
and not upon the direction of projection The major semi-axis will b^ 
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called the mem distance, although it must be understood that it is not 
the average distance 


The three orbits drawn in the figure have the same length of major 
axis and are consequently described m the same time The speed of 
projection from A is the same in each case, the differences m the 
shapes and positions resulting from the different directions of pro- 
jection 


If the two systems and are considered, and the 

ratio of their periods is taken, it is found that 


1 2 _ 2 a 

jP^ 3 2 ^^3 2 -3^1 2 

If the two systems are composed of the sun and two planets respectively, 
then Ml 2 a-iid 2 are very nearly equal because the masses of the 
planets are exceedingly small compared to that of the sun Therefore, 
this equation becomes very nearly 

1 2 _ a\ 2 
P ^ 3 2 ^^^*3 2 ^ 

or, the squares of the 'periodic times of the planets are 'proportional to 
the cubes of then mean distances This is Kepler’s third law 

It IS to be observed that, in taking the ratios of the periods, it was 
assumed that h has the same value for the different planets , or, that 
the sun’s acceleration of the various planets would be the same at unit 
distance On the other hand, it follows from the last equation, which 
Kepler established directly by observations, that k has the same value 
for the various planets 


90 Selection of Units and the Determination of the 
Constant k When the units of time, mass, and distance are 
chosen k may be determined from (27) It is evident that they may 
all be taken arbitranly, but it will be convenient to employ those umts 
m which astronomical problems are most frequently treated The 
mean solar day will be taken as the unit of time , the mass of the sun 
will be taken as the unit of mass, and the major semi-axis of the 
earth’s orbit will be taken as the unit of distance When these units 
are employed the k determined by them is called the Gaussian constant, 
having been defined in this way by Gauss in the Theoria Mot'UtS, 
Art 1 
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Let m represent the mass of the sun and rrii that of the earth and 
moon together , then it has been found from observation that in these 
units 


(28) 


_ 1 

’”'“354710“ 354710’ 
Pi = 365 2563835 


Substituting in (27), it is found that 


[ h = %==- = 0 01720209895, 

(29) Pi 2 n/ 1 + mi 

llogA = 8 2355814414-10 


Since mi is very small h = — nearly, and is, therefore, nearly the 
mean daily motion of the earth in its orbit, or about The mean 

277 

daily motion of a planet whose mass is is p — , and is usually 
designated by This is found from (27) to be 


(30) 




h + 

a\ 


The period of the earth^s revolution around the sun and its mean 
distance were not known with perfect exactness at the time of Gauss, 
nor are they yet, and it is clear that the value of k vanes with the 
different determinations of these quantities If astronomers held 
strictly to the definitions of the units given above it would be 
necessary to recompute those tables which depend upon k every 
time an improvement in the values of the constants is made These 
inconveniences are avoided by keeping the numerical value of k that 
which Gauss determined, and choosing the unit of distance so that 
(27) will always be fulfilled 

If the mean distance between two bodies is taken as the unit of 
distance and the sum of their masses as the unit of mass, and if the 
unit of time is taken so that k equals unity, then the units form what 
IS called a canonical system Since Mi =1 and = 1 in this system, 
and from (30) ^ = 1 , the equations become somewhat simplified and are 
advantageous in purely theoretical investigations 
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XIV PROBLEMS 


1 Derive the theorem of the uniform rectilinear motion of the center of 
gravity directly from Newton’s laws of motion 

2 Denve equations (9) from equations (1) by a direct transfer of the 
origin to the center of mg 

3 Find the difterential equations of motion m polar coordinates 



4 Integrate the equations of problem 3 and interpret the constants of 
integration 

5 The earth moves in its orbit, which may be assumed to be circular, 
with a speed of 18 6 miles per second Suppose the meteors approach the 
sun in parabolas , between what hmits will be their relative speed when they 
strike into the earth’s atmosphere^? 

Am 7 66 to 44 66 miles per second. (The Nov 14 meteors meet the 
earth and have a relative speed near the upper limit , the Nov 27 meteors 
overtake the earth and have a relative speed near the lower limit ) 


6 Find the average length of the radius vector of an ellipse m terms of 
a and e, taking the time as the independent variable 




Average r— 



7 Find the average length of the radius vector of an ellipse, taking the 
angle as the independent variable 

, . [rdB 2ira — ^ 

Ans Average ^ b 

8 Prove that the amount of heat received from the sun by the planets 
per unit area is proportional to the reciprocals of the products of the major 
and minor axes of their orbits 


9 If a planet is projected from a given point with a given velocity, find 
the locus of, (a) perihelion points , (6) aphelion points , (c) center of ellipses , 
(d) ends of minor axes 

10 If a planet is projected from a given point in a given direction, find 
the loci of the same points as in problem 9, and expiess the coordinates of 
these points in terms of the initial \alues of the coordinates and the com 
ponents of velocity 
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91 Position in Parabolic Orbits Having found the curves 
in ■which, the bodies move, it remains to find their positions in their 
orbits at any given epoch The case of the parabolic orbit being the 
simplest will be considered first, and it will be supposed, to fix the 
ideas, that the motion is that of a comet with respect to the sun 
Since the masses of the comets are negligible ilfi = 1? und (17) 
becomes 

(31) 


When the polar angle is counted from the veitex of the parabola it 
is denoted by and is called the ue anomaly Then 


d6 _ d'o 
dt dt ’ 

p n 

r - - — ^ g sec - 

1 + cos 'y 2 


Hence, (31) gives 
\/2^ 


dt = sec^ I = ^sec*" | + sec^ - taif 


dv 


The integral of this expression is 

(32) tan - + tan^ - = , 


2 6 




where 2^ is the time of perihelion passage This is a cubic equation iii 

tan I Taking the right member to the left side it is seen that for 
A 

jf— T>0, the function is negative when -^=0, and that it increases 
continually with 'o until it equals infinity, for 1 ;= 180° Therefore there 
IS but one real solution, which is positive For t - T< 0 it is seen in 
a similar manner that there is one real negative solution 

Equation (32) may be written 


25tan^-+ 75 tan - =1^ ^ 


n/2 


T) 




(iziD 


Tables have been constructed giving the value of the right meinbei 
of this equation for different values of v Prom these tables v may be 
found by interpolation when t-T given , or, conversely, t - T may 
be found when 'o is given These tables are known as Barker’s, and 
are VI in Watson’s Theo7etical Astronomy, and IV in Oppolzer’s 
Baknhestimmung^ 


In Oppolzer’s BahnbeHimmung the factor 75 is not introduced 
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In ordsr to find tlio diroct solution of th.e cubic oq^uation lot 
whence 


tan 2 ” ^ ^ “ tan w , 


tn^n® - = — 3 tan ~ + cot® w — tan® w 
This substitution reduces (32) to 

cot® M> - tan® w = (tr ^ 

cotw= ^ c 


Let 

whence 


cot|, 


C0ts= 

2^qi 


Therefore the formulas for the computation of tan ^ are, m the order 
of their apphcation, 


(33) 


( 2 # ’ 


cot^«? 


= ^cot|, 


tan 2 = 2 cot 2w 


After V has been found r is determined by the polar equation of the 

parabola, r =- — ^ — = q sec® - 
1+cos® “ 2 


92 Equation involving Two Radii and their Chord 
Euler’s Equation Consider the positions of the comet at the 
instants ti and fg Let the corresponding radii be ri and rg, and 
the chord joining their extremities 5 Let the corresponding feme 
anomahes be Vi and Vg Then it follows that 


' Jc(t,-T) 

^/2g^ 

■ k(fg-T) 


= tan|H.|tan®|. 
= tan54tan»| 


The difference of these equations is 


k — i^i) 
^/2^ 


- tan ^ - tan § 

Ji 2 



MOM 


10 
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(34) (ten t-ten|)[3 (l + tan | tan | 


+ ^tan 


The equation for the chord is 

§2 = ^^24.^^ -2rir2C0s('y2-'*^i) = (H’^^2) - 4 rir 2 COS 2 / 

From this eq^uation it is found that 

(35) 2 Jr^2 cos ( ^4 — ) = ± V (^’i + >’2 + «) + ^2 “ 

The + sign is to be taken if Va—Vi<v and the — sign if iia — 

It foUows from the polar equation of the parabola that 


These, substituted in (35), give 


J(ri + r„ + s) (ri + Tj- s) 


Vi «2 

cos — cos 2 


whence 


til, Da . •s/(>‘i + ^2 + s) {^1 + ^2 -s) 
l + tan2tan2=± ^ 


It also follows from the expressions for rj and that 

n + »'2 = S' (2 + tan^ ^ + tan*® 


The last two equations give 


(ri + rj + s) + (ri + r, -s)+2j{rr + r^ + s){n + r,-s) ^ 
2a \ 


tan tan'll , 


whence 


J2q 2 2 


Equation (34) becomes, as a consequence of (36) and (37), 

(38) 6A {ts - ti) = (ri + rs + sf + {r^ + - s)^ 

This equation is remarkable in that it does not involve q It was 
discovered by Euler and bears his name It is of the first importance 
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ID. the determinatiOD. of the elements of a parabohc orbit from 
geocentnc observations 

There is a corresponding eq^nation, due to Lambert, for elliptic 
orbits The right member is developed as a pow'er senes m - , the first 
term constituting the right member of Euler^s eq[xiation 

93 Position in EUiptio Orbits The polar eq^uation of the 
ellipse and the integral of areas are respectively 

1 +0eos«?’ 

From the first of these eq[uations it follows that 

a{X-e^) 1 

er e ’ 

ccjl di 
Let n represent the mean angular motion , then 

27r 

As a conse(iueiice of these eq[uations the equation of areas becomes 
(40) 

aja^^ -{a- r)“ 

This may be integrated at once, expressing the interval of time in 
terms of — , but it is desired to express r in terms of t This might 



be done by expanding the function into a series in - — - and then m- 

ae 

verting the series The first series converges so long as the numerical 
value of co-r IB less than ae, and this mequahty holds except at the 
ends of the major axis 

This procedure would be very inconvenient in practice , hence the 
problem will be solved in another way Let the auxihary E be intro- 
duced by the equation 

fa^cosJ?=:a-r, 

(^1) i 

= a (1 -eoos E) 


10 — 2 
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This angle E is called the eccmbnc anormly Then (40) becomes 
ndt = (1 — 0 cos E) dEy 

the integral of which is 

n{t- T)=- E-esmE 

n{t-T) IS the angle which would haye been described by the radius 
vector if It had moved uniformly with the average rate It is usually 
denoted by M and is called the mean anomaly Therefore 
(42) n(t-T)=M=E-esmE 

The M may at once be found when (t — T) is given, after which 
equation (42) must be solved for E Then r and v may be found by 
(41) and (39) respectively Equation (42), known as Kepler ’s equation, 
IS transcendental in E, and the solution for this quantity cannot be 
expressed in a finite number of terms Since it is very desirable to 
have tbe solution as short as possible astronomers have devoted much 
attention to this equation, and several hundred methods of solving it 
have been discovered 

94 Geometrical Derivation of Kepler’s Equation Con- 
struct the ellipse in which the body moves, and its auxiliary circle 
AQE The angle AFP equals the true anomaly, v , the angle ACQ 



will be defined as the eccentric anomaly, E, and it will be shown that 
the relation between M and E is given by Kepler’s equation Prom 
the law of areas and the properties of the auxiliary circle, it follows that 

M _ a rea AFP _ area AFQ 
2ir area eUipse area circle 

Area AFQ = ACQ—&x%& FCQ = - ^aesmE 

u 2 
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Therefore 

M _a^ (E-esmF) 



27r 2 7ra^ ’ 


or, 




( M=E-esmJEJj 

which IS the definitioa of the eccentric anomaly given in (41) 

95 Solution of Kepler’s Equation It wiU be shown first 
that Kepler’s equation always has one, and only one, real solution for 
every value of M and for every e such that 0 < ^ < 1 Write the 
equation in the form 

<I>(E) ^JS-esinE-M=0 

Suppose M has some given value between mr and (n + 1) tt, where n is 
any integer , then there is but one real value of E satisfying this 
equation, and it hes between mr and (?z+l)7r For, the function 
^ {E) for E=mr is 

<j> (rnr) =mr-M<0 
And ^ {E) for E- + 1) -tt is 

<l>[(n-¥ 1) tt] = (ti + 1) -TT - ikf > 0 

Consequently there is an odd number of real solutions for E which he 
between mr and (/^ + 1) tt But the derivative 

</>' (E) = 1 - « cos -S’ 

18 always positive , therefore < 5 ^> {E) increases continually with E and 
takes the value zero but once q e d 

4 convenient method of practically solving the equation is by 
means of an expansion due to Lagrange Suppose z is defined as a 
function of w by the equation 

(43) Z = W’ha<li(z), 

where a is a parameter Lagrange has sliown that any function of z 
can be expressed in a power series m a, which converges for sufficiently 
small values of a, of the form* 

F{z) = F{w) + j 4>{w) F' (w) + ^ [{<#» (w)}" F' (w)] 

a"'*'! 3" 


Williamson’s Diff Calc p 161 
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This expansion may be applied to the solution of Kepler’s equation by 
writing it 

E-M+emxEj 

which IS of the same form as (43) The expansion of E in a series in 
e maybe taken from (44) by putting F(z)-E^ cj^ (z) = sm E, w = M, 
and a = e The result is 

(45) E = ilf + 1 sin if + sm 2M + 

All the terms on the right except the first are expressed in radians and 
must be reduced to degrees by multiplying each of them by the number 
of degrees m a radian The higher terms are considerably more 
complicated than those written, and the work of computing them 
increases very rapidly In the planetary and satellite orbits the 
eccentricity is very small, and the series (45) converges with great 
rapidity, the first three terms giving quite an accurate value of E 

96 Differential Corrections A method is about to be ex- 
plained in one of its simplest applications, which is of gieat importance 
in many astronomical problems Suppose an approximate value of E 
IS determined by the first three terms of (45) Call it 

E^-M^ 6 sin if + - sin 2if 
A 

It IS required to find the correct value of E 
Kepler’s equation gives 

Mq^Eq-b sm j&o 

For a particular value of if, viz ifo, the coriesponding value of JS'is 
known, viz It is required to find the value of E corresponding to 
if, which differs only a little from ifo if is a function of E and may 
be written 

M=f{E), 

or, 

if = ifo + ^Mq =/* {Eq + AjBJ)) 

Expanding by Taylor’s formula, this becomes 

if = ifo + Aifo =f{E,) +/' (Eo) ^E, + 

By the definitions of the quantities, ifo =f{E^ , therefore this equation 
may be written 

(46) if-ifo=/'(^^o)AA^o-^ 

From Kepler’s equation it is found that 

f (jEo) = 1 -^cosJSo 
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Since is very small the sq[tiares and higher powers may be 
neglected*, when eq^uation (46) gives the correction to be appbed to jB^, 


(47) 




1 - 0 cos 


With the more nearly correct value of E, Ei-E^-^ AjE^o> may be 
computed from Kepler’s eq[uation, and a second correction will be 




M-^M, 

1 - 0 cos El 


This process may be repeated until the value of E is found as near as 
may be desired t In the planetary orbits two apphcations of the 
formulas wiU nearly always give results which are sufhoiently accurate, 
and usually one correction will suffice 


97 Graphical Solution of Kepler’s Equation Vhen the 
eccentricity is more than 0 2 the method of solving Kepler’s equation 
given above is laborious because the first approximation wifi be very 
inexact These high eccentricities occur in binary star and comet 
orbits, and are sometimes even so great as 0 9 In the case of bmary 
star orbits it is usually sufficient to have a solution to within a tenth 
of one degree In this work a rapid graphical method is of great 
practical value 

Consider Kepler’s equation 

E-e^mE-M=0, 

where M is given and E is required Take a rectangular system of 
axes and construct the curve and straight hne whose equations are 

( y = &mE, 

The abscissa of their point of intersection is the value of E satisfying 
the equationf , for, eliminating y, Kepler’s equation results The first 
curve IS the familiar sine curve which may be constructed once for all , 
the second is a straight line making with the J?-axis an angle whose 

tangent is - Instead of drawing the straight hne a straight-edge may 
6 


* If the higher terms m AEq were not neglected AJSq could be expressed as a 
pow senes in Af-Ilfo, of which the first term would be the nght member of (47) 
t Fox the proof of the convergence of a similar, but somewhat more labonous 
process, see Appell’s MScamque, vol i p 391 

J Due to J J Waterson, Monthly Notices, 1849-60, p 169 



i-OZ RECAPITULAriON OF FORMULAS 1^0 

be laid down making the proper slope with the axis To facilitate the 
determination of its position construct a line Tvith the degrees maiked 
on it at an altitude of 100^^ then place the bottom of the straight-edge 
at M and the top at 1006*, and it follows that it will have the 

y^Aons 


m ltO°M 60 


Fig 28 


proper slope If M is so near 180 that the straight-edge runs off from 
the diagram, the top may be placed at M-i-60e on the 5()-line As M 
becomes very near 180 the mean and eccentric anomalies become very 
nearly equal, exactly coinciding at If = 180° 

98 Recapitulation of Fomaulas The equations for the com- 
putation of the polar coordinates, when the time is given, will now be 
given in the order in which they are used 

M=n(t--T), 

^0 = +« sin iHf + 2 siu 2 if, 

(48) -I Ma = E^ — e sm 

" 1 -ecosX’ 


-Ej = ^0 + AJEJ), 
r = (»(1-0 cosj®)= 


1 + ^cos'y’ 


This device is due to Professor C A Young 
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whence 


cosi; “ 


sm<u = 


cos^-g 
1 “ 6 cos 

1-ecos^ ’ 


1 - e COS ’ 

l-cos® = (-i±^Hiz£2i^ 

1 - e COS jE 

The square root of the quotient of the last two equations gives a very 
convenient formula for the computation of viz 


V /l + 


e, E 
-tan — 
6 2 


The last equation of (48) and equation (50) give the polar coordinates 
when E is known 


99 Developments m Series The equations which have been 
given are sufiicient to enable one to compute the polar, and consequently 
the rectangular, coordinates at any epoch, yet, in some kmds of 
investigations, as in the theory of perturbations, it is necessary to 
have the developments of not only E, but also the polar coordinates, 
earned so far that the functions are represented by the senes with the 
desired degree of accuracy The most important of these developments 
will be given in this article They are most conveniently found by 
means of Bessel's functions, but, as this method of denvation would 
require a somewhat lengthy digression, they will be constructed from 
the Lagrangian expansion (44) 

Carrying out the expansion indicated m Art 95, the value of E to 
terms of the sixth order in e is found to be 

ilf + 0 sin iHf + - sin 2M 

a 

+ (3® sm 3 sm M) 

+ sm 4 AT - 4 2® sin 2i(f) 

+ ^^4 sin hM— 5 3^ sin %M + 10 sm AT) 

+ g^(6®sm6il!f-6 4®sin4ilf+15 2“sin2il/) 
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The radius vector is expressed in terms of E by (41) To have it 
expressed m terms of M it is only necessary to put F{z)^(jQ^ E, 
4>{z) = miE, w = M, and a^e m (44) Making these substitutions, 
and reducing all powers of the trigonometrical functions to the cosines 
of multiples of If, it is found that 

-= 1 - 0 cos ilf - 1 (cos ‘iM- 1) - 5^ (3 cos m- 3 cos M) 
a 2 z ' A 

- 4ilf - 4 2 cos 2ilf ) 

~ j^(5'cos5Jf-5 3^cos3ilf+ lOcosilf) 

- (6^ cos 6ilf ~ 6 4^^008 43/ + 15 2'^cos2i(f) 

012®^ 

Referring to equations (49) it will be seen that v cannot be 
expressed in terms of ^ in a simple manner, consequently it is a 
complicated matter to express it in terms of M Instead of expressing 

V directly in terms of E it is simpler to express ^ in terms of E^ and 

through this relation in terms of ilf, and then to integrate the final 
expression 

From the integral of areas it follows that 
(53) Ml e) dt = Jl — e ^ndt= — 

By equation (41), 

^ = (l-^cos£')-^ 

Consequently, in applying (44), it is necessary to let 

F{z)={1-6q>qb>E)~‘^, <i>{z)^miE, w = M, and a = e 

Making these substitutions, and reducing all powers of the trigono- 
metrical functions to the cosines of the multiples of ilf, it is found that 

~ = l + 2e coslf+l (5 cos 2M+ 1) (13 cos 3illf + 3 cos M) 

A 

4“ ” (103 cos 4cM + 8 cos 2ilf + 9) 

+ — (1097 cos 5ilf — 75 cos SM + 130 cos M) 

+ (3669 cos 6if- 774 cos 4Jf + 315 cos 2M + 150) 

4:OU 
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Multiplying by the exp&naion of s/l ~ substituting in (58), and 
integrating, it is found that 

t>» Af + *2fl8in Ar+ f«*Bin 2ilf + ^(18 sin SAT - 8 sin ilf) 

+ ^(l038in4Af-44ain2A/) 

+ aeo (1097 Bin 5A/- 645 sin 50 sin M) 

+ BJn CAf - 902 Bin iM+ 85 sm 23/) 

+ . 

When 0 iH Btnall, an m tlic* plaimtnry orbits, those senes are very 
rapidly ronvorK^nit if 0 oxtotnlK <)f>(>27 thoy diverge, as Ijaplaoe 
firot sltowod, for hou»o values of M This value of 0 is exceeded in the 
solar syst^nu only m the (ase of some of the lomots’ orbits, but 
clovelojiments of this sort are not employed m computing the pertur- 
bations f)f the comets 



100* Poiitlon in Hyparbolio Orbits The polar equation of 
the come and the integral of areas are respectively 

I 4* € cos t> * 

k 

whore « reproBonU the otmitmity In tlio polar equation of the 
hyperbola v can vary only from -ir + toH ' to 
Prom tlie ftmt otpiation above 

( «(«*-!) 1 


Tlien the iieoond beooinea 


vdi-- 




a‘>/«*--T dr 
r n/(« + r)*-aV 

r dr 

a •(/(« + r)*-a*^’ 
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This equation can be integrated at once in terms of logarithmic 
functions, but it is preferable to introduce first an auxiliary quantity, 
Fj corresponding to the eccentric anomaly in elliptic orbits Let 


(55) a'Vr- — ^) = ae cosh F, 

A 

then vdt =1-1 + - (^+ dF= { — 1 + e cosh F) dF 

The integral of this equation is 

(56) e-^) =^F+€ sinh F, 

which gives t when F is known The inverse problem of finding F 
when v(t~T) is given is one of more difficulty The most expeditious 
method would be, in general, to find an approximate value of F by 
some graphical process, and then a more exact value by differential 
corrections The value of F satisfying (56) is the abscissa of the 
point of intersection of the line 

y = \{F+M), 


and the curve 


3/ = - 


The differential corrections would be computed in a manner analogous 
to that developed in the case of the elliptic orbits 

From (55) and the polar equation of the hyperbola, it follows that 
1 + € COS v I 2 ^ 


r = 


and from this equation, 

tan - = / + ^ / eVl 

2 V £_l + V e_l 2 

which IS a convenient formula for computing v when F has been found 


tanh ■ 


101 Position m Elliptic Orbits when the Eccentricity 
IS Nearly Equal to Unity The analytical solutions heretofore 
given have depended upon expansions in powers of e He is large, 
as in the case of some of the periodic comets’ orbits, the convergence 
ceases or is so slow that the methods become impracticable The 
graphical process, however, avoids this difficulty 



POSITION IN ELLIPTIC ORBITS 


157 


101 ] 


In order to obtain a workable analytical solution, tbe developments 
may be made m powers of start is made again iBrom tbe 

equation of areas and tbe polar equation of tbe elbpse 


Let 


1 + e» COS 

( u; = tan I , 


tben tbe equation of areas becomes 

nJl -^edt _ (1 + j 

2(1-# '(1 + 

X IS very small and tbe right member may be developed into a rapidly 
converging senes in X for all values of v not too near 180* Since tbe 
periodic comets are always invisible when near aphelion, there will 
seldom be occasion to consider tbe solution in this region Expanding 
the right member and integrating, tbe result is 

2 (1 7 - "Ht ^ tJ * (t * t) 

When tbe orbit is a parabola e = l and X= 0, and this equation reduces 
to (32), which IS a cubic in w Since tbe penbebon distance in an 

h 

ellipse IS q-ai^-e) and w = — ^ , it follows that 


71 \/l + g A Vl + 6? 

2(1-#^ 2gS 

It IS desired to find tbe value of w for any value of t If tbe 
eccentricity should become equal to unity, tbe left member keeping 
tbe same value, equation (57) would have the form 

( 58 ) yn0i:^=w+w^ 

where W would be the taugent of half the true anomaly m the 
resulting parabohc orbit From this equation W may be detenmned 
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by means of Barker’s tables, or jfrom equations (33) Suppose W has 
been found , then w may be expressed as a series in A, of which the 
coefficients are functions of W For, assume the development 

(59) w — + (XiX + + , 

substitute it in the right member of (57), which is equal to the right 
member of (58) The result of the substitution is 
a ® 

+ “y = ^0 + Y + (o^i + - l<^o') A. 

■4“ (<3^2 + <^2 + COqOj-^ — 2(3^0 4- yO^o*^) ^ 

( a ^ 

+ a^az + - 2c»o^c»2 ~ 2ao^a2 - 

+ ^QjqOjx + 3(3^0^ CKj — T^o*^ — 


Since this equation is an identity in A the coefficients of corresponding 
powers of X are equal Hence 


ao 4- 


3 " 3 ^ 


al(l + ao'‘)==K + |•^o^ 

- aa (1 + ao^) = - + 2<<3fi + 2<^i - |ao® - 

as (1 + ao’’) = - j + + 2as^a + 2a^ai‘ + 4a/ai“ - - 3a„“ai 

+ ^aj + 
v. 

There are three solutions for a^, only one of which is real Taking 
the real root of the first equation, it is found that 

r«o= w, 

„ /TT’ TT'X 

HTr +— ) 

l + W' • 


as- 


11 + 3 3 

(1 + w^y 




(i+Try 


Substituting the values of these coef&cients in (59) the tangent of 
one-half the true anomaly is determined The first term gives that 
which would come from a parabohc orbit, the remaining terms vanish- 
mg as a = 1 In the series (54) the first term m the right member 
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would be the true anomaly if the orbit were a circle, the higher terms 
being the corrections to circular motion In the senes (59) the first 
term in the right member would give the tangent of one-half the true 
anomaly if the orbit were a parabola, the higher terms being the 
corrections to parabolic motion 

It should be added that these equations apply equally to hyperbolic 
orbits in which the eccentncity is near unity 


XV PROBLEMS 

1 Show how the cubic equation (32) may be solved approximately for 
tan^ with great rapidity by a graphical construction 

2 Develop the equations for differential corrections to the approximate 
values found by the graphical method. Apply to a particular problem and 
venfy the result 

3 If a=0 2 and J/'~214®, find JSq, i/o» a-^d 

Ans J/o=214"8 68" 6, A^i«208"3r 38" 4, 

i/i=:213 69'59"8, A’2«=208®31'38" 6, i/2=:214"00'00" 

4 Show from the curves employed in solvmg Kepler’s equation that the 
solution IS unique for all values of e and M 

6 In (60) the quadrant is not determmed by the equation , show that 
corresponding values of v and E always he in the same quadrant 

6 Express the rectangular coordinates a?=»cosv, y=rsm^7 m terms 
of the eccentric anomaly, and then by means of the Lagrange expansion 
formula in terms of M 

5 «cos ir+ ^ (cos 2if- 3) + 2 !^ (3 cos ZM- 3 cos M) 

+.^(4iioos4Jir-4 22 cos 2 JO + 

Ans ■< 2 

^ = sin M+ ^ sin (3^ sin 3 Jf- 1 5 sm J/) 

a 2 312 ^ 

+ ^(4Ssin 421^-10 2»sin2if)+ 

V. 412®' 

7 Give a geometrical mterpretation of F (Art 100) corresponding to 
that of E in an elhptic orbit 

8 Express v as a power senes in e by a method analogous to that used in 
Art 101 
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102 The Heliocentric Position in the Ecliptic System 

Methods have been given for hnding the positions in the orbits in the 
varions cases which arise The formulas must now be derived for 
determining the position referred to different systems of axes The 
origin will first be kept fixed at the body with respect to w^hich the 
motion of the second is given Since most of the applications are in 
the solar system wheie the origin is at the center of the sun, the 
coordinates will be called heliocentric 

Positions of bodies in the solar system are usually referred to one 
of two systems of coordinates, the ecliptic system, oi the equatorial 
system The fundamental plane in the ecliptic system is the plane of 
the earth’s orbit, m the equatorial system it is the plane of the earth’s 
equator The zero point of the fundamental ciicles in both systems is 
the rernal equinox, or the point at which the ecliptic cuts the equator 
from south to north, and is denoted byT The polar coordinates in 
the ecliptic system are called longitude and latitude , and in the 
equatorial, right ascension and declination When the origin is at the 
sun Eoman letters are used to represent the coordinates, and when at 
the earth, Greek Thus 


Origin at sun 


longitude I 

latitude b 

right ascension a 
declination d 

distance r 


Oiigin at earth 
X 

13 + if north , - if south 
a 

8 + if north , - if south 
P 


In practice a and d are very seldom used Absolute positions of 
fundamental stars are given in the equatorial system, and the observed 
positions of comets are determined by comparison with them But m 
determining comets’ orbits it is more convenient to use the ecliptic 
system, so it is necessary to transform the equations from one system 
to the other 


The ascending node is the projection on the ecliptic, from the sun, 
of the place at which the body crosses the plane of the ecliptic from 
south to north It is measured from a fixed point in the ecliptic, the 
vernal equinox, and is denoted by £3 The projection of the point 
where the body crosses the plane of the ecliptic from north to south 
is called the descending node, and is denoted by 2S 

The inclination is the angle between the plane of the orbit and the 
plane of the ecliptic, and is denoted by i It has been the custom of 
some writers to take the inclination always less than 90°, and to define 
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the direction of motion as direct or retrograde^ according as it is the 
same as that of the earth or the opposite Another method that has 
been used is to consider all motion direct and the inclination as varying 
from 0“ to 180“ The latter method avoids the use of double signs in 
the formulas and will be adopted here The node and inclination 
define the position of the plane of the orbit in space 

The distance from the ascendmg node to the penhehon point 
counted in the direction of the motion of the body m its orbit is 
and defines the orientation of the orbit in its plane The long%tude of 
the penhehon is denoted by tt and is given by the eq^uation 

7r = g3 + 0) 

The problem of relative motion of two bodies was of the sixth order 
(Art 85), and in the integration six arbitrary constants were mtroduced 
There are six elements, therefore, which are independent functions of 
these constants They are 


a = major semi-axis, which defines the size of the orbit and the 
period of revolution 

^ = the eccentricity, which defines the shape of the orbit 

S3 = longitude of ascending node, and 

« = inclination to plane of the ecliptic, which together define the 
position of the plane of the orbit 

0 ) = longitude of the perihelion point from the node, or 7r = longitude 
of the perihelion, either defining the orientation of the orbit 
in its plane 

T=time of perihelion passage, defining, with the other elements, 
the position of the body in its orbit at any time 

The polar coordinates have been computed , hence the rectangular 
coordinates with the positive end of the / 2 ?-axi 8 directed to the penhehon 
pomt and the y-axis in the plane of the orbit are given by the equations 

( iTo = r cos 07, 

yo = ^ sin tj, 

^0=0 

If the iT-axis be rotated backward to the hne of nodes the coordinates 
will be m the new system 


(61) 


' = r cos ('y + o>) = r cos (i? + TT — ), 
r sin (-U + <*)) -r sin (-17 + w — £3), 


MOM 


11 
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Tlie longitude of the body in its orbit counted from the ascending 
node IS called the argument of the latitude and is denoted by u It is 
given by the equation 

= + 0 ) , 

hence u is known when ^ has been found 



Fig 29 


Let & represent the sun and 8xy the plane of the ecliptic ^ A, 
the plane of the orbit , S3 , the ascending node , 11, the perihelion point , 
JL, the projection of the position of the body, and angle USA =v 
Then = w + 

Let the position of the body be referred now to a rectangular 
system of axes with the origin at the sun, the ^~axis m the line of 
the nodes, and the y-axis in the plane of the ecliptic Then equations 
(61) become 

r £c' = rQOS ('17 + o>)==rcoS'W, 

(62) - ^ =rsln('y + o))cos^ = rsln^^cos^, 

= r sin {x + o) sin ^ = r sin u sin i 
But, in terms of the heliocentric latitude and longitude, 

( ^' = rcos6cos(Z- £3), 
y' =r cos h sin {I- £3 ), 

2 ;' = r sin h 

Therefore, comparing (62) and (63), 

1 COS h cos (I- £3 ) = cost^, 
cos sin (^- £3 ) = sin u cos 
sin h = sin ^ sin i , 


( 64 ) 
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whence 

(65) 


tan(^- S3)=tanwcos«, 
tan 6 =tan^sin(Z- S3) 


Since cos 6 is always positive equations (64) and (65) determine the 
hehocentnc longitude and latitude, I and 6, uniquely when S3 , t, and 
u are known 


103 Transfer of the Origin to the Earth Let B, H, Z be 
the geocentric coordinates of the center of the sun referred to a system 
of axes with the ^r-axis directed to the vernal equinox, and the ^^-axis 
in the plane of the ecliptic Let P, A, and B* represent the geocentric 
distance, longitude, and latitude of the sun respectively These 
quantities are given in the Nautical Ahncmac for every day m the 
year The rectangular coordinates are expressed in terms of them by 

! 3=PcosBcos a, 

H = P cos B sin A, 

Z = P sin B 

B IS generally less than a second of arc, and unless great accuracy is 
required these equations may be replaced by 

( B = Pcos A, 

H = P sin A, 

Z = 0 

Let 17 ", and be the geocentric, and and the 

hehocentnc, coordinates of the body with the a?-axis directed to the 
vernal equinox and the ^-axis in the plane of the ecliptic Therefore 

fi' =a?" + B, 

ir=;^'' + Z 

These equations are, in polar coordinates, 

( P cos ^ cos A. = r cos J cos ? + P cos B cos A, 
p cos ^ sin A. =r cos 5 sin Z + P cos B sin A, 
psinp =rsm6 +PsmB 

Prom these equations A and ^ may be found , but this system may be 
transformed into one which is more convenient by multiplying the first 
equation by cos A, the second by sin A, and adding the products , and 

* P, A, B= capital p, p 

11—2 
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then multiplying the first by - sm A and the second by cos A, and 
adding the products The results are 

' p cos /3 cos (A - A) = r cos b cos (1 - A) + P cos B, 

(67) - p cos /3 sm (A - A) = r cos h sin (Z- A), 

.psiUiS =rsin5 +PsinB 

These equations give the geocentric distance, longitude, and latitude, 
p, A, and yS 


104 Transformation to Geocentric Equatorial Coordinates 
Let € represent tte inclination of the plane of the ecliptic to the plane 
of the equator Let V', and V be the geocentric coordinates of the 
body referred to the ecliptic system with the ^r-axis directed to the 
vernal equinox Then the equatorial system may be obtained by 
rotating the eehptic system aronnd the ^-axis m the negative direction 
through the angle €, the relations between the coordinates in the two 
systems being 

rr=r, 

C0S€-r sm€, 

[ = r[' sin € + 1" cos c , 

or, in polar coordinates, 

I COS S cos a = cos COS A, 
cos S sm a = COS p sin A cos c ~ sin ^ sin c, 
sin S = cos jS Sin A sin e + sin /? cos c 

In order to solve these equations conveniently for 8 and a the auxiliaries 
n and N wiU be mtroduced by the equations 


(69) 

in which n is to 
become 


whence 


( 70 ) 


( sin = sm yS, 

1 cos iV = cos yS sin A, 

be taken always positive Then equations (68) 

' cos 8 cos a = cos jS cos A, 

- cos8sina=^^cos(iV^+c), 

.sin 8 =l^sm(iV'+ c), 

^ -w.smiV'=smy8, 

nQ>o%N= cosySsm A, 

" . cos (N + c) tan A 

tan a = — ^ , 

cos Is 

V tan 8 = tan {N + c) sm a 
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These equations, together with the j&rst of (68) which is used m 
determining the quadrant in which a lies, give a and S without 
ambiguity when A. and J3 are known 

If a and 8 are given and X and j8 are required, the equations from 
which they may be computed are found by interchanging a and S with 
X and J3, and changing « to — € m (70) They are 


/ ^7^slnikf* = SlnS, 
mcosM =cos8sma, 


(71) 


. . cos (If- €) tana 

tanX= ^ , 

cosJf ’ 

tan /3 = tan (M - c) sin X 


105 Direct Computation of the Geocentric Equatorial 
Coordmates The geocentric equatorial coordinates, a and S, may 
be found directly from the elements, t and SS , and the argument of the 
latitude u, without first finding the echptic coordinates, X and j8 

In a system of axes with the ^r-axis directed to the node and the 
^-axis in the plane of the echptic, the equations for the heliocentnc 
coordmates are 

^'=rcos w, 
y =r sm wcos 
is;' = r8inu8mz 

If the system be rotated around the ^?-axis until the aj-axis is directed 
to the vernal equinox, the new coordinates are 
^ a7"=a7'cosS-y sing3, 

- y' = ir'sing3 + y cosS3, 

^ x” -r (cos w cos S3 - sin u cos i sin S3 ), 
y' = r(coswsinS3 + sinz4Cos^cos S3), 

= r sin wsln^ 

If the system be rotated now around the ir-axis through the angle - 
the new coordinates will be 

X =x , 

y " =s y" COS €-S^' Sin e, 

^ y" 8m € g/' COS€, 

* m and M are new anzilianes, not being related to any of the quantities winch 
they previously have represented 


or, 

(72) 



166 


COHPXJtrATION OF GEOCENTRIC COORDINATES [106 


ot, in polar coordinates, 

I od” = r {cos cos - sin u cos % sin }, 
y" = fr {(cos u sin S3 + sin u cos % cos S3 ) cos € — sin u sin ^ sin c} , 

= T {(cos sin S3 + sin u cos ^ cos S3 ) sin c + sin u sin ^ cos c} 

In order to facilitate the computation Gauss introduced the new 
auxiliaries j4, a, B, 6, (7, and c by the equations 

sin ct sin J[ = cos S3 , 

sin a cos = — sin S3 cos sin a>0, 

sin 6 sin j5 = sin S3 cos sini>0, 

sin h cos B = cos S3 cos i cos c — sin ^ sin c, 
sin c sin G = sin S3 sin e, sin c> 0, 

sin c cos (7 = cos S3 cos ^ sin c + sin ^ cos € 

These constants depend upon the elements alone, so they need be 
computed but once for a given orbit They are of particular advantage 
when the coordinates are to be computed for a large number of epochs, 
as in constructing an ephemeris When these constants are substituted 
111 (73) these equations for the heliocentric coordinates take the simple 
form 

' x''' = rsma sin {A + w), 

(75) - y" = r sin & sin {B + u), 

^ = r sin c sin {0 + u)^ 

from which ix!’\ and z'" may be found 

Then finally, the geocentric equatorial coordinates are defined by 

i p cos 8 cos a = + X\ 

p cos 8 sin a =y" 4- F', 
psin8 =z'’'^Z\ 

where X\ F, and Z' are the rectangular geocentric coordinates of the 
sun referred to the equatorial system They are given in the Naut%cal 
Almanac for every day in the year, and, therefore, these equations 
define p, a, and 8 

This completes the theory of the determination of the heliocentnc 
and geocentric coordinates of a body, moving in any orbit, when either 
the ecliptic or the equatorial system is used 
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XVI PROBLEMS 

1 Interpret the angle equation (69), geometrically and show that n 
IS simply a factor of proportionality 

2 Suppose the ascending node be taken always as that one which is 
less than 180 , and that the inclination vanes from “90® to +90® , discuss 
the changes which will be made m the equations (60) (76), and in particular, 
wnte the definitions of the Gaussian constants a, ul, ,0 for this method 
of definmg the elements 

3 Interpret the Gausaian constants, defined by (74), geometnoally 


HISTORICAL SKETCH AND BIBLIOGRAPHY 

The Problem of Two Bodies for spheres of finite size was first solved by 
Newton about 1686, and is given in the Fnnci^a, Book i , Section 11 The 
demonstration is geometncal The methods of the Calculus were cultivated 
with ardor in continental Europe at the beginning of the 18th century, but 
Newton’s system of Mechanics did not find immediate acceptance , mdeed, 
the French clung to the vortex theory of Descartes (1696 — 1660) until 
Voltaire, after his visit to London 1727, vigorously supported the Newtonian 
theory, 1728—1738 This, with the fact that the English continued to 
employ the geometrical methods of the Fnnctpia, delayed the analytical 
solution of the problem It was probably accomphshed by Daniel Bemouilh 
m the memoir for which he received the prize from the French Academy m 
1734, and it was certainly solved in detail by Euler m 1744 in his Theona 
motuvM ^lanetcLTV/ni et coinMt(irvM Since that time the modifications have 
been chiefly m the choice of variables in which the problem has been 
expressed 

The solution of Kepler’s equation naturally was first made by Kepler 
himself The next was by Newton m the Pnnoipia From a graphical 
construction involvmg the cycloid he was able to find very easily the 
approximate solution for the eccentric anomaly A very large number of 
analytical and graphical solutions have been discovered, nearly every 
promment mathematician from Newton until the middle of the last century 
havmg given the subject more or less attention Among Americans, Pro 
fessor Howe, of Denver, has given Kepler’s equation the most study, and 
he has pubhshed several methods of solvmg it in the Astronomiache Nach- 
ncht&fi, A bibhography contammg references to 123 papers on Kepler’s 
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equation is given in the Bulletin Astronomique^ Jan 1900, and even this 
extended list is incomplete 

The transformations of coordinates involve merely the solutions of 
spherical triangles, the treatment of which in a perfectly general form the 
mathematical world owes to Grauss (1*777 — 1855), and which was intro 
duced into American Trigonometries by the late Professor Chauvenet of 
St Louis 

The Problem of Two Bodies is treated in every work on Analytical 
Mechanics The reader will do well to consult further Tisserand’s M^c Gil 
vol I, chapters vi and vii 




THE GENERAL INTEGRALS OF THE PROBLEM OF w BODIES 


106 The Differential Equations of Motion Suppose the 
bodies are homogeneous in spherical layers, then they will attract 
each other as though their masses were at their centers Let 

represent their masses Let the coordinates of mi referred 
to a fixed system of axes be Xi^ yi, («. = !, , n) Let ri j represent 

the distance between the centers of mi and mj Let F represent a 
constant depending upon the units employed Then the components 
of force on mi along the ^r-axis are 

i^miTTh ¥mimz ¥mim^ 

rx 2 2 ’ n,8 ’ ’ n® » n n ’ 

and the total force is their sum Therefore 


air j =2 n j 

and similar equations in y and z 

There are similar equations for each body, the whole system being 

7-2 S 

S mj- — 5-^, 

df ^ Ti^j ' 


( 1 ) 




mi 


d%_ 

df ““ 

d^Zj 

df 


j=i 


{ Vi-Vd) 

». 8 3 

rc S 

j=i ^ ri 3 


(^= l , , 7 ^), {3^1) 


Each equation involves all of the 3w variables and the system must, 
therefore, be solved simultaneously There are 3w equations each of 
the second order, so that the problem is of order 


These equations may be put in a simple and elegant form by the 
introduction of the potential function, which m this problem will be 
denoted by U mstead of V The constant P will be mcluded in the 
potential In Chapter IV the potential V was defined by the integral 
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In this case the system is composed of discrete masses, and 


the potential is 

( 2 ) 


^=lJ?=l •% s 


The partial derivative of U with respect to is 

and similar equations m y and Therefore equations (1) may be written 

df dx^ ' 

df ~ dz" 


107 The Six Integrals of the Motion of the Center 
of Mass The function U is independent of the choice of the 
coordinate axes since it depends upon the mutual distances of the 
bodies alone Therefore, if the origin is displaced parallel to the 
iT-axis in the negative direction through a distance a the ^-coordinate 
of every body will be increased by the quantity a, but the potential 
function will not be changed Let the fact that Z7 is a function of all 
the ic-coordinates be indicated by writing 

?7 (i^i, iTa, , Xn) 

After the origin is displaced the ii?-coordinates become 
^^' = ^^ + a, (^=l, ,n) 

The partial derivative of U with respect to a is 
9Z7 _ 0^ dx-l 

9a dx{ da dx^ da dXn da 


But =1, (^ = 1, , n)j and ^ = 0, as U does not involve a 

explicitly Therefore, droppmg the accents and writing the corres- 
ponding equations in y and z, 


2 ^ 

t=l dx 

- dU 

; dU 
a;:; 
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t=l 


2 m.'^=0 


Vi=l 


These equations aie at once integrable, and give 


(4) 






where <* 1 , ^ 1 , yi are the constants of integration Integrating again, it 
follows that 


(5) 


S (lit -i- 02, 

n 

n 

2 miZi — yi ^ y2 
^ 1=1 


Let and y, and z represent the coordinates of the 

center of mass, then, by Art 19, 


(6) 


f n 

n 

S mtyt=Mp, 

tssl 

n 

S m,iZi = Mz 
<=i 


Therefore, equations (5) may be written 


(7) 


'MB = cii# + a2, 

Mg=Pit+ ^2, 

. lfa = 7i« + 7a, 


inTia.t. IS, the coordinates of the center of mass vary directly as the 
time From this it may be inferred that the center of mass moves 
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with Tinifona speed m a straight hue Or otherwise, the yelocity of 
the center of mass is 

<«> (I)'" (S)’ 

Eliminating i from equations (7), it follows that 

Mx-a^ My - ^2. Mz-y^ 

^ ^ ft - 7, ’ 

which are the symmetrical equations of a straight line in three dimen- 
sions Equations (8) and (9) give the theorem 

If n bodies are subject to no forces except their mutual attractions 
their center of mass moves m a straight line with uniform speed 
The special case F=0 will arise if ai = /3i = yi = 0 

Since it IS impossible to know any fixed point in space it is 
impossible to determine practically the six constants 

The origin might now be transferred to the center of mass of the 
system, as it was in the Problem of Two Bodies, or, to the center of one 
of the bodies as it will be in Art 111, and the order of the problem 
reduced six units 


108 The Three Integrals of Areas The potential function 
is not changed by a rotation of the axes Eotate the system of 
coordinates around the ;$;-axis through the angle - and call the new 
coordinates y\ and z' They are related to the old by the 
equations 

1 x1 = cos ^ sin 
yl = sin ^ -f cos 
= (^ = l, ,n) 

Since the function U is not changed by the rotation it does not 
contain ^ explicitly, therefore, it follows that 


' dch 

But from (10) 

dx: 




d<i> *’ 


dz; 

d<f> 


= 0, (t = l, ,n), 


therefore (11) becomes 


n / 

s (x: 

»=i \ 


dir ,dir\ 
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Dropping the accents, which are of no further use, it follows as a 
consequence of (3) that 

( " / d\ d’^asA „ j , , 

t 1 ^ \ * ~df ~ ~d^ j~ similarly, 

2 / d\ d%\ . 


n / I 

S mil Zi 

\i^l \ 


d^Xj ^ ^ d^Zi \^ __ 


df)' 


Each, tenn in the summations may be integrated separately, givmg 


( 12 ) 


The parentheses are the projections of the areal velocities of the 
vaxions bodies upon the three fundamental planes (Art 16) Ajs it is 
impossible to determine any fixed point m space, so also it is impossible 
to determine any fixed direction in space , consequently it is impossible 
to determine practically the constants Ci, Ca, Cs Yet, in this case it is 
customary to assume that the fixed stars, on the average, do not revolve 
in space, so that, by observing them, these constants can be determmed 
It IS evident, however, that there is no more reason for assummg that 
the stars do not revolve than there is for assuming that they are not 
drifting through space, each being a pure assumption without any 
possibility of proof or disproof But it is to be noted that, if these 
assumptions are granted, the constants Ci, Cj, and Cs can be determmed 
easily with a high degree of precision, while m the present state of 
observational Astronomy the constants of equations (4) cannot be found 
with any considerable accuracy 

Let Ai, Bi, and Oi represent the projections of the areal velocity of 
mi upon the xy, yz, and ^J^r-planes respectively, then (12) may be written 
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the integrals of which are 


(13) 


Hence the theorena 


1^ 


t=l 


A^ = Cit + Ci\ 


< jB<i — + ^2 , 


n 

^ iTii Gx — + C3 


The sums of the products of the masses and the projections of the 
areas described hy the corresponding radii are proportional to the 
time , or, from (12), the sums of the products of the masses and the 
rates of the projections of the areas are constants 

It IS possible, as was first shown by Laplace, to direct the axes so 
that two of the constants in equations (12) will be zero, while the third 
becomes Jci-^ci^cz This is the plane of maximum sum of the 
products of the masses and the rates of the projections of areas Its 
relations to the original fixed axes are defined by the constants CuC^^Cz, 
and its position is, therefore, always the same On this account it was 
called the invariable plane by Laplace At present the invariable plane 
of the solar system is inclined to the ecliptic by about and the 
longitude of its ascending node is about 286 These figures are subject 
to some uncertainty because of our imperfect knowledge regarding 
the masses of some of the planets If the position of the plane were 
known with exactness it would possess some practical advantages over 
the ecliptic, which undergoes considerable variations, as a fundamental 
plane of reference It has been of great value in certain theoretical 
investigations* 


109 The Energy Integral t Multiplying (3) by 

Cut Cut 

respectively, adding and summing with respect to it follows that 


(14) 


S m^ 
1=1 


'd'^XxdXx d'^yx,dyx d%dz^ 

,df‘ dt ^ df dt ^ df dt 


} 


dt 


x^lXdXx dt dy^dt dZi dt) 

Z7 IS a fanction of the Sn variables Xxj Zi^ alone , therefore the right 


* See m&moirB hy J&cohi, Journal de Math vol ix , Tisserand, M^c C6l vol i 
chap XXV , Poincar6, Les Methodes Nouvelles de la Mec C4l vol i p 39 
t This IS very frequently called the Vis Viva integral 
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member of (14) is the total derivative of U with respect to t Inte- 
grating both members of the equation, it is found tlmi 




The left member of this equation is the kinetic energy of the whole 
system, and the right member is the potential function plus a constant 


Let the potential energy of one configuration of a system with 
respect to another configuration be defined as the amount of work 
required to change it from one to the other If two bodies attract each 
other according to the law of the inverse squares the force existing 


between them is — 


The amount of work done m changmg their 
distance apart from i ^ to n ^ is 


( 16 ) 

If the bodies are at an infinite distance from each other at the start, 
then and (16) becomes 

^ Tij ’ 

Hence 

n n 

U=-i S S 

Therefore, U is the negative of the potential energy of the whole 
system with respect to the infimte separation of the bodies as the 
original configuration Hence (15) gives the theorem 

In a system <if n bodm subject to no forces excerpt tJmr mutual 
(Xttraetms the sum <tf the hinetw omd potential energies is a constant 

The only case in which this result would be open to question 
would be that in which some of the velocities become infimte But 
this could happen only if some r* j should become equal to zero If this 
should happen the differential equations would cease to have a meanmg 
at that instant, and a special discussion would be required to show that 
the integral held true beyond that tune 


110 The Question of New Integrals Ten of the whole 6» 
integrals which are required in order to solve the problem completely 
have been found These ten integrals are the only ones known, and 
the question arises whether any more of certain types exist 



176 QUESTION' OF NEW INTEGRALS [110 

In a profound memoir in the Acta Mathematica, vol xi , Professor 
Bruns has demonstrated that there are no new algebraic integrals 
Poincar4 has demonstrated in his prize memoir in the Acta Mathe- 
fnatica, vol xin, and again with some additions m Les MS'thodes 
Nouvelles de la Mecamque Celeste, chap v , that the Problem of Three 
Bodies admits no new uniform transcendental integrals, even when 
the masses of two of the bodies are very small compared to that of the 
third 


XVII PKOBLEMS 

1 Write equations (1) when the force vanes mveisely as the ^th power 
of the distance For what values of n do the equations all become inde- 
pendent *2 The Problem of n Bodies can be completely solved for this law 
of force , show that the orbits with respect to the center of mass of the 
system are all ellipses with this point as center Show that the orbit of any 
body with respect to any other is also a central ellipse, and that the same 
IS true for the motion of any body with respect to the center of mass of any 
sub-group of the whole system Show that the periods are all equal 

2 What will be the definition of the potential function when the force 
varies inversely as the nth. power of the distance ? 

3 Derive the equations immediately preceding (4) directly from equa- 
tions (1) 

4 Prove that the theorem regarding the motion of the center of mass 
holds when the force varies as any power of the distance 

5 Derive the equations immediately preceding (12) directly from equa- 
tions (1), and show that they hold when the force varies as any power of the 
distance 

6 Any plane through the origin may be changed into any other plane 

through the origin by a rotation around each of two of the coordinate axes 
Transform equations (12) by successive rotations around two of the axes, and 
show that the angles of rotation may be chosen so that two of the constants, 
to which the functions of the new coordinates similar to (12) are equal, are 
zero, and that the third is (This is the method used by 

Laplace to prove the existence of the invariable plane ) 

7 Why are equations (13) not to be regarded as integrals of the dijfierential 
equations (1), thus making the whole number of integrals thirteen ? 
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111 TraiRsfer of tlie Origin to tlie Sim Nothing is known 
of the absolute motions of the planets, since the observations furnish 
information regarding only their relative positions, or their positions 
with respect to the sun It is true that it is known that the solar 
system is moving toward the constellation Hercules, but it must be 
remembered that this motion is only with respect to the fixed stars 
The problem for the student of Celestial Mechanics is to determine the 
relative positions of the members of the solar system , or, in particular, 
to determine the positions of the planets with respect to the sun To 
do this it IS culvaiitageous to transfer the origin to the sun, and to 
employ the resulting differential equations 

Suppose Ttin IS the sun and take its center as the ongm, and let the 
coordinates of the body referred to the new system he x^, yl, xi 
then the old coordinates are expressed in terms of the new by the 
equations 

Xi=Xi'+Xn, !/i=y{ + yn, = (i=i, ,n-l) 

Since the differences of the old variables are equal to the corres- 
ponding differences of the new, it follows that 

m_dU 

dx^dXi'’ dyi dyr dXi~dzr 

As a consequence of these transformations equations (3) become 





dU 

dt^ 

df '' 

nii 

dxi’ 


+ ^-‘ = 


dU 

df 

^ df 

” Mi 

Syr 

d^zi 

^d^z^ 


dU 

df 

df ■ 

' mt 

dzr 


Since the ongm is at i»„, = y^ = = 0, and the first equation of 

(1) gives, putting t = n, 

^ ^ ^ ^ ^ mjis/ 

' ' “ r^l n n l^n-i n j=l n 

This equation, with the corresponding ones in y and a, substituted in 
(17) completes the transformation to the new variables , but it will be 
advantageous to combine the terms in another manner so that the 
terms coming from the attraction of the sun shall he separate from the 
others The differential equations will be wntten for the body wh, 
from which the others may be formed by permuting the subscnpts 

12 


MOM 
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1=1 n n 1 = 13=1 ns 




(19) U=¥mni -^+U' 

0=1 n 

Making the substitutions (18) and (19) in equations (17), they become 
{ d x-l T f 1 1 dU' 7 2 ^^^ 


■ + F" {mi + mr!) ^ 


yi _ 1 0P" 


_ ^ —PS ^ 

mi dyi r^o n ' 


d^Zi T f ^ Zi 1 9 £7 W;;2;; 

, ^ {mi-^ mn) ~F A 

\ df ^ r^i n mi dzi ^=2 r^j n 

Let 

^ ^7 fj; ^x^iWj' + yi'y! + ZizJ ] 

' ' Vi i n ) ’ 

then, equations (20) may be written 

I d ^i ;o / \ 9^1 j 

Let the accents, which have become useless, be dropped, and, in 
order to derive the general equations corresponding to (21), let 

(22) R.,-k (.♦„ 

% j ‘ j tl J 

Then, the general equations for relative motion are 


d’^x^ 7 / . x^ dll, J 

(23) + 


(*+:?)> 


+ F («it + OT„) - — = 2%-^ 

^ ^ z n ?=1 


'”'-1 8 7? , 

(* = i> .w-i) 


112 Dynamical Meaning of the Equations In order to 
perceive easily the meaning of the equations, suppose that theie are 
but three bodies, mi, m 2 , and Suppose is the sun, let its mass 
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equal unity, and let the distances from it to and be n and ro 
respectively Then equations (23) are, in full, 








a?! aig + + ZiZ^ 




1 


(24) -I 


dt 'ri» “Syilna ri J’ 

+ ^(1 + »»,) ?\=k ^ 1-1 - 

^ + F (1 + m,) = yPffi, 1 ( 1 - 

In i 


+ ysg/i 


■ Z^Zi] 


■1 


^“ + A"(l+m2)^3 = A^jw,l /A _^^±Ml±MiI 

af 9 2 CZ 2 U 1 n® J 

If ^2 were zero the first three eq^uations would be independent of 
the second three, and (24) would then be the equations for the relative 
motions of the two bodies mi and m , and could be integrated All the 
variations from the purely elliptical motion arise from the presence of 
the nght members, which are, in the first three equations, the partial 
denvatives of Bi , with respect to the variables cci, yi, and Zi 
respectively On this account m^Ri « is called the pertwrhative 
function 

The partial denvatives of the first terms of the nght members are 




{Xi - Xi) 

A 


-hPm, 


(yi-ya) 






{zi — 
^12 = 


which are the components of acceleration of mi due to the attraction of 
The partial derivatives of the second terms aie 


'2 ^2 ^2 

which are the negatives of the components of the acceleration of the 
sun due to the attraction of m 2 Therefore the right members of the 
first three equations of (24) are the differences of the components of 
acceleration of mi and the sun due to the attraction of 9Wa Similarly, 
the right members of the last three equations are the differences of the 
components of the acceleration of m 2 and the sun due to the attraction 
of mi If two bodies are subject to equal parallel accelerations their 
relative positions will not be changed The differences of their 
accelerations are due to the disturbing forces, and measure these 
disturbances The nght members of (24) are, therefore, exactly those 
imrts of the accelerations due to the disturbing forces 


12—2 
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If there are « - 2 disturbing bodies the right members are the sums 
of terms depending upon the bodies »*■>, , sinailar to the light 

members of (24), which depend upon m alone , or, in othei words, the 
whole resultants of the disturbing accelerations are equal to the sums 
of the parts arising from the action of the separate distuibing bodies 

113 The Order of the System of Equations The order of 
the system of equations (23) is 6»-6, instead of 6« as (1) was in 
the case of absolute motion In the absolute motion ten integrals were 
found which reduced the problem to order Gw 10 Six of these 
related to the motion of the center of mass, three, to the aieal 
velocities, and one to the energy of the system In the present case 
but four integrals, the three integrals of areas and the energy integral, 
can be found, which leaves the pioblem of order 6n - 10 also 

The problem can be reduced to the order 6w-6 by using the 
mtegrals for the center of mass diiectly In particular, considei the 
differential equations for the bodies iWi, w? 2 , , In the original 

equations they involve the coordinates of but these (piaiitities may 
be eliminated by means of equations (5) 

If the origin is taken at the center of mass 

n n n 

l-l ^=l 

and the elimination becomes particularly simple Or, because of these 
linear homogeneous relations, the variables of each set may be 
expressed linearly and homogeneously m terms of n - 1 new vaiiables 
Thus 

^ 22^2 + 0^0 

X% — 0/n , 

and similar sets of equations for y and The coetbcients are 
arbitrary constants except that they must be chosen so that every 
determinant of the matrix of the substitutions shall he distinct fioiii 
zero , foi, otherwise, a linear relation would exist among the 
These conditions may be chosen so that the transformed equations 
pieserve a symmetrical form This method was employed by Jacobi ni 
an important memoir entitled, Sm Vekmination de^ n(huds dans le 
prohl&me des t7o%6 C07pb {Journal de Math vol ix , 1814), and by 
Radau in a memoir entitled, Sm une tranjoi mation des equations 
differentidles de la Dynamique {Annaleb de VEcole No^male^ 1st senes, 
vol v) 
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XVIII PROBLEMS 

1 Make the transformation integrals (12) and (15), 

and eliminate yn, 2^, ^ Cleans of equations (4) and (5) 

Prove that the resulting expressions are four integrals of equations (23) 

2 Derive equations (23) directly by taking the origin at m^, without first 
making use of the fixed axes 

3 The equations (23) are not symmetrical, since each body requires a 

different perturbative function in the right members Construct the 
corresponding system of differential equations where the motion of mn-i is 
referred to a rectangular system of axes with the origin at , the motion of 
win -2 to a parallel system of axes with origin at the center of mass of 
and w^n-^ , the motion of m,t _3 to a parallel system of axes with the ongm at 
the center of mass of and win_ 2 , continue in this way Show 

that the results are the symmetrical equations 

u,. dU 

tu 1 0 027 

— ««-2 = s;: > /^-2=»»n-2+OTn_i + »l„, 

/Xn-2 2 


Un d^Xx 927 , , , 

and sinoilar equations in y and where 


27=H^n 


V^n, n - 1 
vn-1 n- 


^71, n-2 
^n-3 


.!lh\ 

J 


+ + 


^1 

^'n-l J 


AH* 

’•is 

(These equations are the same as found by Radau from a different standpomt 
in the memoir cited in Art 113 They have been employed by Tisserand in 
a very elegant demonstration of Poisson’s theorem of the invanabihty of the 
major axes of the planets’ orbits up to perturbations of the second order 
inclusive with respect to the masses Poincar4 has generally used this 
system in his researches in the Problem of Three Bodies ) 


4 Derive the differential equations corresponding to (23) m polar 
coordinates 

i . . /d9.\^ fd(i>,\^ 0 -^ 

I 




Vo=i. 
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HISTORICAL SKETCH AND BIBLIOGRAPHY 

The invebtigations in the Problem of 7i Bodies aie of two classes hi*** f 
those which lexd to general theorems holding in every system , and secoi t« I 
those which gi\ e good approxim itions for a certain length of time in partioi 1 1 i 
systems, such as the sol n system In\ estigations of the second cl iss i i ^ 
known as theoiies of pertui b xtions, the discussion of which will be given i 
another chaptei 

The first general theorems aie legarding the motion of the centoi « ^ 
mass, and were given by Newton in the Pnncipia The ten intcgi il 
were known by Eulei, and the theorems to which they lead The lu 
general lesiilt was the proof of the existence of, and the discussion of t U* 
properties of, the invaiiable plane of Laplace in 1784 In the winter semt ** t # ^ 
of 1842-43 Jacobi gave a course of lectin es in the Unnersity of Kumgsln i 
on Dynamics In this coiiise he gave the results of some very impoit i i 
investigations on the integration of the difieientiil equations which aii'-u 
Mechanics In all cases wheie the forces depend upon the cooidinates al< 
and where a potential function exists, conditions which aie fulfilled in t 
Problem of n Bodies, he proved that if all the integrals except two have bt * 
found the last two can alwajs be found He also showed, m cxtendiug son 
investigations of Sir William Bow in Hamilton, that the pioblem is lediic il * * 
to that of soiling a paitial difieiential equation whose oidci is one liaH 
gloat as that of the oiigmal system Jacobi’s lectuics ire published in t b 
supplementary volume to his collected woiLs They aie of gieat impoit ti 
in themsohes, as well as being an absolutely nocessaiy picicquisitc to t 1 * 
reading of the epoch making memoiib of Poincaic, and they should I * 
accessible to eiery student of Celestial Mechanics 

It IS a question of the highest inteiest whether the motions of t I 
members of such a system as the sun and planets aie puiely peiicxii 
Professor Newcomb has shown in an impoitint memoir published in t 
jSmitksoman Contributions to Ixnowhdge, December 1874, that the difieieal t 
equations can be foimilly satisfied by puiely periodic series He did 
however, prove the convergence of these senes , and, indeed, Poincari 1 1 ^ 
showm in Les MModes Nonvelles, chaps i\ and \ii , that they aie in geiu^i 
divergent 

As was stated in Art 110, Bruns has proved in the Acta Mnthcmati* 
vol XI that there are no new algebraic integrals , and Pome aie, m the .1# f 
MathcTYiatica^ vol \iii , that there are no new uniform transcendent il mtegm 1 
even when the masses of all the bodies except one are verj- small 

I or further reading regarding the general differential equations in diffoi c i i t 
sets of vaiiables the student will do well to consult Tisserand’s Micamt£f 
Celeste^ i ol i chapters iii iv and v 



<'Hapth:ii vn 

Tlin I’UOllLI M OI 'llliUCh 

114 Problem Considered ('mlaiii tln‘iin>ins in tlio I’lolilom 
of TImv HihIiis Im\( 1 m ni willi niallinnntn al nj;oi when 

till* iiiilial t oiiiiliiiati H aial thi loniiioinnts ol vi'loiity tulhll oortiim 
tontliiion«t \Miili* till Ml* iiiMis hail* not In-on tminil in nutuio, iliero 
iin- 111 M Ilia It '■* Miiiiu* aiiiilualani'. ot lla* h-suIIh olilaimil, ami the 
jirmiMHiH uintlovi'l an niathfinaln ill\ t-li naiit ami li-ail to most 
mil n HiiiiK itiialuMiiaiH Tlim ilmptir will luntain Kiith ol these 
ri*MijllM as fall willnii lla* s.o|m ol lias work, lesirvinx fho Iheones of 
|H rlarha! lolls, la naans of wliali lla* jaisitionsut the heavenly bodies 
an* |iiiiintiii to snlisi'i|ia'nt ihaiitois 

Tin* lirsl |Mirt will Ih* ilevoltil lo a ilismssioii of some of the 
jirojM*iIns of inolaui ol an inlinilesinial body whin it is attracted by 
two Iniiie ImhIh's n\olvini{ in iinlis aioiind then u liter of inasH, and 
will I III ball* lla |irii* il ol lla* i xisl i la i* ol i ei tain jiiirt a iilar solutions in 
wliiih lla ilislaiais ol the inlinili siinal bod> fioni the tinite bodies are 
lonstants The seioial imrl will Im devolul to an exiiositiou of the 
niethoil Ilf liialinn jiarlanlar solnlmns ol the luotion ol throe finite 
IhmIu's sinli tliiit tin* ratios ot tlieir niutinil dislamos are constants 
Them* moIhIiohs iia Imie llin Iminer, Imt the disioverahlo proiierties of 
inotnai are so iniich fewer, and are ohtained with so much more 
dilhiulty, that it is advisable to divide the disiiission into two parts 

These jMirtiiular solntions of the l*rohIeni of Throe Bodies were 
Kivon for the lirst tune by LuKraiine m a jinre monioir in 1772 The 
imithisl iHioiiUal here is radii ally dilfereiit Iroin that employed by him, 
anil lends itself iinnh more rembly to a Keiioraliration to the case 
where a larner lutmlair of IkhIuis is involved But, on the other hand, 
the rediii Imii of the order of the iirohlom by one unit, which was a very 
intenstinx feature of IjanronKo’s nieinmr, is not accomplished by this 



182 


HISTORICAL SKETCH 


HISTORICAL SKETCH AND BIBLIOGRAPHY 

Tlie investigitions in the Problem of n Bodies aic of two classes hist, 
those which lead to general theorems holding m eveiy system , and second, 
those which give good approximations for a ceitain length ol time m paiticular 
systems, such as the solai system In\estigations of the second chiss aie 
known as theories of perturbations, the discussion of which will bo given in 
another chapter 

The first general theorems are reg aiding the motion of the ccntoi of 
mass, and were given by Newton in the Pumipm The ton mtcgi<als 
were known by Euler, and the theorems to which they lead The next 
general result was the proof of the existence of, and the discussion of the 
properties of, the invaiiable plane of Laplace in 1784 In the wintci scmcstci 
of 1842-43 Jacobi gave a course of lectuies in the Univeisity oi Ivonigsbcig 
on Dynamics In this couise he gave the lesults of some vci> iinpoitant 
investigations on the integration of the diffeientid equations which aiise in 
Mechanics In all cases wheie the forces depend upon the cooi dilute s alone, 
and where a potential function exists, conditions winch aic fulfilled in the 
Problem of oi Bodies, he proved that if all the integi ds except two hive been 
found the last two can always be found He also showed, in extending some 
investigations of Sir William Rowan Hamilton, that the pioblcin is uduciblo 
to that of solving a paitial difieiential equation whose oidci is one hilf is 
great as that of the oiiginal system Jacobi’s loctuics arc published in the 
supplementary volume to his collected woiks They aie ol gic at iinpoit inco 
in themselves, as well as being an absolutely necessary picicquisiic to iho 
reading of the epoch making memoirs of Poincaid, and they should 1)0 
accessible to eveiy student of Celestial Mechanics 

It is a question of the highest inteiest vvhcthci the motions of the 
membeis of such a system as the sun and planets aic puicly pci iodic 
Professor Newcomb has shown m an impoitint mcmoii publishccl lu iho 
Smithsonian Contnhutions to Knowledge^ Becembei 1871, that the dificrentiil 
equations can be formally satisfied by purely periodic senes Ho did not, 
however, prove the convergence of these series , and, inclood, PoiiiciK has 
shown in Les Methodes Nonvelles, chaps i\ and \n , that they aie m goncial 
divergent 

As was stated in Art 110, Bruns has proved in the Acta Mathematical 
vol Ti that there are no new algebraic integrals , and Poincaic, in the icta 
Mathetuatica^ vol xiii , that there are no new uniform transcendent il integrals, 
even when the masses of all the bodies except one are very small 

Forfurthei reading regarding the general diffeiential equations in dificient 
sets of vanables the student will do well to consult Tisseraiid’s Meeantejue 
GUeste, v ol i chapters iii iv and v 
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THE PROBLEM OF THREE BODIES 

114 Problem Considered Certain theoTems in the Problem 
of Three Bodies have been established with mathematical ngor when 
the initial coordinates and the components of velocity fulfill certain 
conditions Wlule these cases have not been found in nature, there 
are nevertheless some applications of the results obtained, and the 
processes employed are mathematically elegant and lead to most 
interesting conclusions This chapter will contain such of these 
results as fall within the scope of this work, reserving the theories of 
perturbations, by means of which the positions of the heavenly bodies 
are predicted, to subsequent chapters 

The hrst part will be devoted to a discussion of some of the 
properties of motion of an infinitesimal body when it is attracted by 
two finite bodies revolving in circles around their center of mass, and 
will include the pioof of the existence of certain particular solutions in 
which the distances of the infinitesimal body from the finite bodies are 
constants The second part will be devoted to an exposition of the 
method of finding particular solutions of the motion of three finite 
bodies such that the ratios of their mutual distances are constants 
These solutions include the former, but the discoverable properties of 
motion are so much fewer, and are obtained with so much more 
difficulty, that it is advisable to divide the discussion into two parts 

These particular solutions of the Problem of Three Bodies were 
given for the first time by Lagrange in a prize memoir in 1772 The 
method adopted here is radically different from that employed by him, 
and lends itself much more readily to a generalization to the case 
where a larger number of bodies is involved But, on the other hand, 
the reduction of the order of the problem by one unit, which was a very 
interesting feature of Lagrange’s memoir, is not accomplished by this 
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metliod However, as it has not been possible to make any use of this 
reduction, it has not been of any practical importance 

Mathematically speaking, an infinitesimal body is such an one that 
it IS attracted by finite masses according to the Newtonian law of 
gravitation, but does not attiact them Physically speaking, it is a 
body of such a small mass that it will distuib the motion of finite 
bodies less than an arbitrary assigned amount, howevei small, during 
any arbitrary assigned time, however long To actually deteimine a 
small mass fulfilling these conditions it is only necessary to make it 
so small that its whole attraction, which is always greatei than its 
disturbing force, on one of the large bodies, if placed at the minimum 
distance possible, would move the large body less than the assigned 
small distance m the assigned time 


Motion of Infinitesimal Body 


115 The Diiferential Equations of Motion Suppose the 
system consists of two finite bodies revolving in circles around their 
common center of mass, and of an infinitesimal body subject to their 
attraction Let the unit of mass be chosen so that the sum of the 
masses of the finite bodies shall be unity , then they may be repre- 
sented by 1 — /X and /x, where the notation is chosen so that /x^J Let 
the unit of distance be chosen so that the constant distance between 
the finite bodies shall be unity Let the unit of time be chosen so 
that ^ shall equal unity Let the origin of coordinates be taken at 
the center of mass of the finite bodies, and let the direction of the 
axes be chosen so that the ^^y-plane is the plane of their motion Let 
the coordinates of l~-/x, /a, and the infinitesimal body be 0, 

4j 0 , and 4 7), ^ respectively, and 


Then the differential equations of motion for the infinitesimal body are 

I dt '' ^ ’ 


( 1 ) 






d r) 

If 


df‘~ 




As a consequence of the way the units have been chosen the mean 
angular motion of the finite bodies is 
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Refer the motion of the bodies to a new system of axes hamng the 
sdHie origin as the old, and rotating in the fi?-plane in the direction in 
•which the finite bodies move with the uniform angular velocity unity 
The coordinates in the new system are defined by the eq[uations 


( 2 ) 


IB cos sin t, 
- ri= xmxt + ycost, 


and. similar equations for the letters with subscripts 1 and 2 Com- 
puting the second derivatives of (2) and substituting in (1), it is found 
that 


Multiply the first two equations by cos t and sin t respectively, then by 
- sin^# and cos t, and add , the results are 

,d'x ^dy ■,{x-Xi) {x-Xi) 


df 
d z 

\W 




/I \ ^ ^ 


The position of the axes may be so taken at the oiigin of time that 
the a;-axis will continually pass through the centers of the fimte bodies , 
then yi=0, y 2 = 0 , and the equations become 


( 4 ) 


td^x 

§y 

dt ^ 

dt 


da) 

dt 

d^z 


\dt^ 







z z 

' ri® 
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These are the difterential equations of motion of the infinitesimal body 
referred to axes rotating so that the finite bodies always lie on the 
^-axis They have the important property of involving the coordinates 
of the infinitesimal body alone as variables, the coordinates of the 
finite bodies ha\ing become constants as a consequence of the paitioular 
maimer in which the axes are rotated 

The general problem of determining the motion of the infinitesimal 
body is of the sixth order , if it moves in the plane of motion of the 
finite bodies, the problem is of the fourth order 


116 Jacobi’s Integral Equations (4) admit an integral winch 
was first given by Jacobi m Gompteb Rendus dp VAcademie de^ F^uence^ 
de Pmi% vol in p 59, and which has been discussed by Hill in the 
first of his celebrated papers on the Lunar Theory, The Amernan 
Jomnal of Mathematics vol i p 18, and again by Darwin in Ins 
memoir on Periodic Orbits in 6 ^ 0 ^ vol xxi p 102 Let 

(o) 

theu equations (4) may be written 


( 6 ) 


d X ^dy _ dU 
dt dt dx ’ 

—V y — 

'dt '^"Tt~'^' 

d_z 

dt ~ da 


If these equations are multiplied by 2 2 and 2 lespectivtly, 

and added, they may be mtegiated, since CJ is a function of x, y, and z 
alone, and give 



= V =2U-G 


Five integrals more are lequired in order to completely solve the 
problem If the infinitesimal body moved in the only three 

would mmaiii to be found, the last two of which could be obtained by 
Jacobi s last midtipliei if the first one were found Thus it appears 


Developed m Vorlesungen uher Dijnamih, supplementary volume to Jacobi’s 
coUected works 
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that only one new integral is needed for the complete solution of this 
special problem m the plane* But Bruns has proved in Acta Mathe- 
matica, vol xi , that no new algebraic integrals exist , and Pomcard 
lias proved in Les M^hude'^ Noumlles de la Monique CSleate, vol L, 
chap V , that there are no new umform transcendental integrals, even 
when the mass of one of the fimte bodies is very small compared to 
that of the other These demonstrations are entirely outside the scope 
of this work and cannot be reproduced here 


117 The Surfaces of Zero Relative Velocity t Eciuation (7) 
iH a relation between the square of the velocity and the coordinates of 
the infinitesimal body referred to the rotating axes Therefore, when 
the constant of integration G has been determined numerically bv the 
initial conditions, equation (7) determines the velocity with which the 
infinitesimal body will move, if at all, at all pomts of the rotating 
sjiace and conversely, for a given velocity, equation (7) gives the 
locus of those points of relative space where alone the infimtesimal 
body can be In particular, if F is put equal to zero m this equation 
it will dohiie the surfaces at which the velocity will be zero On one 
side of these surfaces the velocity will be real and on the other side 
iinagiiiaiy , or, in other words, it is possible for the body to move on 
one side, and impossible for it to move on the other While it will not 
be possible to say in any except very particular cases what the orbit will 
be, yet the partition of relative space will show in what portions the 
infinitesimal body may move and m what portions it cannot 

111 Older to prove that if F® is positive on one side of a surface of 
zero relative velocity it is negative on the other, suppose y,, Zo are 
the cooidinates of any point on the surface, and that a;„ + A®, y„ + Ay, 
Za + Az aie the coordinates of a point P near it If the point P is on 
the normal to the surface at the point (iro> yoj ^o)i increments of the 
coordinates. A®, Ay, Az, will be proportional to the direction cosmes of 

the normal Therefore if 

F‘' = P(a;, y, 2 ) = 0 

IS the equation of the surface, and if I* is on the normal, then 
aP K - 


* Hill put I118 Bpeoial equations m such a form that they would be reduced to 
auadrfle If a eingle vaUle were expressed in terms of the time Aiarncaa 

Jowml Of Mathematics, vq\ i p 16 nf Mathe 

t First discussed by Hill m his Lunar Theoiy, e ^ periodic 

maL, vol I , and agam, for motion in the plane, by Darwin m his P.rtodtc 

Orlits, in Acta Mathematica, vol xxi 



188 


APPROXIMAJE FORMS OP 


where p is the distance from the surface to P, being ])ositive on one 
side of the surface and negative on the other The expicssion for T® 
becomes 

dF dF dF\ 
which, developed b} Taylor's formula, gives 




l^F\-\ 

LUo/' 

Wo/' 

0 

c 8 


-^(^ 0 , 3/0, ^0) = 0 , 

because Zq is in the surface of zero velocity 

O jbl 

Suppose 2/0, ^0 IS an ordinary point of the suiface , then , 
dF dF, , 

have determinate values not all zero, and, for sufhcumtly small 

values of p, V has the same sign as p, because p may be tahen so small 
that the sign of the function is the same as that of the fust teini of its 
expansion Therefoie, ij V ib pobitiva on one bide oj (t ^uij(ue of zuo 
relatiw velocity in the vicinity of an 01 dinai y point, it is negative on the 
opposite bide 


The equation of the surfaces of zero relative velocity is 

ri I ' 

^ 1 = \/(^ - ^1) +y + p, 

r^^J{x-x) +2/ + p 

Since y and 2 occur only in the squares the surfaces dehned by ( 8 ) aio 
symmetncal with respect to the xy and a;«-planeb, and, when ya- 
with respect to the yji-plane also The surfaces for may bo 

regarded as being deformations of those foi yu. = ^ It follows from 
the way in which 2; enters that a Ime parallel to the 2:-axi8 will pieioo 
the surfaces m two (or no) real points Moreover, the suifaces arc 
centred within a cylinder whose axis is the a-axis and whose radius 
IS JG, to which certain of the folds are asymptotic at 2;“ = 00 , for, as 
increases the equation approaches as a limit 



X ■>rf=^G 


118 Approximate Forms of the Surfaces From the pro- 
perties of the surfaces just given, and their intersections with tho 
reference planes, a general idea of their form may be obtained The 
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equation of the curves of intersection of the surfaces with the a^-plane 
IS obtained by putting z equal to zero in the first of (8), and is 


( 9 ) 


+ 


2(1-m) _ 2/1 


= C 


For large values of x and y which satisfy this equation the third 
aaid fourth terms are relatively unimportant, and the equation may 
be written 


s<?+f=C-- 


2(l-/i) 


2 jLt 


\l{x- + y J{x- x^f + 'f 


= 0- 


where c is a small quantity This is the equation of a circle whose 
radius is JC-e ^ therefore, one branch ot the curve in the is 

an approximately ciicular oval within the asymptotic cylinder It is 
also to be noted that the larger 0 is, the larger are the values qf x and 
2/ satisfying the equation, the smaller is €, the more nearly circular is 
the curve, and the more nearly does it approach its asymptotic cylinder 
For small values of x and y satisfying (9) the first and second terms 
are relatively unimportant, and the equation may be written 


1 — ju, (X? y^ __ G 

^ 7*2 ” 2 2 2 


This IS the equation of the equipotential cur'veb for the two centers of 
force, and //. For large values of G they consist of closed ovals 
around each of the bodies 1 and for smaller values of G these 
ovals unite between the bodies forming a dumb-bell shaped figure 
in which the ends are of difierent size except when = i , and for stiU 
smallei values of G the handle of the dumb-beU enlarges until the 
figure becomes an oval enclosing both of the bodies 

From these considerations it follows that the approximate forms of 
the curves in which the surfaces intersect the a?y-plane are as given m 
figure 30 

'rhe curves C„ G», C„ C, are m the order of decreasing values 
of the constant C 

The equation of the curves of intersection of the sur&ces and the 
a! 2 !-plane is obtained by putting y equal to zero in equation (8), and is 
2 ( 1 -^) . 2/1 
J{X - Xif + «“ JiX- Xif + 

For large values of x and 2 satisfymg this equation the second and 
third terms are relatively unimportant, and it may be wntten 

a? = 0-i, 
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•which. IS the equation of a symmetiical pair of stiaight lines paiiillel to 
the 5;-axis The larger G is, the laigei is the value of i winch, ioi a 
given value of satisfies the ecpiatioii, and, theiofoie, the sucillei i^ « 
Hence, the larger (7 the closei the lines aie to the asjunplotii c ^Inuho 



Fig 60 


Poi small values of a; and ;; satisfying equation ( 10 ) the his( (nm 
IS lelatively unimpoitant, and tlie e(iuation may he wnttc n 

1-/A U 0 

This is agam the equation of the eqiiipotontial (uives and luis (lu‘ 
same piopertie^ as before Henoe, the appioxmiate foims of tlie t um-s 
in the a>plane are as given in figuie U 


Again, the curves Ci, 
of the constant 0 


, Ci aie 111 the oidei of (kHuasiiig \nlu(‘s 


The equation of the curves of lutei section of the siiil 
i/»-plane is obtained by putting a equal to /e'lo in oiiiiatioi 

(II) y + 

6 Z 


lud th(* 
and Is 
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For large values of y and z satisfying this equation the second and 
third terms are relatively unimportant, and it may be written 

f=G-e, 

which IS the equation of a pair of lines near the asymptotic cylinder, 
approaching it as G increases 



If 1 - U IS much greater than /s the numerical value of is much 
greater than that of (Ct, hence, for small values of y and 2 satisfying 
(11), it may he written 

10--A=g-^, 

n 


which IS the equation of a circle, which becomes larger as G decreases 
Hence, the approximate forms of the curves m the yz-plane aie as give 


in hgure 32 
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Suppose C IS so large that the ovals and curtains are all separate 
The motion will be real in those portions of relative space for which 
the nght member of this equation is positive If it is positive in one 
point m a closed fold it will be positive in every other point within it, 
for the function changes sign only at a surface of zero relative velocity 
It is evident from the equation that x and y may be taken large 
enough so that the nght member will be positive, however great C may 
be , therefore, the motion is real outside of the curtains It is also clear 
that a point may be chosen so near to either 1 — /x or ju., that is, either 
Ti or ^2 may be taken so small, that the right member will be positive, 
however great G may be , therefore, the motion is i eal within the folds 
around the finite bodies 

If the value of G were so large that the folds around the hnite 
bodies were closed, and if the infinitesimal body should be within one 
of these folds at the origin of time, it would always remain there since 
it could not cross a surface of zero velocity If the earth's orbit be 
supposed to be circular and the mass of the moon infinitesimal, it is 
found that the constant (7, determined by the motion of the moon, is 
so large that the fold around the earth is closed with the moon within 
it Therefore the moon cannot recede indefinitely from the earth It 
was m this manner that Hill proved that the moon's distance from the 
earth has a supenor limit * 

120 Method of Computing the Surfaces Actual points on 
the surfaces can be found most readily by first determining the curves 
m the i 2 :y-plane, and then finding by methods of approximation the 
values of 5 ; which will satisfy (7) Besides, the curves in the i 2 ;y-plane 
are of most interest because the first points of contact as the various 
folds coalesce occur in this plane, and, indeed, on the ^-axis, as can be 
seen from the symmetries of the surfaces 

The equation of the curves in the i?^-plane is 

= 0 

If this equation be rationalized and cleared of fractions the result is a 
polynomial of the sixteenth degree in x and y When the value of one 
of the variables is taken ^arbitrarily the corresponding values of the 
other may be found by solving this rationalized equation This 
problem presents great practical difficulties because of the high degree 
of the equation, and these troubles are supplemented by foreign 
solutions which are introduced by the processes of rationalization 
* Lunar Theory ^ Am Jour Math , vol i p 23 


MOM 


13 



194 


METHOD OF COMPUTING 


[120 


The latter difficulty caa be avoided entirely, and the degree of the 
equation very mucli reduced by transforming to hi polar coordinates 
That IS, points on the curves may be defined by giving their distances 
from two jfixed points on the ^r-axis This method could not be applied 
if the curves were not symmetrical with respect to the axis on which 
the poles lie Let the centers of the bodies 1-fx and /a be taken as 
the poles , the distances from these points are and respectively 
To complete the transfoi matron it is only necessary to express + y 
m terms of these quantities 


I 

y-^axis 



Let P be a point on one of the curves , then 04_~ ~ 

and, since 0 is the center of mass of 1 - /a and ju., 0/^ = 1 - /a, and 
0 (1 - = - jx It follows that 

y = — -/^)r=r -X + 2 — 

Llimmating 02 from these equations, and solving for + y^, it is found 

that 

+ y =(l-/x)riH/^r2^-/x(l 
As a consequence of this equation, (9) becomes 

(12) (7 + ^(1 -/^)=C" 

If an arbitrary value of r be assumed Ti may be computed from 
this equation , the points of intersection of the circles around 1 — 
and IX as centers, with the computed and assumed values respectively 
of Ti and r as radii, will be points on the curves To follow out this 
plan, equation (12) may be written 

/ + a? 1 + ^ = 0, 


(13) 


a 

Oj-—- H 


/A / 2 

\-\x l-ix\ T 


h = 2 


It follows from (12) that O' is always greater than fx 



all real positive values of and , therefore a is always negative 


for 

It 
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IS shown m the Theory of EqLiialaons that the cubic equation of this 
form may he solved by means of tngonometncal functions as follows* 


(14) 



I ni=2 

na=2 

^•13 = - 


2 ’ 


/ 27 

V -«»’ 

e 

V 3 

y¥®m(60”-|). 

2 y^sin( 60 “+|), 


where ^n, r-^z are the three roots of the cubic 


The only values of and Vz having a meaning in this problem are 
real and positive It follows from the definition of B that the three 
roots are real only if 

- 4a’ ^276% 

or, since 6 = 2, if 


(15) a + 3^0 

The root Viz is negative and need not be considered The limit of the 
inequality (15) is a + 3 = 0 , or, in terms of the onginal quantities, 


(16) 


' + a!r2 + 6 ' = 0 , 

/A /A 

U '=2 


The solution of this equation gives the extreme values of for 
which (13) has real roots Therefore, in the actual computation 
equation (16) should first be solved for and 7*22 The values of 
7-3 to be substituted m (13) should be chosen at convenient intervals 
between these roots Equation (16) will not have real roots for all 
values of a', the condition for real roots being 

a' + 3^0, 

the limiting value of which is in the onginal quantities, 

/A IX 

whence 

C" = 3 

Therefore C" must be equal to, or greater than, 3 in order that the 
curves may have real points in the ^y-plane For (7' = 3 the curves 
are just vanishing from the plane, and it follows at once that equation 
* See Chauvenet’s ^lam and Spherical Trigonometry^ p 100 

13—2 
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(12) IS then satisfied by ri= 1, r = 1 , that is, the surfaces vanish fiom 
the i??y-plane at the points which form equilateral triangles with 1 - 
and fJL 


121 Double Points of the Surfaces, and Particular Solu 
tions of the Problem of Three Bodies It follows fioin the 
general forms of the surfaces that the double points which appeal 
as 0 diminishes are all in the ; 2 /y-plane Therefoie it is sufiiciciit in 
this discussion to consider the equation of the curves in the j //-plane 
There are three double poiiitb on the ^^;-axl& which appear when the 
ovals aiound the finite bodies touch each other and when they toucli 
the exterior curve enclosing them both There are two mote which 
appear, as the surfaces vanish from the /r^-plane, at the two points 
making equilateral triangles with the finite bodies 

These double points are of interest as critical points of the cuives, 
and it will now be shown that they are connected with impoitant 
dynamical properties of the system Let the equation oi the cuives lie 
written 

(17) = + y 

The conditions for double points are 


(18) 


z = 0 


0 , 


The right members of these equations are the same as the light 


1 0 /^T 

members of the differential equations (4) The expressions ~ and 


are proportional to the direction cosines of the noimal at all 

2 ^ 

ordinary points of the curves , and since ^ and ^ are isero at the 

surfaces of zero velocity it follows from (4) that the dtiet tarns of 
acceleration, m the lines of effective foi oe, me orthogonal to the surfaces 
of zero relative velocity Therefore, if the infinitesimal body be placed 
on a surface of zero relative velocity it will stait in its motion m the 
direction of the nonnal But at the double points the sense of the 
normal becomes ambiguous , hence, it might be surmised that if the 
infinitesimal body were placed at one of these points it would remam 
relatively at rest 


The conditions imposed by (17) and (18) are also the conditions that 
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d^x ^ d^y , 

5 ? ^ components of acceleration, in equations ( 4 ) shall 

vanish Hence, 'if the infinitesimal hody he placed at a double point 
with zero relative velocity its coordinates 'will identically fulfill the 
differential equations of motion and it will remain forever relatively 
at rest, unless disturbed by forces exterior to the system under con- 
sideration These are particular solutions of the Problem of Three 
Bodies, and are special cases of the Lagrangian solutions 

Consider the equations ( 18 ), the second of which is satisfied by 
y = 0 The double points on the x-sxi% and the straight line solutions 
of the problem are given by the conditions 


(19) 


X-{l-fx) 

2 / = 0 , 


(x-Xi) {x - ^a) 


= 0 , 


The left member of the first equation considered as a function of x is 
positive for = + 00 , it is negative for 47 = ^2 + «» where € is a very 
small positive quantity , it is positive for ;27 = 072 - € , it is negative for 
47 = ii7i + € , it IS positive for ^ - € , and it is negative for x = - ^ 

Since the function is finite except when = + qo, x^, Xi, or -00, it 
follows that the function changes sign three times by passing through 
zero, {a) once between + 00 and x^, (b) once between X2 and Xi, and 
(c) once between and - 00 Therefore, there are three positions in 
the line defined by 1 - /a and ju. at which the infinitesimal body will 
remain when given proper initial projection 

(a) At the double point on the ^r-axis between + 00 and X2, 
X-X2-T2, ^-^i = ri = l + r2, /» = !-" ^1 + ^2, therefore the first equation 
of ( 19 ) becomes after cleanng of fractions 

( 20 ) r{ + (3 - m) r^ + (3 - ri - - ^yr^ -y = 0 

This quintic equation has one variation in the sign of its coefiicients, 
and hence only one real positive root The value of this root depends 
upon y Consider the left member of the equation as a function of r* 
and y For /* = 0 the equation becomes 

^2’* (^2® +3^2 + 3) = 0, 

which has three roots r2=0, and two others, coming from the second 
factor, which are complex It follows from the theory of the solution 
of algebraic equations that, for y different from zero but sufficiently 
small, three roots of the equation are expressible as power senes m 
y^, vanishing with this parameter* The one of these three roots 
* See Harkness and Morley’s Theory of Furwtions, chapter iv 
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obtained by taking the real value of is real , the other two are 
complex Therefore, the real root has the form 

Substituting this expression for r in (20) and equating to zeio the 
coefficients of the different powers of it is found that 


Hence 


3 9 


The corresponding value of C' is found by substituting these values of 
Tj and rg in equation (12) 

(b) At the double point on the ^-axis between and 

= = r,^ = (l — /A)-r , therefoi e in this case 

the first equation of (19) becomes 

r^-(d-fJi)72^+{S-2fJt)7 2^-fJL9 +2/A7 2 -“At = 0 

Solving as in (a), the values of ?2 and 7i are found to be 
(22) j \3 9 27 /’ 

Ti = I— Q 

\ 

The corresponding value of G' is found by substituting these values of 
ri and in equation (12) 

(c) At the double point on the ^-axis between Xi and — oo , 

w- 0 ) 2 =- (l+Ti), w-Wi = -9i, therefore in this case the 

first equation of (19) becomes 

n® + (2+/.)ri^+(l + 2/.)n"-(l-/x)^,2_2(i^;,) ri-(l -/.) = () 

For small values of /x, Tj is nearly equal to unity, becoming exactly 
unity when fx vanishes , therefore it will be convenient to let ri — I — p, 
after which this equation becomes 

(23) p® - (7 + /x) + (19 + 6itx) p3 - (24 4 13/x) p^ + (12 + 14/x) p - 7/x =: 0 

When /X = 0 this equation becomes 

p'-7p^ + 19p^-24p"+12p==0, 

which has but one root p = 0 Therefore p may be expiessed as a 
power senes m /x which converges for sufficiently small values of this 
parameter, and vanishes with it This root will have the form 

p = Cifl + C + Czfx^ + C4ix^ + 
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Substituting this expression for p in (23), and equating to zero the 
coefficients of the various powers of /a, it is found that 

7 . 23x7=* 23x7® 

Ci-12. Ca-0, 


Hence 


(24) 


P = i2/^ + - 


23 X 72 
12 ‘ 




23 X 7* 
12 ' 




n=l-p, 

Vr2=l+n=2-p 


The corresponding value of G' is found by substituting these values of 
and in equation (12) 

If the values of Ti and r given by the first three terms of the senes 
(21), (22), and (24) are not sufficiently accurate more nearly correct 
values should be found by differential corrections 

In order to find the double points not on the ii?-axis consider 
equations (18) again They, or any two independent functions of 
them, define the double points Since y is distinct from zero m this 
case the second equation may be divided by it, givmg 


1 - 


1-/^ 



Multiply this equation by 00 — and x-x-^, and subtract the products 
separately from the first of (18) The results are 




(*??2 ”■ ^ 1 ) 


= 0, 


{Xi-X^_^ 

- Ts 




But ira=l-p, = and x,-as, = l, therefore these equaftions 
reduce to 




= 0 , 

= 0 


The only real solutions are n = l. r,= l. and the pom s form equi- 
lateral triangles with the finite bodies whatever the^ relative ma^s 
may be As was shown in the last of Art 120, they occur at tiie 
places where the surfaces vanish from the ji^-plane 
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XIX PROBLEMS 

1 The units defined in Art 115 are called canonical units , what would 
the canonical unit of tinae be in days for the earth and sun ? 

2 Show on a priori grounds that, when the motion of the system is 
referred to axes rotating as in Art 115, the dififerential equations should not 
involve the time explicitly 

3 Why cannot an integral corresponding to (7) be derived from 
equations (1) at once without any transformations ^ Prove that there is 
an integral of (1) 

4 What are the surfaces of zero velocity for a body projected veitioally 
upward against gravity? For a body moving subject to a cential force 
varying inversely as the square of the distance ? 

5 Show by direct reductions from (13) and (14) that 

(^i-^ii) (^ 1 -^ 2 ) = + 

6 Prove that the solution of (16) gives the extreme values of ? 2 which 
(14) has real roots 

7 Impose the conditions on (12) that G' shall be a minimum and show 
that it IS satisfied only for rj_=l, ^ 2 = 1 , and that the minimum value of C 
IS 3 

8 Why are not the lines of efiective force orthogonal to all of the surfaces 
of constant velocity *2 

9 Prove that the double point between /x and 1 -- /x is ncarei /lx than is 
the one between /x and + 00 

10 Prove that, as C' diminishes, the first double point to appeal ih the 
one between ^ and l-/tx , the second, the one between /x and +00 , the thud, 
the one between 1 ~ ;x and - 00 , and the last, that which makes an equilateral 
triangle with the finite bodies 

11 If /x= 3 ^, l~/x=ij, find the values of r^, and C from (21), (22), 
(24), and (12) 

^21) ^2=0 340, ^1=1 340, <7'==3 536, 

Ans - (22) ^ 2=0 276, r^^O 724, (7' = 3 653 , 

.(24) r2=1 947, ^1 = 0 947, 0'=n73 

12 From the approximate values of the last example find by the method 
of difiPerential corrections moie accurate values 

|(21) 7-2=0 347, 7-1 = 1 347, (7' = 3 534, 

Ans j(22) 7-2=0 282, 7-1=0 718, 0'=3 653, 

((23) 7 - 2=1 947, 7-1 = 0 947, ( 7 ' = 3 173 

13 Considering the earth’s orbit to be a circle, find the distance in miles 
trom the earth to the double point which is opposite to the sun Would an 
infinitesimal body at this point be eclipsed ? 

Ans 930,240 miles 
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129. TlMMmnd’B Orltoiion for the Xdeatity of Oomets* 
Cometii Mimetimm pemi nmr tlio pleuetH in their revolutions around 
the nun, and tlien the eleinenta of thoir orbits are greatly changed 
jH)iiti*r Itwaiise Ilf his large ninss and tonsulemble distance from the 
sun, IS os|HVially jMiteiit in ]iriMhicing these iKirturbations which are so 
groat in some cases as to change the orbit i anipletely Siiiio a comet 
has no rliarai tcnstic featitrcs by whicli it may bo rooognuod with 
certainty, its ideiitit) might lie in iiuustion if it wcro not followed 
visual)) dtinng the time of the {KrtiirbatioiiH 

One WH> Ilf testing the identity of two cometH appearing at different 
epochs IS to take the orbit of the earlier and < ompute the perturbations 
which It undergoes, and tlien tomiMire the derived elements with those 
detennineil from the later ohservatienH , nr, the start may be made 
with the elements of the Inter comet, and hy inverse processoB the 
earlier elements may Im i ompnlcsi and the cnmjianson made Une or 
Uie oUter of these plans has lanm followed until recent years 

But tJie nuoslion anscs if there is not some relation among the 
elemenu wliii h rmnaiiis uiialterwl by the perturbatnms This is the 
question wlin h Tisserand has nnswereil tii the afhrmativo iti one of his 
charactenstically elegMit ami important jmpers on Uolostial Mechanics 

I,et the eccentricity of Jupiter's orhit bo supposed equal to zero, 
and the tiisss of the comet inhiiitesimal While both of these as- 
sumptions are false they are very nwrly fulfilled, and the error 
intrcMtuccsi will lai inapprcH lable, esjiecially as the comet will be near 
enough to Jupiter to suffer sensible chsturliatu es only a very short 
lime ruder these Biip|HMiiUcins, and when the units are properly 
chosen, the integral 


< 7 ) 








is tnia Tills IS an answer to the question , for, when the elements 
are known the velocity and wiiirdinates may bo computed at any time, 
and the motion referred to routing axes by aquationo (a) Hence, to 
test the identity of two comota, compute the function (7) for each orbit 
and see if the constant 0 is the same for botli If the two values of 0 
are tlio same, the probability is very strong that only one comet hw 
been ohaerved , if they are different, the two comets are certainly 


distinct tsslies 

The prcK-oss just explained has the inconvenience of involving 
conaldemble compnUlion This may be largely avoided by expressing 

• ButMim Artrtmomiaiiif, tol vi p *89, and Mie, Cil , vol rr p 908 
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(7) in terms of the ordinary elements of the orbit The first step is 
to express (7) in terms of coordinates measured from fixed axes The 
eq[uations of transformation are the inverse of equations (2), viz , 


{ ^= ^cost + rjsmt, 
y = - ism t -hrj cost, 

From these equations it is found that 

O) +^^ = i 



+ ^ + 7 ] —2 




dt ^di) 


Hence equation (7) becomes 




2(1 


1^) + . 


G 


Let r represent the distance of the comet from the origin, and ? the 
angle between the plane of the instantaneous orbit and the ^^-plane 
Then equations (24), Art 89, give 




_ 1 
a' 

cos % 


Hence equation (25) becomes 


(26) - -- - 2 Va (1 -6^) cos ^ = ^ _ (7 

r a ^1 n 

In the case of Jupiter and the sun // is less than one-thousandth 
Therefore the origin is very near the center of the sun, and 7 i is 
sensibly equal to r In both instances the elements will be detennincd 

■when the comet is far from both Jupiter and the sun so that and 

n 

will both be so small that they may be neglected , then (26) leduces to 
the simple expression 

- + 2 \/«(l - ^ ) cos « = (7 

tv 

It will be noticed that the elements of this formula are the 
instantaneous elements for motion around a unit mass situated at the 
center of mass of the finite bodies The actual elements used in 
Astronomy are the elements referred to the center of the sun, with the 
sun as the attracting mass Nevertheless, on account of the small 
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relative mass of Jupiter the two sets of elements are sensibly the same, 
and if the two orbits are of the same body, the equation 

(27) - + 2 Voi (1 - O cos = ^ + 2 cos 

€bi ^2 

must be fulfilled, where the elements are those in actual use by 
astronomers Such is the cntenon developed by Tisserand, and em- 
ployed later by Schulhof and others 

123 Stability of Particular Solutions Five particular so- 
lutions of the motion of the infinitesimal body have been found If 
the infinitesimal body be displaced a very little from the exact points 
of the solutions and given a small velocity it wiE either osciUate 
around these respective points, at least for a considerable time, or it 
will rapidly depart from them In the first case the particular solution 
from which the displacement is made is said to be stable , in the 
second case, it is said to he unstable 

This must be formulated mathematically Consider the equations 




Suppose = = where and yo are constants, is a particular 

solution of (28) That is, 

/(^o, yo) = o, = o 

Give the body a small displacement and a small velocity so that its 
coordinates and components of velocity are 

= a7o + 

V = 2/o-^y^ 

dx dx’ 

Hii^ dt^ 
d/u dy' 
dt^dt' 

where x', y', ^ , and are very smaU Mahing these substitutions 
in equations (28), they become 



( 30 ) 
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Developing the nght members by Taylor’s formula, they become 
/ (^0 + yo +y') ^o) + ^ + higher powers in x' and 


g (iTo + x\ yo +y')-g (^o ; ^ ^ powers in x' and y' 

In the partial derivatives ^ and y = yo The first terms in the right 
members are respectively zero , hence equations (30) may be written 


(31) 


^ dP-od cL% 


dy' _ §/■ 


df 

d_^ 

df 


dt 

dod 


dx'^ 


f ; 


dt dx' 3y'“^ 


+ 2 = 


If x' and y' are taken very small on the start the influence of the 
higher powers in the right members will be inappreciable, at least for a 
considerable time Neglecting them, the differential equations reduce 
to the linear system 


(32) 


d^^ ^ dt~dx' dy'V^ 


[df ^ 


dt dx' dy' 


The solutions of a linear system with constant coefficients may 
be expressed in terms of exponentials m the form 


x' = 

where and are the constants of integration, and /3i and (3 are 
constants depending upon them and the constants involved in the 
differential equations If Xi and Xg are pure imaginary numbers, then 
x' and y' are periodic, and the solution from which the start was made 
IS said to be stable , if Xi and Xg are real or complex numbers, then x' 
and y change indefinitely with t, and the solution is said to be 
unstable 


124 Application of the Criterion for Stability to the 
Straight Line Solutions The definitions and general methods of 
the last article will now be applied to the special cases which have 
arisen in the discussion of the motion of the infinitesimal body The 
original differential equations were (Art 115) 
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td^ 


^ + 2g.y-(l-rt£-,Js9(».S',*), 


d^z 

df 


"l “2 


The straight line solutions occur for 

x = a!^, 3 / = 0, z = 0, 

wheie ^ - 1, 2, 3 according as the point hes between + co and fi, /x and 
1 - /X, or 1 - /A and - oo , and where these values of x, y, and z satisfy 
eq,uation (19) Make the substitution 

, , , dx dx' dy _dAf ^ 

x = xu + x, y=y, z-z, dt~ dt ' dt~ dt 

Then it is found that 

! (\f . df , 

7.,y 


dx' 

daf 

Sh 


dy' 

dy' 


dz' 

"dzf' 


V + — ; : 

dy'^ dzf 


Let 

(34) 


Ai=: 


l-/i 


2(l-/x)fl!' ^ 

^fXX' 

[(a;M-a;i)“]* 

[{x^-x^^'f’ 


i^y 

f 

1 

[{x^-x^ff’ 

-(l-li)z' 

IJiZ' 

[{x^-x^^'f 

[(xu-x«ff 

+ , 



Then equations (32) become in this case 


(35) 




S-2f = (l-^.).'. 


dP^ 

\ df 


The last equation is independent of the first two and may be 
treated separately The solution is (Art 32) 

Therefore the motion parallel to the «-axis, for small displacements, is 
penodic with the penod 
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Consider norr the simultaneous equations 

= (1 + 2J.i) al, 

dd 


(37) 


< 

df dt 




To find the solutions let^ 
(38) 


I y' - 

where K and L are constants Substituting in equations (37) and 
dividing out it follows that 

'[A -(1 + 2A)]^-“2AZ = 0, 

2X^ + [X2-(1-A)]i=0 

In order that equations (38) may be particular solutions of (37) 
equations (39) must be fulfilled They are verified if jSr= 0, i = 0 ^ 
but in this case x' = 0, y' ~ 0, and the solutions reduce to the straight 
line solutions Equations (39) may be satisfied by values of K and L 
diiferent from zero if the determinant vanishes This condition is 


(39) 


(40) 


A2-(1 + 2A), -2A 

2X, 


= 4* (2 — -4^) X + (l + — 2 j4/) = 0 


This equation is the condition upon X that equations (38) may be a 
solution of (37) There are four roots of this biquadratic, each giving 
a particular solution, and the general solution is the sum of the four 
particular solutions multiplied by arbitrary constants , or, if the four 
roots of (40) are Xj, X , Xg, X 4 , 


(41) 


[x' = 

(y' ~ 


where the a^re the arbitrary constants of integration, and the Zi are 
defined in terms of them respectively by either of the equations (39) 

It remains to determine the character of the roots of the biquadratic 
(40) It follows from (34) and (21), (22), and (24) respectively that 




(1 + ^2^ 


+ “=4-2 


( 42 ) 


+-^, + A = 4 + 2 sV 


4 ^ 1-/* , , 7 

See J ordan’s Cours d* Analyse, vol in , chap n , part 2 
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It follows from (42) that, for small values of ft, 

(^ = 1, 2, 3), 

aud, indeed, this relation is true for values of ft up to the limit as can 
be verified easily Therefore the biquadratic has two real roots which 
axe equal m numerical value and opposite m sign, and two conjugate 
pure imaginaries It follows from the definitions given that the motion 
IS unstable If the infinitesimal body were displaced a very httle from 
the points of solution it would in general rapidly depart to a com- 
paratively great distance 

125 Particular Values of the Constants of Integration 
The constants of integration will now be expressed in terms of the 
initial conditions, and it wiU be shown that the latter may he selected 
so that the motion will be periodic 

Suppose K and Xj are the real roots , then =- Xj The imaginary 

roots are 

jX3 = 7-lcr, 

( X4 = — J— 1 cr, 

where o- is a real number The ij are expressed in terms of the Kj by 
equations (39), and are 

( 43 ) Ls = {j = 1 , 2 , 3 , 4 ), (^= 1 , 2 , 3 ) 

Since the are e^ual m numerical value but opposite in sign in pairs, 
and the last two imaginary, it follows that 

1 Ci = — C2, 

Cg = + J— 1 

C4 = — tj’— 1 

where c is a real constant 

Let and ^ be the initial coordmates and components 

of velocity , then equations (41) give at # = 0 
{ ced' = Ki + Kt + K 3 + 

yo' = Cl (^1 — -ffs) + V— 1 c (-^3 ~ -^ 4 )) 

• «' = Xi ( JTi - K 3 ) + J^o- (K, - K,), 

dt 

^ = CiXi (JTi + JTa) - ccr (JTs + iTO 

, dt 
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Solving these equations, the values of the constants of integration are 
found in terms of the initial coordinates and components of velocity 

The values of x' and y increase in general without limit with the 
time, but if the initial conditions are such that K-y = Ki = Q they 
become purely periodic This case will now be considered The 
initial coordinates, , vd, will determine and Ki, by means of which 

W ^ defined Thus 


whence 


osq — Ki + jSr4, 

yd = J~ic{K^-K,), 


TT Xd V- 1 

2c 


. aio , v/- 1 


Then equations (41) become 


od - -^(eV-irf + ^-V-io-i)- (p'J -\<Tt — g-\l 

= V cos <T# + ^ sin O'#, 

(45) s c ’ 

y' = >J -1 ^xdif'd-'^<’i-e-'J^<^t) 

, = — CXq sin (Tt + ^0' cos crt 

The equation ot the orbit is found by eliminating t from these 
equations Solve for cos o-# and sin <rt , then square and add, and the 
result, after dividing out common factors, is 


^ y' 

This IS the equation of an ellipse with the major and minor axes 
lying along the coordinate axes, and with the center at the origin 
Since A3 is imaginary it follows from (43) and (44) that ol , therefore 
the major axis of the ellipse is parallel to the ^/-axis The eccentricity 
IS given by 
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which, fot large values of c, is very near unity The orbits have the 
remarkable property that their eccentricity is independent of the 
initial small displacements, depending only upon the distribution of 
the mass between the finite bodies, and upon the one of the three 
straight line solutions from which they spnng 

126 Application to the Gegenschein If the constants 
and Ki are zero the infinitesimal body will revolve in an ellipse around 
the point of equilibrium If these constants are not zero but RTnall 
in numerical value compared to jff"s and the motion will be nearly 
in an ellipse tor a considerable time, but will eventually depart very 
far from it It would be possible to have any number of infini- 
tesimal bodies revolving around the same point without disturbing 
each other 

Consider the motion of the earth around the sun It is in a curve 
which IS nearly a cucle One of the straight line solution points is 
exactly opposite to the sun, and if a meteor should pass near it with 
initial conditions approximately such as have been defined in the last 
article it would make one or more circuits around this point before 
pursuing its journey If a very great number were swarming around 
this point at one time they would appear from the earth as a hazy 
patch of light with its center at the anti-sun, and elongated along the 
ecliptic This IS the appearance of the gegenschein which was 
discovered independently by Brorsen, Backhouse, and Barnard in 1855, 
1868, and 1875 respectively 

The crucial question seems to be whether or not there are enough 
meteors with the approximate initial conditions to explain the observed 
phenomena, but no certain answer can be given However, it is certain 
that the meteors are exceedingly numerous, as many as 8,000,000 
striking into the earth's atmosphere daily according to the late 
Professor H A Newton , and it is only reasonable to suppose that 
they cause the zodiacal light which is very bright compared to the 
gegenschein 

The celebrated Swedish astronomer, Hugo Gyld^n, first advanced 
the above theory in the closing paragraph of a memoir in the Bulletin 
Astronormqm, vol i , entitled, 8v/r un Gas ParticuUer du ProbUrm 
deb Trois Gorps^ 

* See also a paper by E R Moulton in TUb AstTonomical Jowmal, No 483 
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127 Application of the Criterion for Stability to the 
Equilateral Triangular Solutions The particular solutions of 
the original differential equations are rz-=l The equations 

corresponding to (33) are 




^<7 f ^9 ^9 f ^ c 

rr A- 2 ; = r— (1 — 5: 


dh , , , 

+^ 2 ; =-;2 

\ dx ^ 


(1 - 2m) x' + ly\ 


and the differential ec^uations up to terms of the second degree are 


(47) 






^4.o:a^a- 
dt dt 


d z' 
^ dt 


--Z 


The last equation is independent of the first two, and its solution is 

Therefore the motion parallel to the 2 ?-axis, for small displacements, is 
periodic with period 27r, the same as that of the revolution of the finite 
bodies 

To find the solutions of the first two equations let 
x' = 


Substituting in (47) and dividing out common factors, it is found that 


(49) 


[X^ - i] JT- [ 2 X + ^ (1 - 2ia)] i = 0, 


[2X-i^(l-2|.)]ir+[X -f]X = 0 


In order that solutions may be obtained other than ^' = 0, = 0 the 

determinant of these equations must vanish That is, 


(50) 


_2X-?^(l-2|a) 

2X — (1 — 2/a), X — 


E -i- X^ + /X ( 1 “ m) 0 
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Let Xi, X2, Xg, X4 be the roots of this biquadratic Then the general 
solutions are 

‘ od' + ^ 4 ^^, 

, y' = + ^4^^, 

where are the constants of integration, and ii, igj isj 

Li are constants related to them by either of the equations (49) 

It IS found from (50) that 

X, = - X, = ^ , 

X3 = -X, = yzl.-^^1- 27/4(1-^) 

The number /i never exceeds 1/2, and if 1 - 27;t (1 - ai)S 0 the roots are 
pure imaginanes in conjugate pairs , if this inequahly is not fulfilled 
they are complex quantities 

The inequality may be written 

1 - 27/1 (1 - /i) = e, 

where « is a positive quantity whose hmit is zero The solution of 
this equation is 

(«) 

Since /X represents the mass which is less than one-half the negative 
sign must be taken At the limit €=0, /x= 0385 Therefore if 
/A< 0385 the roots of (50) are pure imaginaries and the equilateral 
triangular solutions are stable, if fi> 0385 the roots of (50) are 
complex and the equilateral triangular solutions are unstable 


XX PROBLEMS 

1 Suppose a comet approaching the sun in a parabola should be disturbed 
by Jupiter so that its orbit remains a parabola while its perihelion distance 
IS doubled , what is the relation between the new inclination and the old ? 

Am cos ^2 = 2 cos 

2 Prove that if a comet’s orbit, whose inclination to Jupiter’s orbit is 
zero, IS changed by the perturbations of Jupiter from a parabola to an elhpse 
the parameter of the orbit is necessarily decreased Investigate the changes 
in the parameters for changes in the major axes of the other species of conics. 

14—2 
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3 Suppose a comet is moving in an ellipse in the plane of Jupiter s oibit, 
and that the perturbing action of Jupiter is inappreciable except for a short 
time when they are ne ir each other Prove that if the pei turbation of Tupitor 
has increased the eccentricity, the period has been increased or dccieased 
according as product of the major semi axis and the squire root of the 
parameter in the original ellipse is greater or less than unity when expicsscd 
in the canonical units 

4 A particle placed midway between two equal hxed masses is in 
equilibrium Investigate the chaiacter of the equilibrium by the method of 
Art 123 

6 Suppose and fi are the sun and earth respectively, hnd the 

period of oscillation parallel to the z axis for an infinitesimal body slightly 
displaced from the xy plane near the straight line solution point opposite to 
the sun with respect to the earth as an origin 

Ans 183 304 mean solar days 

6 In the same case, find the peiiod of oscillation in the si/ piano 

Ans 139 6 mean solar days 

7 Prove that in general for small values of fx the penods of oscillation 
both parallel to the ^ axis and in the plane, aie longest foi the point 
opposite to /X with respect to 1 — /x as oiigin , next longest for the point 
opposite to 1 - /X with respect to fx as origin , and shortest foi the point 
between 1-ft and fx 

“8 Pind the eccentricity of the oibit in the pi me opposite to the sun 
in the case of the sun and earth 

9 The diffeiential equations (35) admit the integral 

discuss the meaning of this integral after the manner of articles 117—122 

10 What can be said regarding the independence of equations ( 10) after 
the condition has been imposed that the deteiminant shall vanish ? 

11 If the explanation of the gegenschem given in Art 126 is true what 
should be its maximum parallax in celestial latitude for an observer in latitude 
45"^ 

Ans Eoughly 15' (Too small to be observed with certainty in such an 
indefinite object) 
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128 Conditions for Circular Orbits The theorem of 
Lagrange that it is possible to start three finite bodies in such a 
Tnannar that their orbits -will be similar ellipses, all described m the 
same time, ■will be proved in this section It ■will be es'tabhshed 
first for the special case in which the orbits are circles It will be 
assumed that the three bodies are projected in the same plane Take 
the ongin at their center of mass and the ^ij-plane as the plane of 
motion Then the differential equations of motion are (Art 106) 
[d% I dU o 01 

. d\_ 1 dJJ 

1 dt^ ~ 

„ Ic^nhnh . , k^TThnih 

fj — — , + + 

\ ri a ^2 » '’8 1 

The motion of the system is referred to axes rotating with the 
uniform angular velocity n by the substitution 

cos {nt) - yi sm («#), (^ = 1 , 2, 3), 

SIB {‘>^*) + BBS 

■Mfllring the substitution, and reducing as in Art 115, it is found that 


W ^ dt 




If the bodies were moving in circles around the origin ■with the angular 
velocity n, their coordinates with respect to the rotating axes would 
be constants Since the first and second denvatives would be zero, 
equations (54) would become 

/ _ n% + = ®> 

- n^iTa + A V = 0, 

ri 2 “28 

- n^ic, + = 0 , 

J ^ * “ “ 


- + 


--^ = 0 
ft V, 


- «^'+ i*», + em, . 0, 

' Ti 8 '2 8 
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And conyersely, if tlie masses and initial projections should be such 
that these equations are fulfilled the bodies would move in circles 
around the origin with the uniform angular velocity n 

Since the origin is at the center of mass 


(56) 


r miXi + m X = 0 , 

1 ^ 1 ^! + ^ 23 / + 


If the first equation of (55) be multiplied by the second by mi, and 
the products added, the sum becomes, as a consequence of the first 
equation of (56), the third of (55) In a similar manner the last 
equation of (55) may be derived from the others in y and the last 
of (56) Therefore the third and sixth equations of (55) may be 
suppressed, and equations (56) used in place of them, giving a some- 
what simpler system of equations 

The units of time, space, and mass are so far arbitrary It is 
possible, without loss of generality, to select them so that ri 2 = 1? 
h -1 Then the necessary and sufficient conditions for the solutions 


of the sort considered are 


(57) 


= 0 , 

— n^Xi + {xi — = 0, 

3 

-• nxo + mi (x - Xi) + — f = 0, 

^2 3 

mi'ifi + myi^- = 0, 

- + Mi (yi - 3/2) + m ^ = 0, 

8 


nyi+m^iji - y^) + mg 


(2/2 - 2/0 . 


0 


129 Equilateral Triangular Solutions There is a solution 
of the problem for every set of real values of the variables satisfying 
equations (57) It is easy to show that the equations are fulfilled 
if the bodies he at the vertices of an equilateial triangle Then 
Ti 2 = ^2 3 = ^1 3=1? and equations (57) become 

^ miXi + m^x^ + m^Xi = 0 , 

(mo + m^ — n^) Xi — m^Xi - m^x^ = 0, 

(mi + m^ — n) X 2 — miXi — m^Xi = 0, 
mi3^i + moy2 + ^32/3=0, 

(m + m3 - n^) yi — - m^y^ = 0, 

\ (mi + n%i — w ) yo — mi^i — may $ = 0 
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Letting ikf=mi-i-m 2 + ?W 8 , and eliminating and by means of tie 
first and third equations, it follows that 

’ (M — n^) Xi = 0 , 

{M — n^) Xz = 0 , 

{M-n^)yx = 0, 

, (M -r^)y =0 

These equations are fulfilled Xx = X 2 =yi= y 2 = ^ ^ but then two of the 
bodies are at the center of mass which contradicts the assumption 
that Ti 3 = ^1 3=1 The equations are also satisfied if 
Therefore, the equilateral triangular configuration with proper initial 
components of velocity is a particular solution of the Problem of Three 
Bodies , and^ if the units are such that the mutual distances and P are 
unity, the square of the angular velocity of revolution is equal to the 
sum of the masses of the three bodies 


130 Straight Line Solutions The last three equations of 
( 57 ) are fulfilled by 2/1 = 3^2 = = 0 , or when the bodies are all on the 

iP-axis Suppose they lie in the order m-i, two, m^ from the negative 
end of the axis toward the positive Then Xz>x^>Xu r^ ^=X 2 -Xi=l, 
and the first three equations of (57) become 


(58) 


miXx + wza (1 + x^ + m^Xz = 0, 
^3 




— nil + 7 — ^ + 71 ® (1 + x-^ — 0 


{x^-x^y 


+ n^Xi = 0, 


Eliminating x^, and 7^®, it is found that 

(59) 7»a + (tWi + TTZa) Xx + ja + TTZa + nhf 

Clearing of fractions this gives a quintic equation in Xx with all its 
coefficients positive Therefore there is no real positive root but there 
IS at least one real negative root, and consequently at least one 
solution of the problem 

Instead of adopting Xy as the unknown, which ^ 

denoted by A, may be used Xy mus^ be expressed in terms of this 
new variable The relations among Xy, Xy, Xy, and A are 

' TWiiTi + m^Xi + m^Xz = 0, 

X 2 Xx “* 1 > 

, x^-X2 = Aj 
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wlieiice 


M 


Substituting m (59), clearing of fractions, and dividing out common 
factors, the condition for the solutions becomes 

(60) {mi + + {dnii + 2m ) + (S^i + m ) J. * - {m^ + 3m j) 

“ (2mo + dm) A - (mj + m ,) - 0 
This IS precisely Lagrange's quintic equation* and has but one real 
positive root in A since the coefiicients change sign but oiu e The 
only A valid in the problem for the chosen order of the masses is 
positive, hence the solution of (60) is unique and defines the distri- 
bution of the bodies m the straight line solution of the Problem of 
Three Bodies It is evident that two more distinct straight hue 
solutions will be obtained by cyclically permuting the order of the 
thiee bodies 


131 Dynamical Properties of the Solutions Since the 
bodies revolve in circles with uniform angular velocity aioimd the 
center of mass, the law of areas holds for every body sepaiately , 
therefore the resultant of all the forces acting upon each hodi/ is 
comtantly directed toward the center oj mass (Art 48) 

Let the distances of and from their centei of mass be 

«!, a^i and a^ respectively Then the centnfugal acceleiation to 

■p'*’ 

which IS subject is °-i-~ j where Fj is the linear velocity But 

this may be ■written = n a, The centripetal force cxai tly balances 
the centrifugal, therefore the acceleration towaul the center of 
mass IS 

(® 1 ) a-i=n\, 

that IS, the accelerations of the various bodies towaid theit common 
center of mass are directly propoitioml to then respedwe distances 
from, this point 

132 General Conic Section Solutions If the three bodies 
were placed in either of the two given configurations, it would be 
necessary to project them at nght angles to the ladu to their center 
of mass with definite velocities proportional to their distances from 
the center of mass m order that the circular orbits should lesult 

* See Lagrange’s ColUcted Works, vol vi p 277, and Tisserand’s Mee OH 
vol I p 155 ’ 
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It will now be shown that, if the bodies are initially placed in either of 
the given configurations, and are projected in lines making the same 
angles with their respective radii to their center of mass, in the same 
sense with respect to revolution around their center of mass, and with 
any velocities proportional to the respective distances of the bodies 
from then center of mass, then they will always form a figure of the 
same shape but in general of varying size, and will describe come 
sections with respect to the ongin as a focus 


Suppose the bodies form one of the two configurations They wiU 
be subject to the attiactive forces whose resultants are directed to their 
tenter of and which are proportional to their respective distances 
from it Suppose, however, that at the start they are subject to no 
forces whatever, and that they are projected in hnes makmg equal 
angles with their respective radii, m the same sense with respect to 
revolution around the origin, and with velocities proportional to then 
respective distances from the center of mass At the end of an 
arbitrary unit of time the radii to the different bodies will all have 
described triangles, and the system will be of the same shape 

as at first Suppose that at this moment instantaneous forces act 
upon the bodies in the direction of their center of mass, and that the 
accelerations which they impart are proportional to the respective 
distances of the various bodies from that point Then, at the end of 
the next unit of time, the radii to the different bodies will all have 
described similar triangles, and the system will again be of the same 
shape as at first Suppose new instantaneous forces, of the same 
nature as those of the first case, act at the end of the second umt 
of time Suppose the force acting upon any given body in this case 
IS to that in the first case inversely as the square of the distance of 
the body from the ongin at the two instants Suppose this process 
continues during any finite interval of time, and then let the u^ 
into which the interval is divided become shorter and shorter ihe 
system will always be of the same shape but m general of varying size 
At the limit the bodies are subject to continuous forces directed towm 
their center of mass and which vary for the different bodies ^ 
as their respective distances from this pomt, and for any one y 
inversely as the square of its distance 

But the forces which have just been supposed to act 
at various times, have had the same dilutions ^ 

same relative intensities as those arising from the 
the bodies At the limit the fictitious forces are precisely the same. 
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when the factor of proportionality is properly chosen, as those (Ino to 
the mutual attractions of the bodies Hence the theorem 

If the three bodies are placed in one of the configm at ions for cii oidar 
solutions^ and are piojected in lines making equal angles with tfuii 
respective ladii fiom their center of mass, and with mlodties propod 
tional to their respective distances, then they will always fo) ni a figure 
of the same shape hut of varying size, and they will move subject to 
forces whose resultant on each body is diiected to the centei of mass of 
the system, and the resultants will vary foi the different bodies diiedly 
as their respective distances, and fm any one body invei sely as the 
squaie of its distance from the centefi of mass 

It follows from the theorem that the bodies move as though they 
were subject to central forces at the center of mass of the system, 
varying inversely as the square of their respective distances Therefore 
the orbits are conic sections, with a focus of eacli at the cenitr 
mass (Art 62) , and, since the configuration always has the same 
shape, the conic sections are similar The extension to general c omc 
sections when one of the three bodies is infinitesimal is made pi ec isely 
as when the masses are all finite 


XXI PROBLEMS 

1 The Lagrangian solutions may be defined as those in which tlu latios 
of the mutual distances are constants Taking this as the hypothesis, piovo 
that the law of areas holds for each body with respect to either of the other 
two, with respect to the centei of mass of the system, and with respect to 
the center of mass of any two of the bodies 

2 It follows from Problem 1 tbat, since the centci of mass may bo 
supposed to be a fixed point, the lesultant of the forces acting on c ich body 
always passes through this fixed point Prove that the equilatcial tiiangulai 
configuration is the only one for which this is true except when the bodies ho 
in a straight line 

3 Write the conditions that the accelerations to winch the bodies are 
subject shall be directed toward their common center of mass and pi opoi tional 
to their respective distances 

Ans Equations (55) 
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4 Suppose mi=m 2 =m 3 =l, and that the bodies move according to the 
equilateral triangular solution Fmd the radius of the circle in which a 
particle would revolve around one of them m the period m which they revolve 
around their center of mass 

Ans iJ=3-i 

5 Prove that the equilateral triangular circular solutions hold when the 
mutual attractions of the bodies vary as any power of the distance 

6 Prove that when the force vanes inversely as the fifth power one 
solution IS that each of the bodies moves in a circle through their center of 
mass in such a way that the three bodies are always at the vertices of an 
equilateral triangle 

7 Prove that if the three bodies are placed at rest in any one of the 
configurations admittmg circular solutions, they wiU fall to then* center of 
mass m the same time in straight lines 

8 Find the distribution of mass among the three bodies for which the 
time of falling to their center of mass will be the least , the greatest 

9 Prove that if anj four masses are placed at the vertices of a regular 
tetrahedron, the resultant of aU the forces acting on each body pa® 
through the center of mass of the four, and that the magnitudes of the 
accelerations are proportional to the respective distances of the bodies from 
their center of mass 

10 Prove that there are no circular solutions in the Problem of Four 
Bodies in which the bodies do not all move in the same plane 

11 Investigate the stability of the circular and straight line solutions of 
the Problem of Three Bodies when all of the masses are finite 


HISTOEIOAL SKETCH AND BIBLIOGRAPHY 


The first particular solutions of the Problem of Three Bodies were fomd 
by Lagrange m his prize memoir, sur le ProbUme des Trots Corps, which 

was submitted to the Pans Academy in 1772 , {CoU Worh, vol vr, p 229, 
Tisserand’s M<!o Cd vol i , chap vni) The solutions which he found are 
precisely those given in the last part of this chapter ^s method was to 
divide the problem into two parts , (a) the determination of the mutua 
distances of the bodies, (6) having solved (a), the determmation of the plane 
of the tnangle m space and the onentation of the tnangle in the plane He 
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proved that if the part (a) were solved the part (b) could also ho solved 
To solve (a) it was necessary to derive three differential equations involving 
the three mutual distances alone as dependent variables Ho found three 
equations, one of which was of the thud oidei, and the remaining two oi the 
second order each, making the whole problem of the seventh order Hediicmg 
the general problem of thiee bodies by the ten intcgials loaves it of the I'tqhth 
order , hence Lagrange’s anal} sis reduced the problem by one unit lie found 
that he could integrite the differential equations completely by xssuming that 
the ratios of the mutual distinces were constants The demonstration was 
repeated by Laplace in the M4can%que Cdleste^ vol v, p UO Tn VEipontum 
du Sy^thie du Monde he remarked that if the moon h id boon given to the 
earth by Providence to illuminate the night, is some have maintained, the 
end sought has been only imperfectly attained , for, if the moon wen properly 
started in opposition to the sun it would alwiys remain there rcl iti vdy, and 
the whole earth would have either the full moon or the sun ilways in mow 
The demonstration upon which he based his romuk was nude undu the 
assumption that there was no disturbing force If there were disturbing forces 
the configuration would not be preserved unless the solution vcio stable, 
which it IS not, as was proved by Liouville, Journal de Mathc^matupie^ vol vii , 
1845 

A number of memoirs have appeared following more or loss closely along 
the lines marked out by Lagrange Among them may bo mentioned one by 
Hadau in the Bulletin Astronomique^ vol iii , p 113, by Lmdstetlt m the 
Annales de ViJcole JSformale^ 3rd senes, vol i , p 85 , by Allcgret in the Jam md 
de MaMmatiqueSy 1875, p 277 , by Hour m the lournal de Plitok Poh/kih- 
mque^ vol xxwi , and by Mathieu in the Journal de Math^matuiw\ IH76, 
p 345 

Jacobi, without a knowledge of the work of Lagrange, reduced the genei d 
Problem of Three Bodies to the seventh order in CtdleS Join nal^ 1 H p 115, 
{Coll WorJes^ vol IV , p 478) It has neier been reduced fiuthei 

Concerning the solutions of the problem of more than thieo bodies in 
which the ratios of the mutual distances are constants a number of papers 
^ have appealed, among which are one by Lehm inn-Filhes m the Astronommhe 
' Nachrichten, vol cxxvn , p 137, and by P R Moulton m The Tramaitmns of 
the American Mathematical Bocuty^ vol i , p 17 

No new periodic solutions were discovered after those of Lagrange until 
Hill developed his Lunar Theory, The American Journal of Matfamatus, 
vol I These solutions are of immensely greater practical value than those 
of the Lagrangian type It should be stated, however, that they arc not 
strictly periodic solutions of any actual case, because a small part of the 
perturbing action of the sun was neglected 

The next important advance was made by Poincar6 in a memoir m the 
Bulletin Astronomique^ vol i , m which he pioved that when the masses of two 
of the bodies are small compared to that of the third, there are an inhmte 
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number of sets of initial conditions for which the motion is periodic These 
ideas were elaborated and the results extended in a memoir crowned with 
the prize offered by King Oscar of Sweden This memoir appeared in Acta 
Mathematical vol xiir The methods employed by Poincar^ are incomparably 
more profound and powerful than any previously used in Celestial Mechanics, 
and mark an epoch in the development of the science The whole work has 
been recast and extended in many directions, and published in three volumes 
entitled, Lcb M^thodea Nouvelles de la M^camque Cele$te It is written with 
admirable directness and clearness, and is given m sufficient detail to make 
so profound a work as easily read as possible 

A memoir on Periodic Orbits by Darwin appeared in Acta Mathematical 
vol XXI The methods employed were in many respects similar to those 
developed by Hill, and the results are of particular interest as they are all 
illustrated by numerical examples The investigations were in regard to the 
motion of an infinitesimal body m the plane of motion of two finite bodies 
desoribing circles around their center of gravity 

The memoirs mentioned might well be read in the following order That 
of Lagrange (in Tisserand, vol i , chap viii ) and his followers , that of Jacobi , 
Hill’s Researches on the Lunai Thecyry , Darwin’s memoir, and Poincare’s 
Mithodes Nouvelles 



CHAPTER VIII 

PERTUEBATIONS— GEOMETRICAL CONSIDERATIONS 

133 Meaning of Perturbations It was shown in Chapter V 
that if two spherical bodies move under the influenoo of then mutual 
attractions each describes a conic section with respect to their center 
of mass as a focus, and that the path of each body with lespect to the 
other IS a conic The converse theorem is also true , that is, if the 
law of areas holds and if the orbit of one body is a conic with respect 
to the other as a focus, then the force varies inversely as the sipiare of 
the distance If there is a resisting medium, or if either of the bodies 
is oblate, or if there is a third body attracting the two under considera- 
tion, or if there is any force acting upon the bodies other than that of 
the mutual attractions of the two spheres, their orbits will cease to bo 
exact conic sections The diffeiences between the coordinates and the 
components of velocity in the actual orbits and those which Ihe bodies 
would have had if the motion had been undisturbed are the pertur- 
bations It is necessary to include the changes m the components of 
velocity as perturbations, for the paths described depend not only upon 
the relative positions of the bodies and the forces to whit h they are 
subject, but also upon the relative velocities with which they are 
moving 

Several methods of computing perturbations have been devised 
depending upon somewhat different points of view which may be taken 
Of these the two following are the ones most frec][ueiitly used 

134 Variation of Coordinates The simplest conception of 
perturbations is that the coordinates are directly perturbed No 
attempt is made to get the equations of the curve described, but the 
differences between the coordinates m the elliptic theory and the 
corresponding ones m the perturbed orbit are computed by the 
appropriate devices 
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135 Variation of the Elements This method is vanoiisly 
called the Variation of the Elements, the Variation of Parameters, 
and the Variation of the Constants of Integration According to this 
conception, a body is always moving in a conic section, hut in one 
which changes at each instant The variable conic is tangent to the 
actual orbit at every point of it, and further, if the body moved 
continually in any one of the tangent conics it would have the same 
velocity at the point of tangency which it has m the actual orbit at 
that point This conic is said to osculate with the actual orbit at the 
point of contact* The perturbations are the difterences between the 
elements of the orbit on the start, and those of the osculating conic at 
any time An obvious advantage of this method is that the elements 
change very slowly, since m the cases which actually arise the perturb- 
ing forces are small 

This conception of perturbations arises q.nite naturally in considermg 
the factors which determine the elements of an orbit It was shown 
in Chapter V that the initial positions of the two bodies and the 
directions of projection determine the plane of the orbit , that the initial 
positions and the velocities of projection determine the length of the 
major axis , and that the initial conditions, including the direction of 
projection and the velocities, determine the eccentricity and the hne of 
the apsides 



Fig 34 

It was shown m Art 89 that the major semi a^s is given by the 


very simple e(iuation 

( 1 ) 
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wheie is the square of the velocity fioixi infinity, and is the 
square of the velocity of projection Suppose the body m is projected 
from Po fte direction with the velocity Suppose there are 
no forces acting upon it except the attraction of S , then, in accordance 
with what has been said above, it follows that it will move in a conic 
section whose elements are uniquely deteimined Suppose that when 
it arrives at Pi it becomes subject to an instantaneous impulse of 
intensity Pi in the diiection PiQi, this position and the new velocity 
and direction of motion will determine a new conic Ci in which the 
body will move until it is again disturbed by some external force 
Suppose it becomes subject to the impulse P ft when it irrives at P , 
it will move in the new conic ft This may be supposed to continue 
indefinitely The body will be moving in conic sections winch change 
at different intervals Suppose the instantaneous impulses become 
very small, and that the inteivals of time between them become slioiter 
and shorter The character of the motion will remain the same At 
the limit the impulses become a continually disturbing force, and the 
orbit a conic section which continually changes ^ hence the reasonable- 
ness of the conception 

136 Derivation of the Elements from a Graphical 
Construction Suppose the major semi-axis has been computed 

(1) ^ will be shown how the remaining elements may be found 
by th(^ aid of very simple geometneal constructions The initial 
positions of S and and the direction of projection of m, deteiinino 
the position of the plane of the orbit, and therefore 9, and ? 



Suppose mis at tte point P at the ongin of tune, and that it is 
projected in the direction PQ with the velocity V Sf is at one of the 
toci it IS known from the properties of conic sections that the lines 
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from P to the two foci make equal angles with the tangent PQ Draw 
the line PR making the same angle with the tangent that 8 P makes 
Let Vi represent the distance from 8 to P, and the distance from P 
to the second focus Therefore , or, r 2 = 2 a — ri, which 

dehnes the position of 8 -, Call the mid-pomt of 88 ^, 0, then. 

0 =r Suppose 8 ^ 1 % the line of nodes, then the angle = 

and TT « CO + g 3 

The only element remaining to be found is the time of penhelion- 
passage The angle B 8 P^ counted in the direction of motion, is v 
The eccentric anomaly is given by the equation (Art 98) 

(2) tati| = yj^tan| 

After E has been found the time of perihelion passage, T, is defined by 
the equation (Art 93) 

(3) n{t-T) = E -e^mE 

137 Resolution of the Disturbing Force Whatever be the 
source of the disturbing force it will be convement, in order to find 
its effects upon the elements, to resolve it into three rectangular 
components It is possible to do this m several ways, each having 
advantages for particular purposes The one will be adopted here 
which leads most simply to the determination of the manner m which 
the elements vary when the body under consideration is subject to any 
disturbing force It would be possible without much difficulty to 
derive from geometrical considerations the expressions for the rates of 
change of the elements for any disturbing forces, but the object of this 
chapter is to explain the nature and causes of perturbations of various 
sorts, and the attention will not be divided by unnecessary digressions 
on methods of computation This part falls naturally to the methods 
of analysis, which will be given in the next chapter 

The disturbing force will be resolved into three rectangular 
components {fl) the orthogonal compoiimf^^ 8 , which is per- 
pendicular to the plane of the orbit, and which will be taken positive 
when directed toward the plane of the ecliptic , (b) the tangential 
component, T, which is in the line of the tangent, and which wiU be 
taken positive when it acts in the direction of motion, and (c) the 
normal component, N, which is perpendicular to the tangent, and 

* A. designation due to Sir John Hersohel, Outlines of Astronomy, p 420 
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winch will be taken positive when directed to the interior of the 
ellipse 

The instantaneous effects of these components upon the various 
elements will be discussed separately , and, unless it is otherwise 
stated, it always must be understood that the lesults lefer to the way 
in which the elements are changing at given instants, and not to the 
cumulative effects of the disturbing forces Although the effects of 
the diderent components are considered separately, yet vhen two or 
more act simultaneously it is sometimes necessary to estimate some- 
what carefully the magnitude of their separate pertuibations, in oidei 
to determine the character of their joint effects 

138 Disturbing Effects of the Orthogonal Component 

In order to fix the ideas and abbreviate the language it will be 
supposed that the disturbed body is the moon moving around the 
earth The perturbations arising from the disturbing action of the 
sun are very great and present many features of exceptional interest 
Besides, this is the case which Newton treated by methods essentially 
the same as those employed here* The character of the pertuibations 
arising from positive components alone will be investigated, in eveiy 
case negative components change the elements in the opposite way 

It IS at once evident that the orthogonal component will not change 
a, 0 ), r, and if cu is counted from a fixed line m the plane of the oibit 
But the CD in ordinary use is counted from the ascending node of the 
orbit , hence if the negative of the rate of increase of S3 be multiplied 
by cos % the lesult will be the rate of increase of cd due to the change in 
the origin from which it is reckoned Consequently it is sulticient to 
consider the changes in S3 and i when discussing the pertuibations due 
to the orthogonal component 
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Let AB be in the plane of the echptic, Po Qo m the plane of the 
undisturbed orbit, and S3 o and the cosrrespondmg node and inclination 

* Pnncipia, Book i , Section 11, and Book iii , Props xxii— xxxv 
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Suppose there is an instantaneous impulse Po 8^ when the moon is at 
Po It will then move in the direction Pa Pi, and the new node and 
inclination will be S3i and h It is evident at once that »!>%, 
ffii < S 3 o Suppose a new instantaneous impulse Pi /Si acts when the 
moon amves at Pi The new node and inclination are £83 and *3, and 
it IS evident that i3<4i>*(i, G3<S2i<S(i PoGi = 8i-Pi) and 
Po 80 =Pi8i, then, for small disturbances, lo = is The total result is to 
cause the node to regress and the inclmation to remain unchanged 

From the corresponding hgure for the descending node it is seen 
that a positive 8 will produce the same result as at the ascending node 
Therefore, if the m thogoml component is positive and symmetrical with 
respect to the ecliptic dwnng the whole revolution, the nodes will regress, 
hut at an irregular rate, and the inclination, whiU varying ineguhrly, 
will i etahe its original value 

139 Effects of the Tangential Component upon the 
Major Axis Instead of deriving all the conclusions directly from 
geometrical constructions, it will be better to make use of some of the 
simple equations which have been found in Chapter V If it were 
desired the theorems contained in these equations might be derived 
horn geometrical considerations, as was done by Newton in the 
Principia, but this would involve considerable labor and would 
add nothing to the understanding of the subject 

The major semi-axis is given in terms of the imtial distance and 
the initial velocity by the eq[\iation 

111 an elliptic orbit a is positive , hence, since a positive T increases V\ 
a positive T increases the majoi semi-axes when the moon is in any pcvrt 
of Its orbit It also follows from this equation that a given Pis most 
effective in changing a whenF* has its largest value, or when the moon 
IS at the perigee 

140 Effects of the Tangential Component upon the Lme 
of Apsides The tangential component increases or decreases the 
speed, but does not change the direction of motion The “cus P 
IS of course not changed, r^ is unchanged, and, according to the 
results of the last article, a is increased Since r^ = 2a - n while the 
direction of r^ remains the same it follows that the focus Pi wiU e 
thrown down to Pi The line of apsides wdl be rotated forward from 

15— a 
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AB to A'B' Hence it is easily seen that a positive tangenUal com- 
ponent will cause the line of apsides to lotate foiwaid dwing the first 
half revolution, and haohwai d during the second half 

The instantaneous effects are the same for points winch are 
symmetrical with respect to the major axis When the moon is 
at ^ or i the whole displacement of the second focus is perpendiculai 
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to the line of apsides, and at these points the rate of lotation of the 
apsides is a maximum for a given change in the major axis But the 
major axis is changed most when the moon is at perigee, therefore the 
place at which the line of the apsides will rotate most rapidly will be 
near K and L and between these points and the perigee The rate of 
rotation of the line of apsides becomes zero when the moon is at peiigee 
and apogee 


141 Effects of the Tangential Component upon the 
Eccentricity The eccentricity is given by the equation ^ 
(Fig 37) When the moon IS at the perigee and 2a arc inci cased 


by the same amount Since EE-^ is less than 2a the eccentricity is 
increased at this point When the moon is at apogee 2a is inci eased 
while EEi IS decreased equally, hence the eccentricity is decreased 
Consequently there is some place between perigee and apogee 'wheie 
the eccentricity is not changed, and it is easy to show that this place is 
at the end of the minor axis Let 2Ac} represent the instantaneous 
increase m 2a when the moon is at O' or i) Then will be increased 
by the quantity 2Aa, and EE^ by i^E If 6 is the angle CEiE, 

„ EE^ 2ae , 

^ "" 2a cos 0 Aa Thei e- 


fore 


+ AE _ 2ae + 2« Aa 
2a + 2Aa 2a + 2Aa ^ ’ 
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or, the eccentricity is unchanged by the tangential component when 
the moon is at an end of the minor axis of its orbit 

The changes in the time of perihelion passage depend upon the 
changes in the penod and the direction of the major axis Since the 
period depends upon the major axis alone, whose changes have been 



Fig 38 


discussed, the foundations for an investigation of the changes in the 
time of perihelion passage have been laid , but further inquiry into 
this subject -will be omitted as the results would have no applications 
in the ■work of this chapter 


142 Effects of the Normal Component upon the Maaor 
Axis It follows from (1) that the major axis depends upon the 
speed at a given point and not upon the direction of motion Since 
the normal component acts at right angles to the tangen^ it not 
change the speed and, therefore, leaves the major axis unchanged 


143 Effects of the Normal Component upon the Lme of 
Apsides Consider the effect of an instantaneous normal component 
when the moon is at P Let PT represent the tangent to the orbit 
The effect of the normal component wiU be to chanp it to r i 
Since the radii to the two foci make equal angles with the 

not affect the length of the mejor ans, r, and r, 5? 
length Consequently, when the moon ts m the regrm LAE a po^ 
v«U rotat. th i.™ 

„ „ * tagm KSL, baOm^d At fc ^1, Z a 
component does not change the direction of the line of apside 
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In the applications to the perturbations of the moon it will be 
necessary to determine the relative effectiveness of a given normal 
force m changing the line of apsides when the moon is at the two 
positions A and B When the moon is at either of these two points 
the second focus Ei is displaced along the line KL The effectiveness 



of a force in changing the direction of motion of a body is inversely 
proportional to the speed with which it moves , but the velocities 
at A and B are inversely proportional to their distances from £J 
Let Ea and Eb represent the effectiveness of a given foice in changing 
the direction of motion at A and B respectively, and let Va and Vb 
represent the velocities at the same points Then 

Ba Eb = Vb = — e) a{l + e) 

The rotation of the line of apsides is directly proportional to the 
displacement of E^ along the line KL The displacements along KL 
are directly proportional to the products of the lengths of the radii 
from A and B to Ei and the angles thiough which they are rotated 
But the angles are proportional to Ea and Eb, and the lengths of the 
radii to El to a{\ + e) and a {I -e) Therefore, letting Ba and Rb 
represent the rotation of the line of apsides at the two points, it follows 
that 

Ra RB^EAa{\^e) EBa{\-e)-=^\ 1 , 

or, equal instantaneous normal foices produce equals but oppositely 
directed, notations of the line of apsides when the moon is at apogee 
and at peiigee 

Suppose the forces act continuously over small arcs Since the 
linear velocities are inversely as the radii, the effectiveness, in changing 
the direction of the line of apsides, of a constant force acting through a 
small arc at A is to that of an equal force acting through an equal aio 
at B as a{l-e) IS to a{l + e) In practice the disturbing forces are 
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not instantaneous but act continuously, their magnitudes depending 
upon th.e positions of the bodies, consequently, unless the normal 
component is smaller at apogee than at perigee the average rotation of 
the line of apsides due to a normal component always having the same 
sign 18 in the direction of the rotation when the moon is at apogee 

144 Effects of the Normal Component upon the Eccen- 
tnoity If 2a represents the major axis, the eccentricity is given by 


e = 


2a 


After the action of the normal component the eccentricity is 

EBK 


6 - 


2a ’ 


the maj or axis being unchanged It is easily seen from the hgure tnat 
a posttwe normal force decreases the eccentnaty dwnng the first Ulf 
remluttm and increases it dm ing the second half, EEi being less than 
EEx m the first case and greater in the second The mstantaneous 
change in the eccentricity vanishes when the moon is at J. or 5 

146 Table of Results The vanous results obtamed wJl be of 
constant use in the applications which follow, and they wiU be most 
convenient when condensed into a table The results are given for 
only positive values of the disturbing components, for negative 
components they are the opposite in every case 



The orihogoniJ compOBMit, S, » peat.™ when ixeoted to,«d ihe 

“'‘C tengentol component, T. m pomtae when dneoted m the 

"n:lr!lp.n«t, d., m pomhwe when dme^ed » mteno. 
of the elhpse 
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Component 


T 

N 

Node 

Always letrogrades 

0 

0 

Inchnation 

Increases before node 
passage , decreases 
after node passage 

0 

0 

Major Axis 

0 

Always increases 

0 

Line of Apsides 

0 

In interval A CB, 
forward , 

In interval BDA, 
backward 

In interval LAK, 
forw^ard , 

In inteival RBL, 
backward 

Eccentncitv 

0 

In interval DAG, 
increases , 

In interval GBD, 
decreases 

In inteival AGB, 
decreases , 

In intervdi?Z)A, 
increases 


146 Disturbing Effects of a Resisting Medium The 
simplest disturbance of the elliptic motion is that arising from a 
resisting medium The only disturbing force is a negative tangential 
component, which has the same magnitude for points symmetrically 
situated with respect to the majoi axis Therefore, it is seen from the 
table that (1) $3 and ^ aie unchanged, (2) a is continually deci eased , 
(a) the hue of apsides undergoes periodic variations, rotating backward 
during the first half revolution, and rotating forward eq^iially during the 
second half, (4) the eccentricity decreases while the body moves 
through the interval DA C, and increases during the remainder of the 
revolution It takes the body longer to move through the arc GB D 
than through DAG, but, on the othei hand, if the resistance depends 
on a high power of the velocity, the change will be much greater at 
pengee than at apogee, and the whole effect in a revolution will be a 
decrease in the eccentricity 

147 Perturbations Arising from Oblateness of the Central 
Body Consider the case of a satellite revolving around an oblate 
planet in the plane of its equator It was shown in Art 82 that the 
attraction under these ciicumstances is always greater than that of a 
concentric sphere of equal mass, but that the two attractions approach 
equality as the satellite recedes The excess of the attraction of the 
spheroid over that of an equal sphere will be considered as being the 
disturbing force, which, it will be observed, acts in the line of the radius 
vector and is always directed toward the planet Therefore the normal 
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component is always positave, and is equal m value at points which 
aie symmetncaJly situated with respect to the major axis If the 
eccentncity of the orbit is not large the tangential component is 
relatively small, bemg negative m the interval A.OJS, and positive in 
BDA 


(a) Effect v/pon the peiiad This is most easily seen when the 
orbit IS a circle The attraction will be constant and greater than it 
would be if the planet were a sphere This is equivalent to increasing 
Ji», the acceleration at unit distance , therefore it is seen from the 
equation 


A; + Wia 


that for a given orbit the penod will be shorter, and for a given penod 
the distance greater, than it would be if the planet were a sphere 

(b) Effects upon the elements Refemng to the table it is seen 
that (1) Q and i are unchanged , (2) a decreases and increases equally 
in a revolution , (S) the Ime of apsides rotates forward during a httle 
more than half a revolution, and that while the disturbing force is of 
greatest mtensity, and (4) the eccentricity is changed equally in 
opposite directions in a whole revolution That is, S and i are 
absolutely mclumged, a and e undergo peniodm vwimtum whieh 
complete theii p&wd %n a teoolidim, and the Ime of apsides oscillates, 
hut ch&oances on the whole 

The effects will be the greater the more oblate the planet and the 
nearer the satellite The oblateness of the earth is so small that it has 
very httle effect in rotating the moon’s hue of apsides The most 
striking example of peiturbations of this sort in the solar system is in 
the orhit of the Fifth Satellite of Jupiter This planet is so oblate and 
the sateUite’s orbit is so small that its hue of apsides progresses 900 
m a year 
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1 A body subject to no foices moves m a straight lino with uniform 
speed The elements of this orbit are the constants which define the position 
of the line, mz the speed, the direction of motion in the line, and the position 
of the bod} at the time T Show that they may be expressed in terms of six 
independent constants, and that it is permissible in the problem of two 
bodies to regard one body as always moving with respect to the other m a 
straight line whose position continually changes Find the expression of 
these hue elements in terms of the time in the case of elliptic motion 

2 Show from general considerations that the methods of the variation 
of coordinates and the variation of parameters are essentially the same, 
differing only in the variables used in defining the coordinates and velocities 
of the bodies 

Z Suppose the sun moves through space in the line A, orthogonal to the 
plane n Take n as the fundamental plane of reference Let the point 
where the planet passes through the plane XI in the direction of the 
motion of the sun be the ascending node, and, beginning at this point divide 
the orbit into quadrants with respect to the sun as center Suppose the 
ether and scattered meteoric matter slightly retaid the sun and the planets, 
but neglect the retardation arising from the motion of the planets in thoir 
orbits around the sim 

(а) If the resistance is proportional to the masses of the respective 
bodies, show that the nodes and inclinations of their orbits are unchanged 

(б) Let (T and R represent the density and radius of the sun, and 
and R^ the corresponding quantities for the planet Then, if the resistance 
is proportional to the surfaces of the respective bodies, show that with 
respect to the plane n the inclination and line of nodes undergo the following 
vanations 

(1) If cr^R^<.(TR 


Quadrant 

1 

2 

3 

4 

Inclination 

decreases 

increases 

increases 

decreases 

Line of nodes 

regresses 

regresses 

advances 

advances 

Quadrant 

(2) I 

1 

f (TxR^ > a-R 

2 

3 1 4 

Inclination 

increases 

decreases 

decreases 

increases 

Line of nodes 

advances 

advances 

regresses 

regresses 
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(c) If the orbits were circles the various changes in both cases would 
exactly balance each other in a whole revolution How must the lines of 
apsides in the two cases lie with respect to the line of nodes in order that, for 
a few revolutions, (1) the inclination shall decrease the fastest, and (2) the 
line of nodes advance the fastest? 

(<i) Is it possible to make the relation of the line of apsides to the line 
of nodes such that, for a few revolutions, the mchnation shall decrease and 
the line of nodes advance? 

(e) If the line of apsides remains fixed in the plane of the orbit is it 
■jKissible for the line of nodes to rotate indefinitely in one direction ? 

4 Suppose the orbit of a comet passes near Jupiter’s orbit at one of its 
nodes , under what conditions will the inclination of the orbit of the comet 
be decreased? Show that if the major axis remams constant while the 
inclination is decreased the eccentricity is increased (Use Art 122) 

5 What IS the effect of the giadual accretion of meteoric matter by a 
planet upon the major axis of its orbit? 

Ans It IS gradually decreased 

6 Consider two viscous bodies revolving around tbeir oommon center of 
YnaiiH, and rotating in the same direction with periods less than their period of 
revolution They will generate tides in M,oh other which will lag The tidal 
protuberances of each body wiU exeit a positive tangential and a positive 
normal component on the other, these components being greater the nearer 
the bodies are together Moreover, the rotation of each body will retarded 
by the action of the other on its protuberances Suppose the boies are 
initially near each other and that their orbits are shghtly elliptic , foEow out 
the evolution of ah of the elements of their orbits 
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148 Disturbing Effects of a Third Body This case is much 
more complicated than those heretofore treated, since the disturbing 
force varies in a very complicated fashion In order to find it the 
following lemma must be introduced If two bodies are subject to 
equal parallel accelerations their relatim motions are not changed 
The method of demonstiation is so evident that the proof will be 
omitted 

Suppose the three bodies are B, E, and m Consider S as dis- 
turbing m m its motion around E Pass a plane through the three 
bodies Since the positions of the bodies are known the position of the 


m 



triangle with respect to any system of cooidmates is known Let m8^ 
represent in magnitude and direction the acceleration of S upon m t 
With the same units let NS represent in magnitude and direction the 
acceleration of S upon E (N and N' are at different distances because 
the umts are different in the two cases ) The relation between NS and 
mS is given by the equation 

NS mS=7^ ES , 

whence 

( 5 ) m. 

Now resolve the acceleration mS into two components, so that one 
of them, mGj shall be equal and parallel to NS By the parallelogram 
of accelerations the other will be mN By the lemma mG and NS 
produce no disturbances in the relative motions of m and E , therefore 
mN, the remaining component of attraction on m, is the disturbing 
acceleration The other sides of the triangle mNS, and the angle 
NSm being known, mN can at once be expressed in terms of known 
quantities 

* The ordei of the letters indicates the direction of the vector repreBentmc: 
the force ^ ^ 

t The statements aie true for the letters with the accents, corresponding to 
another anangement of the three bodies as well as for those without 
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149 Perturbations of the Node and Inclination The most 
obvious feature of the disturbing acceleration is that it is always 
directed so that it has a tendency to bring m in a hue with ES If 
the plane of the orbit of 8 (which is now supposed to be undisturbed) 
be taken as the plane of reference, it follows that the orthogonal com- 
ponent IS always directed toward it, or is zero It is zero when m is at 
one of the nodes of its orbit, for then the triangle EmS hes m the 
reference plane , it is also zero when m and E are equally distant from 
8, for then the entire disturbing acceleration is directed toward E, or is 
a radial component 

(a) Since the orthogonal component is always positive (or zero) it 
follows from the results given in the table that the nodes will always 
regress (or remain stationary) upon the plane of the orbit of 8, but at 
an irregular rate 

(fc) The inclination will sometimes increase and sometimes decrease, 
the rate of change depending upon the distance from the node and upon 
the magnitude of the disturbing acceleration, that is, upon the distance 
and direction of m from E and /S In a single revolution the increase 
and the decrease of the inclination will in general not be equal because 
of a lack of symmetry in the conditions , but, if the periods of m and 
S are incommensurable, the inclination will not contmue to change m 
one direction indefinitely After a certain lapse of time the relations 
of the positions of the bodies to the line of nodes wiU be such that the 
inclination will change on the average in the other direction for an 
equal time When the rotation of the hne of nodes is included the 
same result follows, but with a different period 

Therefore, the hne of nodes continually regresses, or %s statwrmy, 
while the inclination undergoes short periodic variations, and arwtlm 
periodic variatwn of very long period which depends upon the perwds 
qf revolution and the rate of motion of the line of nodes 


160 Precession of the Equinoxes Nutation Suppose the 
largest sphere possible is cut out of the earth leaving an equa,tonal mg 
Every particle in this nng may be considered as being a smafr satellite , 
then, from the pnnciples explained above, the attraction of the sun 
exercise a disturbing acceleration upon it in the ^rection of the ecliptic 
and the attraction of the moon a disturbing acceleration in the direction 
of the plane of its orbit The angle between these two planes may be 
neglected for the moment as it is very small compared to the “ 

of the earth’s equator The particles of the nng are fastened toj^ 
solid earth so that it partakes of any disturbance to which they may 
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subject Since their combined mass is veiy small compared to that of 
the spherical body within them, and since the disturbing foices are 
very slight, the changes in the motion of the earth will take place 
very slowly 

From the results of the last article it follows that the nodes of tlie 
orbit ot every particle will have a tendency to regress on the plane of 
the disturbing body They communicate this tendency to tlie whole 
earth so that the plane of the eaith’s equator turns in the retrograde 
direction on the plane of the ecliptic On the other hand, it follows 
from the symmetry of the figure with lespect to the nodes of the orbits 
of the particles of the equatorial ring, that there will be no change in 
the inclination of the plane of the equator to that of the ecliptic or the 
moon’s orbit The mass moved is so great, and the forces acting are so 
small, that this retrograde motion, called p') ecession of the eqiunocteb^ 
amounts to only about 50" 2 annually , or, the plane of the earth’s 
equator makes a revolution in about 26,000 yeais 

Since the moon is so near to the earth compared to the sun, the 
orthogonal component arising from its attraction is greater than that 
coming from the sun’s attraction The mam i egression is, therefore, 
on the moon’s orbit which is inclined to the ecliptic about 5° 7' Since 
the hne of the moon’s nodes makes a i evolution in about 19 yeais, the 
plane with respect to which the equator regresses performs a revolution 
in the same time This produces a slight nodding in the motion of the 
pole of the equator around the pole of the ecliptic, and is called nutation 

151 Resolution of the Disturbing Acceleration in the 
Plane of Motion An idea of the effects of the tangential and 
normal components can be most readily obtained by supposing that 
the mutual inclmation of the two orbits is zero The method is the 
same in its general features in all cases , but, as the pertuibations of 
the motion of the moon by the sun furnish some of the most interesting 
theorems in Celestial Mechanics, the tieatment given here will be applied 
to the Lunar Theory in particular 

Let E represent the earth, 8 the sun, and m the moon Let mS 
represent in magnitude and direction the acceleration of the sun upon 
the moon^ Let N8 represent in the same units the acceleration of 8 
upon the earth It is given by the equation (Art 148) 



Then mN is the disturbing acceleration in magnitude and diiection 

* The statements are all true for the letters with accents which represent a 
different arrangement of the bodies, as well as for those without 
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The point iV can be found approximately in a very simple manner 
in the Lunar Theory because of the great relative distance of the sun 
Let JEm = r, £IS=Jt, m8=p, and EII=h Then it follows from 
Fig 42 and equation (5) that 

( 6 ) EN=E8-N8=R-^=-j^ 

J 



Since the angle m8E is always very small (less than 9 ) J? - 
approximately Therefore (6) becomes 


(7) 




h IB very small compared to p (less than of p), and all the terms m 
which it occurs except that of lowest degree may be neglected There- 
fore (7) becomes with close approximation 


( 8 ) 



= 3A 


From this it follows that the disturbing acceleration may be found 
approximately by taking the point N on the line passing through the 
sun and the earth such that its distance from the earth is three times 
the projection of the moon’s radius vector from the earth on this hne , 
then the line joining the moon and N will represent in magnitude and 
direction the disturbing acceleration The units are different ^en t e 
moon is in different parts of her orbit, but the sun is so far from e 
earth relatively that this error generally need not be considered in 


purely qualitative work 

When the moou is in conjunction with, or opposition to, the sun, 
the disturbing acceleration is, neglecting the eccentncity of the moons 
orbit, all normal and negative , while at the pomts J, which are very 
nearly in exact quadrature, the disturbing acceleration is all normal 
and positive Moreover, it is twice as great in the former case as m 
the latter At some point between these pomts the normal componen 
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IS zero and the disturbing acceleration is all tangential This occurs, 
when the angle EmN equals 90*" At this point 

h mH—vriH HN-mH , 
whence mlf' — 2A^, 

and 

(9) 

Therefore 

(10) angle 54 44' 

The Yariations in sign of the normal and tangential components- 
are indicated in the following figures 


, riTT Jih /- 


Normal Component Tangential Component 




Fig 43 Fig 44 

According to equation (8) the disturbing accelerations at points on 
the bide of the orbit in opposition to the sun are apparently e(iual to 
those at the corresponding points on the side toward the sun ^ but they 
aie actually somewhat smaller since for these points the units aie 
different, a longer line representing a smaller acceleration 

152 Perturbations of the Major Axis If the perigee weie 
at Ml or Mq the 7"-component, which alone changes a, would be equal 
and of opposite sign at points symmetrically situated with respect to 
the major axis In this case a would be unchanged at the end of a 
complete revolution But this condition of affairs is only realized 
instantaneously, for the disturbing body S is moving in its oibit , 
yet, in a very large number of revolutions, when the periods aie 
incommensurable, an equal number of equal positive and negative 
T-components will have exerted a disturbing influence The result 
wih be that in the long run a is unchanged, although it undeigoes 
periodic variations 
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153 Perturbation of the Period The normal component is 
not only negative more than half a revolution, but the negative values 
are greater numerically than the positive ones One effect of the 
whole result is equivalent to a diminution, on the average, of the 
attraction of for m, that is, to a diminution of the acceleration 
at unit distance The relation of the period to the intensity of the 
attraction and the major axis is (Art 89) 


k JjE+m 

Hence, for a given distance, P is increased if A is decreased. In 
this manner the sun’s disturbing effect upon the orbit of the moon 
increases the length of the month by more than an hour (Compare 
Art 147 (a) ) 

164 The Annual Equation The orbit of the earth being an 
ellipse the distance of the sun undergoes considerable variations The 
farther the sun is from the earth the feebler are its disturbing effects, 
and in particular, the power of lengthening the month considered in 
the last article Therefore, as the earth moves from perihelion to 
aphelion the disturbance which increases the length of the month will 
become less and less , that is, the length of the month will become 
shorter, or the moon’s angular motion wiU be accelerated While the 
earth is moving from aphelion to perihelion the moon’s motion wiU, 
for the opposite reason, be retarded This is the Annual Equation 
amounting to a little more than 11', and was discovered from observa^ 
tions by Tycho Brahe about 1590 

166 The Secular Acceleration of the Moon’s Mean 
Motion In the early part of the 18th century HaUey found from 
a companson of ancient and modern eclipses that the mean motion of 
the moon is gradually increasing Nearly 100 years later (1787) 
Laplace gave the explanation of it, showing that it is caused by the 
gradual average decrease of the eccentricity of the earth’s orbit, which 
has been going on for many thousands of years, and which will continue 
for a long time yet before it begins to increase 

One effect of a change in the eccentricity of the earth’s orbit is to 
change the average disturbing power of the sun on the orbit of the 
moon , it will now be shown that if the eccentricity decreases, the 
average disturbing power decreases 

The disturbing effect of the sun upon the motion of the moon is 

16 


MOM 
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tlie difference of its acceleration upon the earth and moon When 
the three bodies are in a line the disturbing component is 

Since r is very small compared to R, this is very approximately 


( 12 ) 


R^ 


It follows from Fig 42 and equation (5) that the disturbing accelera- 
tion 111 all paits of the orbit of the moon depends upon the distance of 
the sun from the earth in nearly the same way , therefore, the dis- 
turbing effect of the sun upon the moon varies nearly as the inverse 
third power of the distance of the sun from the earth 


The average for a whole revolution of the earth is 


(13) 

Jr JO 

R^dB 

From the law of areas dt= , hence equation (13) becomes 

f-iA\ 75 _ dO __ APSr f”" (l-b e cos 6) dd iJc^Srnr 

^ ^ Ph Jo R~ Pk Jo " Pha(l-e^) 

But it IS known that [Chap V , equations (22) and (27)] 


R^ 


h = k \lil + m) a (1 ~ 


therefore 

(15) 


P = 




hJl- 


m 


^ _ 2k So 




As e decreases D decreases , therefore, as the eccentricity of the earth’s 
orbit decreases, the efficiency of the sun m decreasing the attraction of 
the earth for the moon gradually decreases, and the mean motion of 
the moon increases correspondingly The changes are so small that 
the alteration in the orbit is almost inappreciable, but in the course 
of centuries the longitude of the moon is sensibly increased The 
theoretical amount of the acceleration is about 6"' in a century The 
amount derived from a discussion of eclipses varies from 8" to 12'' It 
has been suggested that tidal retardation, lengthening the day, has 
caused the unexplained part of the apparent change, but the subject 
seems to be open yet to some question 
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The very long periodic variations m the eccentricity of the earth’s 
orbit, whose effects upon the motion of the moon have just been 
considered, are due to the perturbations of the other planets Although 
their masses are so '^mall and they are so remote that their direct 
perturbations of the moon’s motion are almost insensible, yet they 
cause this and other important variations indirectly through their 
disturbances of the orbit of the earth This example of indirect action 
illustrates the great intricacy of the problem of the motions of the 
bodies of the solar system, and shows that methods of the greatest 
rehneinent must be employed in deriving satisfactory numerical 
results 

166 The Variation There is another important perturbation 
in the motion of the moon which does not depend upon the eccentricity 
of its orbit It was discovered by Tycho Brahe, from observation, 
about 1590 Newton explained the cause of it m the Piincipia by a 
direct and elegant method which elicited the praise of Laplace 

It can be explained most readily by supposing that the undisturbed 
motion of the moon is in a circle As has been shown, the normal 
component of the sun’s disturbing acceleration is negative in the 


Normal Component 
m« 



Fig 45 

intervals and with maximum values at and wig 

Suppose the undisturbed motion at wh is in a circle , that is, that the 
acceleration due to the attraction of the earth exactly balances the 
centrifugal* acceleration There is no tangential component at this 
point but a large negative normal component The result is that the 
force which tends toward E is diminished and the orbit is less curved 
at this point than the circle Therefore the moon will recede to a 
greater distance from the earth in quadrature than in the circular 
orbit At the point the tangential component is zero, the force 
which tends toward E is increased, and the curvature is greater than 
in the circle The conditions vary continuously from those at wii to 

16—2 
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those at m3 in the interval m^mz The corresponding changes in the 
remainder of the orbit are evident The whole result is that the orbit 
is lengthened m the direction perpendicular to the line from the earth 
to the sun If the sun be assumed to be so far distant that its 
disturbing effects m the interval mzm^mn are equal to those in the 
interval the orbit, under proper initial conditions, is sym- 

metrical with respect to as a center, and closely resembles an ellipse 
in form This change of form of the orbit, and the auxiliary changes 
in the rate at which the radius vector sweeps over areas, give rise to an 
inequality in longitude between the mean position and the true 
position of the moon which amounts at times to about 35 , and is 
called the mriation 

This perturbation has an mteiesting and important connection 
with the modern methods in the Lunar Theory, which were founded 
by G W Hill in his celebrated memoirs in the first volume of the 
AMeHCdn Journal of Mathefnatic% and in the Acta Mathefuatua, 
vol VIII A complete account of this method is given in Brown’s 
Lunai Thmy in the chapter entitled, Alethod with Rectanqular 
Coordinates Hill neglected the solar parallax , that is, he assumed 
that the disturbing force is equal in corresponding points in conjunction 
with, and opposition to, the sun Instead of taking an ellipse as a first 
approximation, he took as an intermediate orbit that mriation al oibit 
which is closed with respect to axes rotating with the mean angular 
velocity of the sun, with a synodic period equal to the synodic period 
of the moon The conception is not only one of gieat value, but the 
analysis was made by Hill with rare ingenuity and elegance 

157 The Parallactic Inequality Since the sun is only a 
finite distance from the earth, its disturbing effects will not be exactly 
the same in points symmetrically situated with respect to the line 
rrizm^, but will be greater on the side This introduces a 

distortion in the variational orbit, which leads to an inequality of 
about 2' 7" m the longitude of the moon compared to the theoretical 
position in the variational orbit Since it is due to the parallax of the 
sun it has been called the parallactic inequality Laplace lemarkcd 
that, when it has been determined with very great accuiacy from a 
long series of observations, it will furnish a satisfactory method of 
obtaining the distance of the sun The chief practical difficulty is 
that the troublesome problem of fi.nding the relative masses of the 
earth and moon must be solved before the method can be applied^ 


See Broun s Lunar Theory p 127 



158] MOTION OF LINE 01 APSIDES ^*0 

158 The Motion of the Line of Apsides Oa account of the 
more complicated maaaer in which the different components affect the 
motion of the Ime of apsides, the perturbations of this element present 
greater difficulties than those heretofore considered Suppose first 
that the line of apsides coincides with the line ^S, and that the 
pengee is at twi The normal component at tHi is negative, and will, 
therefore (table, p 232), produce a retrogression of the line of apsides 
It was shown in Art 143 that the effectiveness of a normal component 
acting while the moon describes a short arc at apogee is to that of an 
equal normal component acting while an equal arc is described at 
pengee as a (1 + e) is to a (1 - e) Moreover, equation (12) shows that 
the total disturbing acceleration, and consequently the normal com- 
ponent, vanes directly as the distance of the moon from the earth 
Therefore the normal component is greater at apogee, and is more 
eflective in proportion to its magmtude than the corresponding ac- 
celeration at pengee The normal component is positive, though 
comparatively small, in the intervals Trumim^ and These 

mtervals are almost equally divided by AT and L (Fig 39) , therefore 
It follows from the table that the total effect in these intervals is very 
small Hence the result in a whole revolution is to rotate the line of 
apsides forward through a large angle Similar reasomng leads to 
precisely the same results when the perigee is at nh 

The tangential component is equal in numencal value and opposite 
in sign on opposite sides of the major axis, and it follows from the 
table that it will not produce directly any permanent change in the 
position of the hne of apsides for this configuration 

Suppose now that the hne of apsides is perpendicular to the line 
E8 It 18 immaterial in this discussion at which end of the line the 
pengee is, but, to fix the ideas, it will be taken at jmj The norma 
component is positive in the interval and, according to the 

table, rotates the line of apsides forward It is also positave in the 
interval m.mm and rotates the hne of apsides backward In the 
latter case the disturbing acceleration is greater, and more eftective 
for Its magnitude, so that the whole result is a retrogression Ihe 
intervals and m which the normal components are 

negative, are divided nearly equally by A and Z", hence it is seen 
from the table that their results almost exactly balance each other in 
a whole revolution 

The tangential component is positive in the interval and 

negative in From the table it is seen that a positive T in the 
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interval will cause the line of apsides to rotate forward, and a 

negative, backward Since the sign of T is opposite in the two neaily 
equal paits of the interval the whole result upon the line of apsides 
will be very small The result is the same in the half revolution 


Tangential Component 



Fig 46 


mjmxmi Thus it is seen that the combined effects of the normal and 
tangential components in a whole revolution is to rotate the line of 
apsides hachward when it is orthogonal to the line fiom the eaith to 
the sun 

It was found that the line of apsides rotates forward when it 
coincides with the line from the earth to the sun The next question 
of importance is whether the progiession or the retrogiession is the 
greater It is noticed that the total changes arising from the action 
of the tangential components are the differences of nearly eiiual 
tendencies, and therefore small The same may be said of the normal 
components which act in the vicinity of the ends of the minor axis of 
the ellipse Moreover, in the two positions considered they act in 
opposite directions so that their whole result is still smaller The 
most important changes arise from the normal components which act 
in the vicinity of the ends of the major axis In the first case, in 
which the line of apsides progresses, they are about twice as great as 
in the second, in which the line of apsides regresses Therefore, the 
whole change for the two positions of the line of apsides is a pro- 
gression The results for the positions near the two considered will be 
similar, but less in amount up to some intermediate points, where the 
rotation of the line of apsides in a whole revolution of the moon will 
be zero From the way m which the tangential components change 
sign (see Fig 46) it is evident that these points will be nearei to ^3 
and m, than to and , therefore tU average results for all pomble 
positioiis IS an advance %n the line of apsides 
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169 Secondary Effects The results thus far hsTe been de- 
nved as though the sun were stationary It moTes, however, in the 
same direction as the moon It has been shown that when the moon 
18 near apogee and the sun near the line of apsides, the apsides 
advance This advance tends to preserve the relation of the orbit 
with reference to the position of the sun, and the advance of the 
apsides is prolonged and greatly increased On the other hand, when 
the moon is at pengee and the sun near the hne of apsides the line of 
apsides moves backward, the sun moving one way and the hne of 
apsides the other, this particular relation of the sun and the moon s 
orbit IS quickly destroyed, and the retrogression is less than it would 
have been if the sun had remained stationary In a similar manner, 
for every relative position of the line of apsides, the progression is 
increased and the retrogression is decreased 


There is another important secondary effect which depends upon 
the tangential component and is independent of the motion of the sun 
As an example, take the case in which the hne of apsides passes 
through the sun with the perigee at mii The tangential component 
in is positive, and, according to the table, rotates the hne of 

apsides forward until the moon amves at apogee But, as the hne 
of apsides progresses, the moon will arnve at apogee later, and ^e 
effect of this component will be increased When the “motion of the 
sun is also included this secondly effect becomes ot stdl ^eater 
importance In this manner, perturbation exaggerates perturbation, 
and it 18 clear what astronomers mean when they say that nearly ^ 
the motion of the lunar pengee is due to the square of the disturbing 
force, or that it is obtained in a second approximation 


The theoretical determination of the motion of the moon’s hne of 
apsides has been one of the most troublesome problems of Ce « 
Mechanics , the secondary effects escaped Newton when ^ 
Pnnetpia*, ^nd were not explained to astronomers until Qaimut 
developed his Lunar Theory in 1749 The most 
masterful analysis of the subject yet made is 
a W Hill in the Acta Mathmmtica, vol vin , which, for the terns 
..tbng to bo Xb. !.» ot ^ tbo 

moon’s orbit makes a complete revolution in about H years 


* In the manuscripts 

Portsmouth Collection, having been pu nearly correct numerical results 

Of the motion of the hne of apsifles is given, and nearly correct 

are obtained 
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160 Perturbations of the Eccentricity Suppose the line of 
apsides passes through the sun and that the perigee is at mi From 
the symmetry of the normal components with respect to the line ES 
and the results given in the table, it follo\\s that the increase and the 
decrease in the eccentricity m a complete i evolution, due to this 
component, are exactly equal in this case From the way in which 
the tangential component changes sign, and from the lesults given in 
the table, it follows that the changes in the eccentricity, due to this 
component, also exactly balance Therefore there is no change in the 
eccentricity in a complete revolution of the moon under the conditions 
announced In a similar manner the same results are reached when 
the perigee is at 

Suppose the line of apsides has the direction and that the 
perigee is at As before, neither the normal nor the tangential 
component makes any permanent change in the eccentricity 

Consider the case at which the line of apsides has some inter- 
mediate position, as m^rriQ Suppose the perigee is at Consider 
simultaneously with this the case in which the line of apsides is in a 
position S5Tnmetrically opposite to m with respect to the line , 
that IS, the case in which the line of apsides is in ^4^3 with the 
perigee at ^4 Consider first the effects of the normal component 
While the moon describes the arc in the fiist, the eccentricity 
decreases , while it describes the arc m m4, in the second, the eccen- 
tricity increases equally While the moon describes the arc m4,m^ 111 
the first, the eccentricity increases , while it describes the arc 
in the second, it decreases equally In a similar manner eveiy arc in 
the one may be paired with an arc in the second, so that the sum of 
the perturbations of the eccentricity while the moon is describing them 
IS zero An analogous pairing is possible in the case of the tangential 
component Therefore in the two cases considered together the 
positive and negative changes m the eccentricity exactly neutralize 
each other All the possible positions of the major axis may be paired 
in this way 

The sun does not, however, stand still while the moon makes its 
revolution, and the conditions announced can never be fulfilled Never- 
theless, it IS useful to show how the different configurations, even though 
changing firom instant to instant, may be paired In a very great 
number of revolutions the supplementary configurations will have 
occurred an equal number of times, and the eccentricity will have 
returned to its original value The period required for this cycle of 
change depends in the first place upon the periods of the sun and the 
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moon, in the second place, upon the eccentricity of the sun’s orbit 
(the earth’s orbit) , and lastly upon the manner m which the lines of 
apsides of the sun’s and moon’s orbits rotate There %s, therefore^ no 
jpermanent change in the eccentricity of the momie orhit"^ 

The present system, with abundant Geological and Biological 
evidence of a very long existence for the earth m at least approximately 
its present condition, shows with reasonable certainty that the system 
IS nearly stable, if not quite It is a remarkable fact, though, that those 
two elements, the line of nodes and the line of apsides, which may 
change continually in one direction without threatenmg the stabihty 
of the system do, on the average, respectively retrograde and advance 
forever 


161 The Evection It has just been shown that the eccentricity 
does not change in the long run , yet it undergoes periodic variations 
of considerable magnitude which give nse to the largest lunar perturb- 
ation, known as the ejection At its maximum effect it displaces 
the moon in geocentric longitude through an angle of about 1 J 
compared to its position in the undisturbed elhptic orbit This 
variation was discovered by Hipparchus and was carefully observed 
by Ptolemy 


The perturbations of the elements, and of the eccentricity in 
particular, depend upon two things, the position of the moon in its 
orbit, and the position of the moon with respect to the earth and sun 
Suppose the moon and sun start in conjunction with the perigee at 
Consider the motion throughout one synodic revolution It follows 
from the table and figures 43 and 44 that the eccentncity is not 
changing when the moon is at , that it is decreasing when the moon 
IS at ms, and , that it is not changing when the moon is at , 
that it is increasing when the moon is at mr, and ms, and that it 
ceases to change when the moon has returned to mi again This is true 
only under the hypothesis that the perigee has remained at rrii through- 
out the whole revolution , or, in other words, that the line of apsides 
advances as fast as the sun moves in its orbit Now, the actual case 
IS that the sun moves about 8^ times as fast as the Ime of apsides 
rotates Since the synodic period of the moon is about 29j days 
while the sun moves about one degree daily, the moon wiU be about 2b 
past Its perigee when it arrives at What modification in the 
conclusions does this introduce^ The normal component is positive 


* The corresponding theorems aie 


true regarding the orbits of the planets 
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and, in this part of the orbit, causes an increase in the eccentricity, 
while the tangential makes no change, since it is zero As the moon 
proceeds past the normal component becomes less m numerical value, 
while the tangential component becomes negative and tends to decrease 
the eccentiicity The tendencies of the two components to change the 
eccentricity in opposite directions balance when the moon is at the 
same point between and after which the eccentricity deci eases 
There is a corresponding lag in the point near at which the 
eccentricity ceases to decrease and begins to increase Similar con- 
clusions are reached starting from any other initial configuration 

The results may be summarized thus The perturbations of the 
sun decrease the eccentricity of the moon’s orbit somewhat moie than 
half of a S 3 modical revolution, and then increase it for an equal time 
These changes in the eccentricity cause deviations in the geocentric 
longitude from the ones given by the elliptic theory, which constitute 
the e'cect%on The appropriate methods show that the period of this 
inequality is about 31| days 

162 Gauss’ Method of Computing Secular Variations 

It has been shown in the preceding articles that some of the elements, 
such as the line of nodes and the line of apsides, vary in one diiection 
without limit This change is not at a uniform rate, foi in addition to 
the general variations there are many short period oscillations which 
are of such magnitude that the element frequently varies in the 
opposite direction When the results are put into the symbols of 
analysis the general average advance is represented by a teim propor- 
tional to the time, called the secular variation^ while the deviations 
from this uniform change are represented by a sum of periodic terms 
having various periods and phases Thus it is seen that the secular 
variations are caused by a sort of average of the distuibmg forces when 
the disturbing and disturbed bodies occupy every possible position with 
respect to each other 

There are other elements, such as the inclination and the eccentricity 
which, though periodic in the long run, vary continuously in one 
direction on the average for many thousands of years These changes 
may be regarded as secular variations also, and they likewise result 
from a sort of average of perturbations 

In 1818 Gauss pubhshed a memoir upon the theory of secular 
variations based upon the conceptions outlined above His method has 
been applied especially in the computation of the secular variations of 
the elements of the planetary orbits Instead of considering the motions 
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of the bodies, Gauss supposed that the mass of each planet is spread 
out in an elliptical ring coinciding with its orbit in such a manner that 
the density at each point is inversely as the velocity with which the body 
moves at that point He then* showed how to compute the attraction 
of one ring upon the other, and the rate at which their positions 
and shapes would change These are the secular variations of the 
elements 

The method has been the subject of quite a number of memoirs 
Probably the most useful for practical purposes is by G W Hill m 
vol I of the Asti onom%cal Papers of the American Ephemems and 
Nautical Almanac Hill’s formulas have been applied by Professor 
Eric Doolittle with great success*, the results agreeing very closely 
with those found by Leverrier and Newcomb by entirely different 
methods 

163 The Long Period Inequalities In the theories of the 
mutual perturbations of the planets very large terms of long period 
occur They arise only when the periods of the two bodies considered 
are nearly commensurable, and it is easy to discover their cause from 
geometrical considerations 

Since the most important variation occurs in the mutual perturb- 
ations of Jupiter and Saturn the explanation wiU be adapted to that 
case Five times the period of Jupiter is a little more than twice the 
period of Saturn Suppose that the two planets’are in conjunction at the 



ongin of time on the line 1, After five revolutions of Jupiter and two 
of Saturn they wiU be in conjunction again on a line k "very 
but having a httle greater longitude This continues indefimtely, each 
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conjunction occurring at a little greater longitude than the preceding 
Conjunctions occurring frequently at about the same points in the 
orbits cause very large perturbations, and the Long Period is the tune 
which it takes the point of conjunction to make a complete revolution 
In the case of Jupiter and Saturn it is about 918 yeais This 
inequality, which is the gieatest in the longitudes of the planets 
displacing Jupiter 21' and Saturn 49, long baffled astronomers in 
their attempts to explain it as a necessary consequence of the law 
of gravitation Laplace finally made one of Ins many important 
contributions to Celestial Mechanics by pointing out its true cause, 
and showing that theory and observation agiee 

XXIII PROBLEMS 

1 Prove that the locus of the point at which the attractions of the sun 

and earth are equal is a sphere whose radius is , and whose center is on 

the line joining the sun and earth, at the distance horn the center of 

the earth opposite to the sun, where B and jS'ieiDrcsent the mass of the sun 
and earth respectively, and R the distance from the sun to the earth 

If iS= 93,000,000 miles, and ^,=330,000, then 

R>J^ 

=161550 miles, 

RE 

g_^ =281 miles 

Since the moon’s orbit has a radius of about 240,000 miles, it is always 
attracted more by the sun than by the eaith 

2 The moon may be regarded as revoh mg around the o irth and disturbed 
y the sun, or as revolving around the sun and distuibed by the earth 

Assume that the moon’s orbit is a circle, and find the position at which the 
d^turbing eflfects of the sun will be a maximum , show that the disturbing 
effects due to the earth, regarding the moon as levolving around the sun, are 
a minimum for the same position 

^ distuibmg efiect of tho sun to the least 

disturbing effect of the earth 

Am Let R equal the distance from the sun to the eaith, p the distance 
from the sun to the moon, and , the distance from the earth to the moon, 
then ’ 

C R + p 

R>k E p2 E p3 
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4 Tind the ratio of the sun’s disturbing force at its value to 

the attraction of the sun, and to the attraction of the earth 


Am 


Ds T {R-\-p) 

A, Ji^ 


= 005, 


Ds_Sr\R-{~p) 

M 


= Oil 


6 Suppose a planet disturbs the motion of another planet which is near 
to the sun Find the way in which all the elements of the orbit of the inner 
planet are changed for all relative positions of the bodies in their orbits 

6 Show that, if the rates of change of the elements are known when the 
planet is in a particular position in its orbit, the intensity and direction of 
the disturbing force can be found Show that, if it is assumed that the 
distance of the disturbing body from the sun is known, its direction and mass 
can be found (This is part of the problem solved by Adams and Levemer 
when they predicted the apparent position of Neptune from the knowledge of 
its perturbations of the motion of Uranus There are troublesome practical 
difficulties which arise on account of the minuteness of the quantities involved 
which do not appear in the simple statement given above ) 


HISTORICAL SKETCH AND BIBLIOGRAPHY 

The first treatment of the Problem of Three Bodies, as -well as of T-wo 
Bodies, was due to Newton It was given m the eleventh section of the 
JPnncipia, and it was said by Airy to be “the most valuable chapter that 
was ever written on physical science ” It contained a somewhat complete 
explanation of the Variation, the Parallactic InecLuality, the Annual Equation, 
the Motion of the Perigee, the Variations in the Eccentricity, the Devolution 
of the Nodes, and the Variations in the Inclination The value of the motion 
of the lunar peiigee found by Newton from theory was only half that giv^ 
by observations In 1872, m certain of Newton’s unpublished manuscnpte, 
known as the Portsmouth Collection, it was found that Newton had punted 
for the entire motion of the perigee by including perturbations of ^e second 
order (See Art 169 ) This work bemg unknown to astronomers, the motion 
of the lunar perigee was not derived from the theory of gravitation until 1749, 
when Clairaut found the true explanation, after being on e pom o 

substituting for Newton’s law of attraction one of the form 

Newton regarded the Lunar Theory as being very ^cult, and he “ ^ ^ 
have told his friend Halley m despair that it “made his head ac e a p 
him awake so often that he would think of it no more 
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Since the days of Newton the methods of analysis have succeeded those 
of Geometry, except in elementary explanations of the causes of different 
sorts of perturbations In the eighteenth century the development of Lunar 
Theory, and of Celestial Mechanics in general, was almost entirely the work 
of five men Euler (1707 — 1 783), a Swiss, boi ii at Basle, living at St Petei sbtii g 
from 1727 to 1747, at Berlin from 1747 to 1766, and xt St Petorsbuig fiom 
1766 to 1783, Clairaut (1713 — 1765), boin at Pans, and spending nearly all 
his life in his native city, D’Alembert (1717— -1783), xlso a native and an 
inhabitant of Pans, Lagiange (1736—1813), born at Turin, Italy, but of 
Erench descent, Professor of Mathematics in a military school in Turin fiom 
1753 to 1766, succeeding Euler at Berlin and spending twenty ye us theie, 
going to Pans and spending the remamdei of his life in the French capital , 
and Laplace (1749—1827), son of a French peasant of Beximiont, m Noun indy, 
Professor m the Ecole Militaire and in the Ecole Normale m Pins, whoio ho 
spent most of his life aftei he was eighteen years of age The only pait of 
their work which will be mentioned here will be that rel itmg to the Lunar 
Theory The account of investigations in the geneial phnetaiy theories 
comes more properly in the next chapter 


There was a general demand for accurate lunar tables m the eighteenth 
century for the use of navigators in determining their positions it sei This, 
together with the fact that the motions of the moon jiresented the best test 
of the Newtonian Theory, induced the English Government and a imnibti of 
scientific societies to offer very subsUntial prizes for lunar tables agieeing 
with observations within certain narrow limits Euler published some latlioi 
mperf^t lunar tables in 1746 In 1747, Clairaut and D’Alembeit piosoiitcd 
to the Pans Academy on the same day memoirs on the Lunar Theory Each 
^ trouble in explaining the motion of the perigee As has been stated, 
^im,ut found the source of the difficulty in 1749, and it was also discov oiod 

1 “u ^ 1***®*- ^'lairaut won the prize offered 

a n. A 1 i";® Academy in 1752 for his TUone de la iMm Both he 

and D Alembert published theories and numeiical tables in 1754 They were 
revised and extended later Euler published a Lunar Theory in 1753, in the 
ap^nto of which the analytical method of the vanation of the elements was 

ES^t r rV (1721-1762), of Gottingen, compared 

Elders tables with observations and corrected them so successfully that ho 

S 1772 lirnl^ f r " Goveinmerit 


otion He also proposed to determme the distance of the sun from the 
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Dantoiiiaau {176B— iB40) cairiod out l^place^M method to a high degree of 
approxiiuatioii ni 18)24»“Si8» and the tables which ho construoted wore UBed 
quite genomlly until llaniHti’a tabloa were constructed m 1857 Plana 
(17HI— IHim) |m!»hahiid a thatu^y »ti IH*J2, amiilar in moBt ronpectB to that of 
Laplaiie An uuMimplete th«N»ry wna Vkorke*i out Lubbock (1803—1865) in 
1830—4 A gn»rtl rnlvamts along now linos wan made by Hanson (1795—1874) 
in 1838 aiitl again in IHUiJ -*4 Him tabloH publiHhoii in 1857 wore very 
gottoraliy fni N nut mil AlnmimoM Do IN»nt(Sc(>ulant (1795 — 1874) 

imbhabocl \m Tht*t»rw i/w isnf^thnu tin \!nnde in 1846 The third 

voliutto c»»nUiuii* Ills Lunar The<»ry worktnl out in tktiul It is in its essentials 
ainiilar U> that of LubiMHk A now tliwiry of gimt matheinatiuxl elegance, 
and carriml nut to a very high dogroo of approximation, was published by 
Delaunay (IHIO 1^72) tn IWK) and IH«7 

A tiuiat ronmrkablo now thiH»ry Umni *»u new t out optitnis, and developed 
by new timthmuatnal imthoilH, was publmhoil by (I W Hill in 1878 in the 
JmmtU of 1 ho hrst fundamental iiloa is to take the 

variaUuiml orbit aa an nppnixttiiaUi aolution instead of the ellipse A second 
approx inmiion giving |>art of the niohon of the \>engeo was published in 
vulutne MU of it*in MathmnnUtn Hill’s rtwiarthos have been extended to 
highor apjiroxinmtiiina, and a gnmt extent completetl, by a senes of papers 
imbhabod by Rrofoaaor K W Brown m the immvan Joitmal of Mathmiatm^ 
vola. XIV XV and xtli ♦ and in the Monthly SoUtti* of th It t A’ in liv and 
LV The motion of Ibo iu«»on's luxloii was found by Adams (1819—1892) by 
metluxla similar to thoao uaod by Hill in dotormimng the motion of the 
pongoe. 

I* or the iraaimant of |«rturl>aimna from geometrical oonsiderations 
otmault the /Vmn^ci, Airy’a (IHOI— 1892) amntaUmi, mid Sir John Herschel’s 
(1792—1871) OH((tn»s of For the aiialytioal treatment, aside 

from the original nmmoim quototl, one cannot do bettor than to consult 
Tiaaeratid’a vnl lit * and Brown’s Lunar Theory Both 

volumes am moat exotillent cmoa in Isith their omitents and olearneas of 
oxjmaitinn Brown’s Lumtt Theory i»i|HKiially is complote in those i>oints, 
such ON the meaning of the conatanta employed, which are apt to he somewhat 
obecure to one Juat entering thia 5e!d 



CHAPTER IX 


PERTURBATIONS^ANALYTICAL METHOD 


164 The subject of the mutual perturbations of the motions 
of the heavenly bodies has been one to which many of the great 
mathematicians, from Newton’s time on, have devoted a great deal of 
attention It is needless to say that the problem is of great difficulty 
and that many methods of attacking it have been devised Since the 
general solutions of the problem have not been obtained it has been 
necessary to treat special classes of perturbations by special methods 
It has been found convenient to divide the cases which arise in the 
solar system into three general classes, {a) the Lunar Theoiy and 
satellite theories , (h) the mutual perturbations of the planets , and 
(c) the perturbations of cornet^ by planets The method which will be 
given in this chapter is applicable to the planetary theories, and it 
wiU be shown m the proper places why it is not applicable to the 
other cases Eeferences were given in the last chapter to treatises on 
the Lunar Theory, especially to Tisserand’s and Brown’s Some hints 
will be given in this chapter on the method of computing the per- 
turbations of comets 


The chief difiiculties which arise in getting an understanding of 
the theories of perturbations come from the large number of variables 
which it is necessary to use, and the very long transformations winch 
must be made in order to put the equations in a form suitable for 
actual computations It is not possible, because of the lack of space, 
to develop in detail the explicit expressions adapted to computation, 
and, indeed, it is not desired to emphasize this part, foi it is much 
moie important to get an accurate understanding of the nature of the 
problem, the mathematical features of the methods employed, the 
limitations which are necessary, the exact places where approximations 
are introduced, if at all, and their character, the origin of the various 
sorts of terms, and the foundations upon which the celebrated theorems 
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regarding the stability of the solar system rest Such is the object of 
this chapter 

There are two general methods of considering perturbations, (a) as 
the variations of the coordinates of the various bodies, and (b) as the 
variations of the elements of their orbits These two conceptions were 
explained in the begiiniing of the last chapter Their analjrfcical 
development was begun by Euler and Clairaut and was earned to a 
high degree of perfection by Lagrange and Laplace Yet there were 
points at which pure assumptions were made, it having become 
possible to establish completely the legitimacy of the proceedings, 
under the proper restnctions, only recently by the aid of the work in 
pure Mathematics of Cauchy, Weierstrass, and Poincar^* 

It was seen that the fundamental concept in the method of the 
variation of parameters is that the body always moves in a come 
section, but one m which the elements change from instant to instant 
The problem becomes the determination of the elements at any re- 
quired time , that is, the elements are essentially the variables The 
first thing to be done is to transform the variables in the original 
differential equations by the equations which express them m terms 
of the new variables, the elements Then after the transformations 
are made the problem of integrating the equations arises again 


166 Illustrative Example The complexity of the method 
in the Problem of Three Bodies, arising from the large number of 
vanables involved and the intricate relations among them, is apt to 
obscure the theory and to make it unnecessanly difficult In order 
to avoid these difficulties many of the features of the method will be 
illustrated first by the simplest example possible 

Suppose the differential equation to be solved is 

( 1 ) 


If = 0, this IS the problem of the motion of a body attached to 
an elastic string (see Art 31) When m is not zero, the problem 
may be regarded the same with the addition of a perturbing force 


make the treatment analogous to that of 
the Problem of Three Bodies let ^ ~ (^) equivalent to 


* E B Uoulton m Bulletin of the Am Math , June 1901 


MOM 


17 
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;-ir' = 0, 


y-^ + k^x = mf{x, x', f) 

The corresponding equations for undisturbed motion are 

( dx , _ 

\ dt 

Equations (2') are linear and naay be solved by assuirimg the 
particular solutions 

\x' = Le^t 

Substituting in (2') and dividing out the common factor there 
remain the equations 

[k'K-^kL.o 

These homogeneous equations can be satisfied, except for X = j& = 0, 
only if the determinant vanishes That is, if 


k , X 


=XVF = 0 


Therefore \i-sl-lk, ^2 = - \l -Ik in order that (3) may satisfy (2') 
Since there are two values of A there are two paiticular solutions of 
the type (3) Let the arbitrary constants be and and from (4) 
iyi = AiXi, L =KK 2 Therefore the general solutions of (2') are 

U' = + A 

If the conditions at ^ = 0 are real, Ki and K must have the form 

I 2 Zi = ai - J- log, 
i 2Z2 =0-1+ \/— la 

Then equations (6) become in the trigonometrical form 

I ^ 

1 - ka^ sm (kt) + ka cos (kt) 


Now consider equations (2) Let equations (7) be the equations of 
transformation expressing the old variables, x and x', in terms of the 
new variables, ai and og From their form it is seen that they are 
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valid for all values of the time The transformation is accomplished 
by substituting them directly in (2) The first derivatives are 

^ = - Aoi sin {U) + Aoj cos {ht) + cos {U) ^ + sin {kt) ^ , 

d)7j 

~ ^““2 sia {kt) - k sin {kt) ^ cos {kt) ^ 

Therefore 

+AcOS(^^)-~=W2/(i2?, X\ t) 

It IS noticed that a large number of terms drop out because the 
equO/Hons of tt mation (7) me the solutions of the undisturhei 
problem (2) 


Solving (8), it IS found that 


( 9 ) 

vrhere 


= <^(“ 1 . “ 2 . t)sm{kt), 

- 

« 2 , <)cos(^), 

“2. ^)=/(i». t) 


If <#> did not contain ai and the problem would be reduced to 
quadratures and the integration could be performed In order to 
simplify the treatment from this point on, suppose and og do not 
occur in <t> , and, in order to illustrate terms of different bnds, suppose 

<l> = sin {kt) 

Then the integrals of (9) are found to be 


( 10 ) 


m , m / rw 7 j\ t 


\ 


ai=:- 

Oa = “ ^ cos {2kt) + Og', 




where and are the constants of integration When these ex- 
pressions for <h and og are substituted in (7) the latter are the general 

solutions of (1), after ^ has been replaced by sm{kt) 


The element depends upon two terms , if m is positive the first 
decreases indefinitely with the time and gives rise to what is called a 

17—2 
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secular va/) iat%on m , the second term is periodic and gives rise to 
what IS called a pe^t iodic mi lation If the secular tenn alone is con- 
sidered the graphical representation of the element is the straight 



line I If the periodic term is added it becomes the wavy line V 
The element a has no secular term 


166 Equations in the Problem of Three Bodies Consider 
the motion of two bodies, mi and m 2 , with respect to the sun, 8 Take 
the center of the sun as origin and let the coordinates of mi be Xi, 

Zi, and of m 2 , x , z Let the distances of mi and m 2 fiom the sun 
be Ti and I 2 respectively, and the distance from mito m ,Qi 2 Then 
the differential equations of motion, as derived in Art 112, are 


( 11 ) 


^ I Z.2 / , \ ^1 

-^2 + it- (/S' + mi) —3 = ^2 


df 


9-^1 a 
9yi ’ 


^ / O . ... \ *1 ___ ^Ri 1 




df ■ dz^ 

d/ Z 2 . / Qf , \ ^ ^^2 1 


1^2 

^ 2 i=>fc“r— 


^ia?2 + yx.V2-t Zt,Z^ 
- + y^yi + 
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The right members of these differential equations are mnltiphed 
by the very small factors and Tth , therefore they will be of shght 
importance, at least for a considerable time If twi and are put 
equal to zero in the right members, the first three equations and the 
second three become independent of each other, and the problem for 
each set of three equations reduces to that of two bodies, and can be 
completely solved 

It will be advantageous to reduce the six equations (11) of the 
second order to twelve of the first order Let 




d 


dz 
dt ’ 


then equations (11) become 


( 12 ) 




%-ya' = o, 


dt 

dzi 




dt 

dz( 




\dt dt 

and similar equations in which the subscript is 2 


When the motions of mx and are undisturbed by each other 
these equations become 


[dxx dxi 

~di^‘ 


( 13 ) 


‘(S'+?w,)p = 0, 




%-y/ = 0. -^ + F(/Sf+»».)Si=0> 


dt dt ■ '■ "ri» 

and an independent system of similar equations in which, the snhscnpt 
IS 2 Let Oi= i (xr + yi'“ + - Id ^ then equations (13) may 

be written 

^ dxx dxx 
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It IS impossible not to notice one important difference between this 
problem and the simple one which was solved to illustrate the method 
The right member in the illustrative example was supposed to be a 
function of t alone before the integration was made, and there was no 
difficulty in obtaining the general and exact solution of the differential 
equation Similarly, if the right members of (12) were functions of 
t alone there would be no trouble in obtaining rigorous solutions , 
but they depend upon the coordinates of the moving bodies, and 
will, therefore, after the transformation, contain the new variables in 
a very complicated manner They enter in such a fashion that it 
is as difficult to obtain rigorous solutions after the transformations 
of variables as before 

167 Transformation of Variables In order to avoid con- 
fusion m the analysis, and to be able to say where and how the 
approximations are introduced, the method of the variation of para- 
meters must be regarded in the first instance as simply a transformation 
of variables, which is perfectly legitimate for all values of the time for 
which the equations of transformation are valid From this point of 
view the whole process is mathematically simple and lucid, the only 
trouble arising from the number of variables involved and the com- 
phcated relations among them 

In Chapter V it was shown how to express the coordinates in the 
Problem of Two Bodies in terms of the elements and the time Let 
tti, , ag represent the elements of the orbit Wj, and A, , /?s those of 
'Tth Then the equations for the coordinates in the Problem of Two 
Bodies may be written 

=/(«!, , cte, t\ ^ (ai , , ttg, t\ 

3^1 — , ®6, ^)j y\ , o-g, t), 

Zi-h{a^, , cte, t), Zi-\j/{a^j , a^, t), 

^ ~f {filt j/^6j *2/2 (^1, , ^6, t), 

2/o — ,/Sqj t), , ^6, t), 

A transformation of variables in equations (12) will now be made 
Let it be forgotten for the moment that equations (15) aie the 
solutions of the Problem of Two Bodies, and that the a, and are 
the elements of the two orbits , but let them be the equations which 
transform equations (12) in the old variables, 

^ 2 j y , , 2 / 2 , ^ 2 , into an equivalent system in the new variables, 
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«!, , “8> A> > It advantageous to make such transforma- 

tions that they will be valid for all values of t, and it may be supposed 
that this condition is fulfilled The transformations are effected by com- 
puting the derivatives occurring in (12) and making direct substitutions 
The derivatives of equations (15) with respect to t are 
/ 4 9^1 dQ.i 

dt dt t=i da^ dt ^ 

a. 4 ^ 

dt U t=i ^cLi dt ’ 


The direct substitution of (16) in (12) gives 



dt ^sl dt 

dt 


(17) 




a. 

\ 3??' 

dt 


' 4- 4 — 0 

--Zi + A 


^=l 


dai dt 
asi 


® d^d<H 

^5-1 da^ dt 




dRi 

ai? 




dt 

d^ 

dt 




4 do-i 9-fti 




and similar equations m a!a, ya, and A> >^8 These equations are 

linear in ^ and may be solved for these derivatives, expressing them 
dt 

in terms of a^, , a^, , ^e, and t 

But if equations (15) are the solution of the problem of undisturbed 
elliptic motion in which the osculating orbits do not intersect, all the 
conditions so far imposed wiU be fulfiUed, and the equation^ (17) will 
be greatl} simplified Suppose (15) are the solutions of the equations 
for undisturbed motion It is seen from (13) that when o-i, > <*e 

constant ^ for all values of o-u , «6 that the two bodies 

dt 

do not collide, and for all values of t The partial derivative when 
ttj, , og are regarded as variables, is identical with when they are not 
Therefore -|‘-a;i'=0, and similarly ^+A“(^+»»i)^ = 0, and 
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Similar equations in y and 
equations (17) reduce to 

/ ^ ^30x d'Ct, 
1=1 Soj ~dt 

(18) i S 16 ^ 

1=1 dt 


z 

= 0 , 
= 0 , 


ifl aa, di 


As a consequence of these relations 


^ do^ _ 0A] 2 

1=1 9a, ifjf aa;j ’ 

S ^ ^5; — MO 

ifl 9ai d# ’ 

^ 9^2 (fa, ajfj 2 

2 -T yT = m , 

1=1 9a, (fj Sijj 


and similar equations for These equations are linear in ~ and 

dt 

may be solved for these derivatives unless the determinant is zero 
But the determinant of the linear system (18} is the Jacobian of the 
first set of equations (15) with respect to a^, , a,, and cannot vanish 

if these functions are independent and give a simple and unique deter- 
mination of the elements* But they are independent and in general 
give simple and unique values for the elements since they are the 
expressions for the coordinates in the Pioblem of Two Bodies 


If m^ — () the equations are linear and homogeneous, and since 
the determinant does not vanish they can be satisfied only by 

(^ = l, ,6) That is, the elements are constants, which, of 
course, is nothing new 

Solving (18), it IS found that 


(19) 


= m (ai, , ae, ^ , , A, t\ (z = 1, , 6), 

d^i 

= ,ae, A, , (z=l, ,6) 


It Will be remembered that in determining the coordinates in the 
Problem of Two Bodies the first step viz the computation of the mean 
anomaly, involved the mean motion, defined by the equation 

_I6 s/S+Mi 

% — ■ 5 — 

a# 

Since the Ui involve the masses of the planets the right members of 
(15), and consequently of (19), involve mi and implicitly 

At this point a question of some delicacy arises and must be 
considered before the methods which follow can be lustified The 
Bums 8+ mi and S+m^m the left members of equations (11) will be 


* See Baltzer’s I)eterm%nanten^ p 141 
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regarded as being fixed numbers independent of the attraction which 
mi and m# exert upon each other Of course, they are not independent 
of the mutual attraction of these bodies in the actual case, but they 
will be considered as being so in order to preserve the logic of the 
proceHseR eniplo}ed in the next articles It is clear that there is no 
logical difficulty m the matter, for a problem can at once be set up 
which will demand equations of the same form and possessing these 
properties It is only necessary to suppose that the relative accelera- 
tions of the sun upon tw, and are and - , and 

r-i 

that the planets are composed of such material that their mutual 

attraction is - ^ " , where mi and are any numbers independent 

of mi and Such problems would arise if gravitation were selective 
The perturbations can be computed for all values of and mi leaving 
mi and fixed , then, if mi and mi are put equal to mi and 
respectively, the results reduce to those of the actual case under 
consideration 

Hence, the values of the masses mi and m^ entering implicitly in 
equations (16) and (19) are treated as fixed numbers, given in advance, 
a^d do not need to be retained explicitly , on the other hand, the mi 
and m* which are factors of the perturbing terms of the equations are 
retained explicitly, being supposed capable of taking any values not 
exceeding certain limits 

168 Method of Solution Equations (11) are the general 
differential e(iuations of motion for the Problem of Three Bodies 
Equations (12) are eciually general No approximations were intro- 
duced in making the transformation of variables by (15), therefore 
equations (19) are general and rigorous The difference is that if (19) 
were integrated the elements would be found instead of the coordi- 
nates as in (11), but as the latter can always be found from the former 
this must be regarded as the solution of the problem 

Instead of interrupting the course of mathematical reasoning by 
working out the explicit forms of (19), it will be preferable to show 
first by what methods they are solved Explicit mention will be made 
at the appropriate times of all points at which assumptions or approxi- 
mations are made 

When mi and m^ are very small compared to S, as they are in the 
solar system, the orbits are very nearly fixed ellipses, and therefore 

and change very slowly It is assumed here that at and A may 
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a^= 

j=0 k=0 




be expressed m convergent power series in mi and as 

m 

I S 5 

j=0 ^=0 

where the upper indices of the and simply indicate the order of 
the coefficient The and are functions of the time which 
are to be determined 

It has been customary m the theory of perturbations to assume 
without proof that this expansion is valid for any desired length of 
tune It can be proved that it is valid for a sufficiently small inteival 
of time* , but as the method of demonstration gives only a limit within 
which the series certainly converge, and not the longest time during 
which they converge, and as the limit is almost certainly far too small 
it has never been computed It is to be understood, therefore, that 
the method which is just to be explained, is valid for a certain interval 
of time, which in the planetary theories is doubtless several hundreds 
of years Beyond this limit the values of the elements aie not given 
by equations (20) because, from a mathematical point of view, the 
series diverge , yet, for practical purposes they may be useful The 
first terms of the series decrease with great rapidity, and if the stop in 
the summation is made soon enough the numerical values of the 
functions may be obtained with great accuracy! 

Substituting (20) in (19) and developing with respect to mi and 
it IS found that 




dt 


dt 


dt 


Wi + 


dt 


- mim2+- 


dt 


■ m 


^ -dt 


= M <^, (ai(» «), , 0)^ 0)^ ^ ^^(0 0 )_ + (a,(« »> m^) 

^=1 C'O; 


^ ™ + higher powers m mi and 


( 21 ) < 




dt 




dt 


dt 


dt 


dt 


= miip^ (a 


,(0 0) 


, 0 )^ ^ ^g(o 0)^ 3f) + i) o) 


+ higher powers in mi and 

' (* = 1, ,6) 

* See paper by F E Moulton, Bulletin of Am Math hoc June 1901 

queL!r “ ' 
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In the partial derivatives it is to be understood that oj and are 
replaced by and respectively If mi and m 2 were not 
regarded as fixed numbers in the left members of equations (11) 

d<l>i d^i , j . 

d^’ ■would have to be developed as power senes in and 

jMs, thus adding greatly to the complexi'ty of the work. 

Within 'the limits of convergence the coef&cients of like powers of 
wii and j »2 on the two sides of the equations are equal Hence, equating 
them, it follows that 


( 22 ) 


(23) 


(24) 


(d^ 

dt 

W «) 
dt 

dt 

do.^^ °) 
dt 

d^ 

dt 


= 0 , 

= 0 


(* = 1 , , 6 ), 


= <i>i (“1'" 

= 0 , 

= 0 , 








W, ,»•*,<) 


dt j=i doj ~ 




dt 

d^ 

dt 


j=i j=i 


= 0 , 




s 


j=i 






etc 


Integrating (22) and substitutang the values of o,(» »> and A*" "> thus 
obtained in (23) the latter are reduced to quadratures, and can be 
integrated , integrating (23) and substitutmg the expressions for <4"^ 
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“I m (24) the latter are reduced to quadratures, and can 

be integrated , and this process may be continued indefinitely In 
this manner the coefficients of the senes (20) may be determined, and 
the values of % and found to any desired degree of precision for 
values of the time for which the series converge 


169 Determination of the Constants of Integration A 

new constant of integration is introduced when equations (22), (23), 
are integrated for each These constants must now be 

determined 


Let the constant which is introduced with the term be 
and with by It is seen from the differential equations that 

= ( 7 = 0 , , 00 ), 

(^=0, ,oo) 

Instead of writing and fiy for the coefficients in (20), their 
constant and variable parts may be separated, after which they will 

have the form <x w *>) - *) and ^ Then equations (20) may 

be vntten i / a 


(25) 


“t = “) + 2^ 2 (a.W *’)) 


j=0fc=l 
00 00 


A= 2 V 2 2 (A*-^ - hp *)) 


3~lh=Q 




mlm} 


Let the values of a. and A be aj") and A"> respectively 


Then at 



Since these equations must be true for all values of m, and below 
certain l^its, the coefficients of correspondmg powers of and jra, m 
tne rignt and left members are equal, whence 


( 26 ) 


A<"“'-A<“', A'“*^> = 0, 


(^ = L . =0 ), 

(^=1, ,O0), 

^3 Ij ) ^ ^ = 1, 

(^ = 1, ,oo, ^=1, 


, oo) 
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Since all the terms of the right members except the first vanish at 
^ = ^0 > it follows that and jS/ are the osculatmg elements of the 
orbits of mi and mg respectively at the time t = to, and that the other 
coefficients of (20) are the definite integrals of the differential equations 
which define them taken between the limits t = tQ and t = t 


170 The Terms of the First Order The terms of the first 
order with respect to the masses are given by (23) Since the terms of 
order zero are the osculating elements at the equations become 

(27) J 

The right members of these equations are proportional to the rates 
at which the various elements of the orbits of the two planets would 
vary at any time ty if the two planets were moving at that instant 
strictly in the original ellipses The integrals of (27) are, therefore, 
the summations of the instantaneous effects , or, in other words, 
they are the summations of the changes which would be produced 
if the forces and their instantaneous results were always exactly 
equal to those in the undisturbed orbits Of course the perturbations 
modify these conditions and produce secondary, tertiary, and higlier 
order effects They are included in the coefficients of higher powers 
of mii m2 in (20) 

The quantities a/” and are usually called perturbations of 
the first order with respect to the masses The reason is clearly 
because they are the coefficients of the first powers of the masses in 
the series (20) In the planetary theories it is not necessary to go to 
perturbations of higher orders except in the case of the larger planets 
which are near each other, and then comparatively few terms are large 
enough to be sensible It is not necessary in the present state of the 
planetary theories to include terms of the third order except in the 
mutual perturbations of Jupiter and Saturn 

Instead of there being but two planets and the sun there are eight 
planets and the sun, so that the actual theory is not quite so simple as 
that outlined above Yet, as will be shown, the mcreased complexity 
comes chiefly in the perturbations of higher orders If there were a 
third planet ms with elements 71, ,75 equations (23) would become 
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- 

o 

II 

o 



^ f (0) 
-^=<^.(aA 


t), 

II 

O 


, t), 



,mt), 

dt 



>< 

II 


, t), 

\ =x.(A<»), 

dt 

, A<“>, yiW 



If there were more planets more equations of the same type would 
be added Consider the perturbations of the first order of the elements 
of the orbits , they are composed of two distinct parts given by the 
second and third equations of (28), one coming from the attraction of 
m and the other from the attraction of Therefore, the statement 
of astronomers that the perturbing effects of the various planets may 
be considered separately, is true for the perturbations of the first order 
with respect to the masses 


.1. It has been shown 

“’-0, therefore it follows from (24) 
that the terms of the second order with respect to the 
determined by the equations 


masses are 


(29) 


4 a<^,(ai(«), 


,A<»> #) 

dt 

m 

A<»', 


dt 

doj 

A*"'. 

.A'"’, t) 

dt j-i 

dcLj 

A<»> 

, A'»>, «) 

dt 

8A 





a/o 
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The perturbations of the first order are those which would result if 
the disturbing forces at every instant were the same as they would be 
if the bodies were moving in the original ellipses If the bodies and 
move in curves differing from the original elhpses the rates at which 
the elements will be changing at every instant will be different from 
the values given m (27) The perturbations of the elements of the 
orbit of ?Wi due to the fact that departs from its original ellipse by 
perturbationb of the first order are given by the equations of the type 
of the first of (29) , for, if /?/ = 0, it follows that = 0 also The 

perturbations of the elements of the orbit of due to the fact that 
departs from its original ellipse by perturbations of the first order are 
given by the equations of the type of the second of (29) , for, if 

= 0, it follows that = 0 also The terms and in 
the elements of the orbit of arise from similar causes Thus the 
perturbations of the second order correct the errors m the terms of the 
first order, and those of the third order the errors in the second, 
and so on 

As has been said, this process converges if the interval of time is 
taken not too great In a general way, the smaller the masses of the 
planets the longer the time during which the senes converge In the 
Lunar Theory the sun plays the r61e of the disturbing planet Since 
this mass is very great compared to that of the central body, the earth, 
the series in powers of the masses as given above would converge for 
only a very short time, probably only a few months instead of years 
Such a Lunar Theory would be entirely unsatisfactory On this 
account the perturbations in the Lunar Theory are developed in 
powers of the ratio of the distances of the moon and the sun from 
the earth 

If there is a third planet the perturbations of the second order are 
considerably more complicated Let the planets be ^i, and 
and consider the perturbations of the second order of the elements of 
the orbit of The following sorts of terms will arise (a) terms 
arising from the disturbing action of and Ws, due respectively to 
the perturbations ol the first order of the elements of and ws by Wi, 
(&) terms arising from the disturbing action of and Ws, due to the 
perturbations of the first order of the elements of the orbit of vrii by 
and (c) terms arising from the disturbing action of ^ 2 > due to the 
perturbations of the first order of the elements of the orbit of by 
{d) terms arising from the disturbing action of Wa, due to the per- 
turbations of the first order of the elements of the orbit of ?Wa by vnz , 
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(e) terms arising from the disturbing action of mi, due to the perturba- 
tions of the first order of the elements of the orbit of by , and 
(/) terms arising from the disturbing action of m^, due to the 
perturbations of the first order of the elements of m^ by m 

Under the supposition that there are three planets, the terms of 
the second order with respect to the masses are found from ecpiations 
(19) and (20) to be 



( ^ ») 


4 


, Jf) ^ 0 0) 


dt 


J=1 


Pf 


da,(‘ » 


4 

,<16^71'“', 

.78^“’. 0 ^(J 0 0) 


dt 


1=1 

^1 
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da^io 2 0) 
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J „{0 1 0^ 
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1=1 
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daj'‘ » ) 
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7l<"', 

.78'">, 0 ,0 » n 

(30) . 
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J=1 
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Pf ’ 
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7i'“>, 

, y6^^\ i) (0 1 0) 




li 

3a, 
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+ 


,»6^7A 

>76*^ <) m I 0) 




li 

3% 

If \ 


and similar equations for and ^ 
at at 


The first two equations give the perturbations of the class (a) , for, 
(“) ^) S'Ud <^, (oi, -y) are the portions of the perturbative function 
given by m^ and rrh respectively, while j8/ “ ») and y/' " are the 
perturbations of the first order of the elements of the orbits of and 
trh by mi Sunilarly the third and fourth equations give the pertur- 
bations of the class (i) , the first term of the fifth equation, those of 
class (c) , the second term, of class (i) , the third term, of class (e ) , 
and the fourth term, of the class (/) It appears from this that the 
terms of the second order cannot be computed separately for each of 
the planets 
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1 Show that equations (7) identicaUy satisfy (1) for fU"-, t) =sm {kt) 
when the values of oj and given in (10) are used 


2 The illustrative example (1) was particularly simple in that the nght 
side was taken as a function of t alone Suppose the right side is mx, where 

k=l and m=0 1 Suppose ^=l, J =o, at «=0 Integrate by the method 

for linear homogeneous equations and compute the integral for «= 1 Integrate 
again by the method used in oomputmg perturbations, startmg from the 
equations correspondmg to (7), and compute the value of the mtegral for the 
same time 


, 3 Write the equations defining the terms of order zero, one, and two, m 
the masses when equations (U) are integrated as series in and Show 
that the terms of order zero are the coordinates that Wj and would have 
if they were particles moving around the sun m ellipses defined by their 
initial conditions Show that the equations defining the terms of the first 
and higher orders are linear and non homogeneous, instead of being reduced 
to quadratures as when the method of the variation of parameters is used 

4 Suppose there were four planets, ot„ m^, write all the terms 
of the second order with respect to the masses according to (30) and mterpret 
each 

5 Suppose there are two planets % and , wnte all of the terms of the 
third order with respect to the masses and mterpret each 

6 Suppose in^=m 2 =m^ and that the planets are arranged m the order 
^ 1 , Wg, % with respect to their distance from the sun. Show that of the 
perturbations defined by equations (30) the most important are those given 
by the first and third equations and the second term of the fifth , that the 
perturbations next in importance are given by the first, third, and fourth 
terms of the fifth equation , and that the least important are given by the 
second and fourth equations 


MOM 


18 
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172 Choice of Elements In order to exhibit the manner in 
which the various sorts of terms enter in the perturbations of the first 
order, it will be necessary to develop equations (19) explicitly This 
was deferred, on account of the length of the transformations which are 
necessary, until a general view of the mathematical principles involved 
could be given 

If terms of the first order alone are considered the functions 
<l>, (a, may be considered independently of xj/, (a, fB) Any indepen- 
dent functions of the elements may be used in place of the ordinary 
elements In fact, one of the elements already employed, tt = w + S , is 
the sum of two geometrically simpler elements Now the foim of 
(tt, will depend upon the elements chosen , they will be taken in 
the first example which follows so that those functions shall become as 
simple as possible 


173 Lagrange’s Brackets Lagrange has made the following 
transformation which greatly facilitates the computation of equations 

(19) Multiply equations (18) by 
respectively and add The result is 

OOL-y 

^ 

dt \day da day da^ ^ day dao day da day da2 day daj 


(31) 


1 = m 


dRy 2 

dXy 9ai 


dXy dXy 

4.^^' 


^ 02^1 0;2^i' 

dZy dZy 

00^ 002 

day dao 

day da 

0Oi 002 

day 002 

dXy dXy 


daQ fdXy dx-l d^ 


0ai 003 

+ j+ 

dt V0Oi 0ag 00] 

L daQ 

dRy 2 


dRy 2 dZy 

2 


m2-^ — 
dyi 


dzy day 

= a 

vOLj 



Let 


aj (7a^ C7a^ va^ uaj da^ daj 

and form the equations corresponding to (31) in ag, 
ing system of equations is 

^ 4 r T — /m 

1 dt~^ 0ai ’ 


9a^ daj dai daj’ 


, ag The result- 


(33) 


^ r 1 
A [02? a^J 


-1=1 


daj 

dt 


■■m2 


dRy 2 
002 


^ P -t da^ dJRty 2 


These equations are equivalent to the system (18) and will be used in 
place of them 
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174 Properties of Lagrange’s Brackets It follows at once 
from the definitions of the brackets that 

(34) 1 

A more important property is that the brackets do not contain the 
time explicitly ^ that is, 

(35) = (» = 1, ,6,^=1, ,6) 

Many complicated expressions will arise in the following which are 
symmetrical in x, y, and z In order to abbreviate the writing let 8, 
standing before a function of x, indicate that the same functions of y 
and z are to be added Thus, for example, 

8 {x^Xi - XiX^') = {xiX 2 - X2X1) + {yiy^ - ^ 2 ^ 1 ') + 

In starting from the definitions of the brackets and omitting the 
subscripts of X, , which wiU not be of use in what follows, it is 
found that 

dt \daid^daj da^dajdt doidi daj daidajdtJ 




'9:27 da' dx' dx 


iX-i 


dx d^x' dx' d^x 


dx dx' dx' dx' 
,dt da^ dt daj. 


dt da^daj dt dafia^J 
dj^ d^x' ^ dx' d^x \ 
da^ dajdt da^ 9a^9^/ 
/dxdx' dx' dx\ 


\ d ^ /d^dx d^ dx' 
J dcu \dt da^ dt dai. 


The partial derivatives of the coordinates with respect to the time are 
the same in disturbed motion as the total derivatives in undisturbed 
motion Therefore this equation becomes as a consequence of (14) 


9 K, Qj ] — 

dt dui \dxda^ 


^ /dQ dx ^ ^ ^ / 

.i V9:27 9oy dx' daj) daj \ 

.i\9ay 9a^\9af/ 9a^9aj 9 


^90 dx 90 9a7'N 

^9:27 doi dx' 

9^0 ^ 

— — QEI 

dajOai 


Since the brackets do not contain the time explicitly they may be 
computed for any epoch whatever, and in particular for t- to The 
equations become very simple if the coordinates at the time t=to are 
taken for the ai, , ag Let the coordinates at the time t^to be 
:27o, , Zo , then 

r T dXodXo\ 


18—2 
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winch equals zero because Xq is independent of yo and Similarly 

(36) [^0, ^o] = [^0, ^o] = [^o', yo] = [yo, ^o'] = W, ^o] = [^0, ^o] -= 0 
But 

(37) [^0, = [yo, yo] = [^0, ^o] = 1 

Therefore equations (33) become in this case 


dx^ _ 


2 

dxo 


^Rl 2 

s 

mo 


dt 

- mo 



m^ 

S-S] 2 

dy^ 



dt 

< ’ 

dt 

- 


dz^ _ 


dR, 

dzQ _ 


SRi 2 

dt 

mo 

dz; ’ 

dt ~~ 

- m 

dZo 


Any system of elements which gives equations of this form is known 
as a canonical system If these equations were solved they would give 
the values of the coordinates at which would have to be used to 
obtain the true coordinates at the time t, in supposing that the planet 
had moved in an undisturbed ellipse in the interval If the 

variables were the elliptic elements the solutions of the equations would 
give the elements which would have to be used to compute the coordin- 
ates at the time when they are supposed to have been constant during 
the interval t — Thus, when the elements have been found the 
remainder of the computation is that of undisturbed motion Since 
the imtial coordinates define the elements, as was shown in Chapter V , 
the variables of this article are equivalent to the elements 


175 Transformation to the Ordinary Elements The 

elements used in Astronomy are not the coordinates at ^ but 

e, TT, and T (or e = Tr — nT), which were expressed in terms of 
the initial conditions m Arts 86, 87, and 88 It will be necessary, 
therefore, to transform equations (38) to the corresponding ones which 
involve only the elements which are actually in use by astronomers 

Let 5 represent any of the elements «, a, tt, c It may be 
expressed symbolically in terms of the initial conditions by 

(^^) ^ =/ (^0, yo, ^0, yo', 

Hence it follows that 


or, because of (38), 


dt \0^Q dt dxQ dt ) ’ 


( 40 ) 



( ^ 2 
\dxQ dwQ 


SXq J 



COMPUTATION OF LAGRANGE’S BRACKETS 


277 


176] 


The partial derivatives of Ri 2 are expressed in terms of the partial 
derivatives with respect to the new vanahles by the eq^uations 


(41) 


2 _ 2 9 S 3 ^ dRi 2 2 ^R\ 2 

dx^ ^Xq 0a ^Xq'^ de dxo 

0 jBi 2 0 jB^ 2 

07r 0i?7o 0e 0^270 ’ 


^ 2 ^ ^ 2 ^ 0i?i a 

0^0^ 0 S3 0V 0^ 0V 0^3^ 0^0' 0^ 0^0^ 

0i2i 2 07r 0i2i 2 0^ 

07r 0;2;o' 0€ dZo 


Carrying out the very complicated computations of ^ , , r-^, by means 

OXq OZq 

of the equations given in Arts 86, 87, and 88, and expressing all the 

7)7? 7)7? 

partial derivatives in terms of the new variables, are found 

dXo dZo 

dR dR 

m terms of the elements and Substituting in (40) and 

expressing ^ in terms of the elements, ^ is found m terms 

of the elements and the derivatives of the perturbative function, Ri 2 , 
with respect to the elements 


176 Method of Direct Computation of Lagrange’s 
Brackets The transformations required m the method of the 
preceding article are very laborious, and the direct computation of 
the brackets, though considerably involved, is to be preferred from a 
practical point of view All of the computation in the transformations 
of this sort might be avoided by using canonical variables, but, m 
order to employ them, a lengthy digression upon the properties of 
canonical systems would be necessary, and such a discussion is outside 
the limits of this work Still, the labor may be notably reduced by 
jSrst taking elements somewhat different from those defined in 
Chapter V, and then transforming to those m more ordinary use 
The following is based on Tisserand’s exposition of Lagrange’s method* 

Let xy be the ecliptic, QP the projection of the orbit upon the 
celestial sphere, n the projection of the perihelion pomt, and P the 
projection of the position of the planet at the time t In place of v 


Tisserand’s MScamque Cileste^ vol i p 179 
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and e, adopt the new elements u and o- defined by the equiations 


(42) 


r W = 7r — SB, 
[cr — ^nT 



The following equations are either given m Art 98, or are obtained 
from Fig 49 by the fundamental formulas of Trigonometry 
r=a{l-eGO&E), 


tan 


v_ /l- 
2 V 1- 


tan 


E 


cos V- 


cos E~ p 
1 - 6 cos ’ 


(43) 




sin '0 = 


1 - e cos ’ 




+ m2 




E- esmE^nt + a-j 

{cos + o)) cos 83 ~ sin (v + w) sin £3 cos ^}, 

^ y=r {cos + 0 )) sin 83 + sm (v + w) cos 83 cos ^}, 
z~r sin (v + (o) sin ^ 

From these equations and their derivatives with respect to the time the 
partial derivatives of the coordinates with respect to the elements 
must be computed The elements have been chosen in such a manner 
that they are divided into two groups having distinct properties , 83 , 
and Q) define the position of the plane of motion and the orientation of 
the orbit m the plane, and a, e, and o- define the orbit and the position 
of the planet in it Therefore the coordinates in the orbit may be 
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expressed m terms of the elements of the second group alone, and 
from them, the coordinates in space may be found by means of the 
first group alone 

Take a new system of axes with the ongm at the sun, the positive 
end of the ^-axis directed to the perihelion point, the 77 -axis 90® 
forward 111 the plane of the orbit, and the C-axis perpendicular to the 
plane of the orbit Let the direction cosines between the as-sxis and 
the ri, and C-axes be a, a , a" , between the ^-axis and the v, and 
^-axes be /S, jS" , and between the ^s-axis and the 77 , and f-axes be 
y, 7 ', y' Then it follows from Fig 49 that 

a = cos <0 cos S — sm 0 ) sin S cos 
/3 - cos <0 sin 9 + sin <0 cos SS cos z, 

7 = sin <0 sin t, 

a = - sin 0 ) cos 53 - cos o) sin 8 cos 
~ sin <i) sin 8 + cos <» cos 8 cos i, 
y = cos (0 sin «, 
a" = sin 8 sin i, 

/5" = -cos8sin^, 

7 " = cos ^ 

The following relations exist among these nine direction cosines, as 
can easily be verified 

a2 + ^2 + 72 =l, aa +I3p' + yy^0, 

o !^ + + 7 '*' = 1 , + P'P" + yy' == 

J ® + 7"' = 1 , a"a + + 77 = 0, 

(45) a" = /3y-7^', 

P = ya" - a'y', P' = y'a - a"y, P” = yo! - ay\ 

^ 7 = a'i3"-/3'a", y = af'P^p\ y' = ap'-pa' 

It follows from (43) and (44) and the definition of the new system 

of axes that 

^ = r cos v = a (cos E— e), sin E^ 

l-eoo^E' '^l-ecosE Ja(l-eGQsE) ' 

(46) " , na cos E _ k qq^E ^ 

^ 1 - ^ cos E \/a(l“e#cos 

a% y^Pi-^ P% ^ + y 

,i 7 ' = a^; + aV, + ^=rf+yV 
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be computed once 

for al] 

. , they are 

found 

X 

from 

L (44) to be 




/ 0 a 


da' _ 


0 a" 




00 ) 

a, 

00 ) 


Buy 

= 0, 

(47) 


i 

00 ) 

/5', 

B£^ 

00 ) 

-A 

Bfi" 

00 ) 

= 0, 



1 

^ 00 ) 

7) 

0O) 


07 " 

00 ) 

= 0 




^ da 


0 a' 

-yS', 

da" 







98 


(48) 




a, 

3/3' _ 


3^" 

= a") 



3S3 


98 

98 




By _ 

^98 

0, 

¥ 

98 

=0, 

¥ 

9S 

= 0 


/ 0 a 

// 


0 a' 



da' 




a sino), 

di 

= a COSo), 

di 

= Sin ^ COS t, 

(49) ^ 

d/3 

0 ^ 

) 8 'sm 0 ), 

d/3' 

0 ^ 

= /3" COS 0), 

^11 

0 ^ 

= - cos S3 cos 



ft _ 


¥ 



07 " 



V dt 

7 sinw, 

Bi 

= 7 COSO), 

0 e 

== - sin ^ 


There are as many brackets to be computed as there aie combina- 
tions of the SIX elements taken two at a time, or ^ ^ = 15 Three 

of them invohe elements of only the first group , nine, one element of 
the first group and one of the second , and three, elements of only the 
second group Let K and L represent any of the elements of the 
rst group, ( 0 , and P and Q any of the elements of the second 
group, a, e, cr Then the Lagrangian brackets to be computed are 

f JT n — Q ^ 

LA, (3 equations), 


(50) ( 


{a) 

(b) 

(c) 


[JT 

LA, AJ * ^ - _ _ j ^ (9 equations), 

, (3 equations) 




It is found from (46) that 


ap dQ) 


(51) 


9^ - 0a da 


a« H ,dr} 

and similar equations in y and z 


dK 

dP 




da 

dJC" 

= “ap- 


dK’ 


,Bri' 

^ BP’ 



178] 


OF Lagrange’s brackets 


281 


177 Computation of [o., S ], [ a , *], [«, «,] Let 8 indicate that 
the Slim of the functions, symmetncal in a, j8, and y, is to be tflVfln 
Then, the first equation of (50) becomes as a consequence of (51) 


But the law of areas gives 


da da\ 

W^) 


^ ^ ~ = A /y{/S + Wa) <3^ (1 - = wa® \/l - ^ 

Therefore 

Computing the right member of this equation by means of (47), (48), 
and (49), and reducing by means of (45), the brackets mvolvmg 
elements of only the first group are found to be 

^ [<I), S3 ] = nc^ a/3 -a'/3' + ajS + a /?') = 0, 

[ S3 , « ] = 'net? Jl-e^ ') cos w + (/3 a" - a /3") sin o)} 

(53) -s 

= na^ V 1 - ^ (- 7' cos 0) — y sm to) = - no? n/i - ^ sm 

^ [e, («)]=- wa® \/l {(a'a" + /3'^" + yy') COSa) + (a"a+j8"^+7"y)sino)}=0 


178 Computation of \K^ F\ The second equation of (50) 
becomes, as a consequence of (51), 









282 


COMPUTATION OF 


[178 


It follows from equations (45), (47), (48), and (49) that 


da dl3 ^ 

a'— 4 . 'bL-n 

dK ^ air ■>' d£:~^’ 


Therefore 

/ 


(54) { 


da . dji' dy' / , 3o oi^l^ ' \ 

rjr pi- f„' — 4. JL ' bL\ff:b?' 4.r,' V. ^ 

\ dK ^ dK dK)vdF ^ dP~^ dP ’'a/V 

- (a! + fl' + v' \ ® 


Let P^a, o- in succession Then 


k J 8 + 


^ Ja{l-‘&^) __ na 


da 




(55) 


9e Jl-P’ 


Let K= M, a, * m turn in (54), and make use of (55) , then it is 
found that 


[“> ®] = y Vl [S3, = [i, a]“0, 


(56) J 


[<o, e] = 


-me 


sjl-^’ 

[[( 0 , (r] = 0, [a, cr] = 0. 


[s, 6]=^~%0S*, [?, e]=rO, 


[«. '^]= 0 


179 Computation of [a, e], [e, o-], [or, «] The third eiiuatioii 
of (50) becomes, as a consequence of (51), 


[P, q\=s[(a 


di , dr) 
-ha 


, r 

lP"“spA“a^''“a-(2j 

-(4-'a?)(4-'S)} 


= (a +/3 +y‘) (a'‘ + 8'‘ + V’‘)fb> H. 

'' ^>\dPdQ dQdp)^^^ -^y )[sp^-sq3p) 

+ (aa + BB + yy') ^V\ 

y PP yy)[^ 3 P 3 Q dQdp^dQdp-dp^) 
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As a consequence of (46), this equation reduces to 

(57) l-^’^J-ejPdQ dQdF d£dQ dQdF 

Since the brackets do not contain the tune exphcitly t may be 
given any value after the partial derivatives have been formed The 
partial derivatives become the simplest when t=T, the time of 
penhehon passage For this value of t, E=Q, »=a(l-6) Then 
it IS found from equations (46) that* 


da ’ Ba ’ 9a ’ 


(58) 


drj‘ 

da 


/ ^ 7Z / 1 4- 0 

P'2\/ 


j 


Be de ’ 9e 1-e Vl-e“’ 


Ba~BEd<r “V l-«’ 


81* -na ^JL-o 
8<r“(l-e)“’ 8<r 


Then equation (57) gives 


(59) 


[a, ej = 0, [e, <r] = 0, [<r, a] = 


na 


Remembering that [a^, oJ\ = -[aj, o^], equations (33) become as a 
consequence of (53), (56), and (59) 


r- 


dt 


nc?6 d0 dR-y 2 
• — ~ ““ — ~ , 

9(0 


- jia® n/i sin 

at 2 


da m^e „^„de 9Ei2 
dt ^/l-^ dt 88 


(60) ^ 


na 


\/l — ^ i 


d 8 
dt 


9Bi2 
9^ ' 


2 dt 


d9> nad(r 


cos i -rr “ 


dt 
dBy^ 


dRy a 

9a ’ 


na^e dm ^ na^6 cost <f8 

jT^Jt *yr^® dt ’ 8« ’ 

t na da 9Ei a 
9cr 

* It should be remembered that a and « enter explicitly and also implicitly 
through E and n, for E is defined by the equation 

^-ssmE=n(t-r) = !i^to(*-D 
a* 

Then, e g |=cosE-e-asinEg=l-e when t=T. etc 
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These equations are easily solved, and give 


d^ _ 


8R^ 

J 




dt 

na 

81 

j 




dz 

m2 cos ^ 


2 _ 

m2 



dt 

na^ \/l -6^sm ^ 

9(0 


7 ia^ Jl -e 

sin i 

do, 

day 

- m2 cos l 

dRj 

4. 

m \fi — 

^Iti 2 


dt 

na^ sm ^ 

d% 

_ -j- 

na 6 

di' 


da 

2mi2 SjKj 2 






dt~ 

na do- ’ 






de 

m (1 — e^)dJRj 2 

m2 Jl-e dBi , 



dt 

naPe da- 


na 

h d(x) ’ 



d(T 

rn {l-e‘)dR, 

2 ' 

2m 




dt 

na^e de 


na 

da 





180 Computation of a The right member of the last equation 

of ( 61 ) contains which is the source of some practical difticulty 

from the fact that a enters in 2 both explicitly and also implicitly 
through n Let the partial differentiation of a function with respect to 
a variable so far as it occurs explicitly be expressed by placing the 
indicated operation in parenthesis Then the last equation of ( 61 ) 
may be written ' 

( 62 ) — = ~ ^2 (1 ~ ^ ^) 2 _ 2^ 2»2» fl/fj 2 hi 

dt na^e de m [ 8 a J ~ ^ da 

The mean motion n enters in the determination of the coordinates 
and therefore in a, in the form ’ 

n{t-T) = nt + a- 

Hence it follows that 

(63) a _ ^ 9-Si 2 

dcT 

The mean motion is defined by the equation 
whence 

^ n 

da'~^2a’ 

2 « 

<dt Bn dt 


( 64 ) 
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Equation (62) becomes as a consequence of (63), (64), and tte 
fourth of (61) 

na^e de na \ da J dt 

In order to facilitate the computation, define a new variable cr' by the 
equation 


dcF Wq (l ^) 2 2 w2'2 /9jRi 


Then it is found that 


na^e de na 


^ f ^ 


2 \ 

\da J 


whence, integrating the last term by parts, 
<r-cr' -nt + fndt 

Prom the definition of n it follows that 


cr = or' -nt + k 


JS + WZa J- 


Then, in computing the perturbations, the first five equations of 
(61), and (65) and (66), are to be used To get the perturbations of 
the first order the first five equations of (61) and equation (65) are 
mtegrated using the osculating values of the elements in the nght 
members The fourth equation gives 

a = c&C®) + m2 + , 

whence 

, , k^JS+nhff, 3a<“> , Iv. 

o-=<r-«#+ jdi 

Then the term of the first order in or is 




= ??Z2Cr't° — ■ 


3 \f. .s ksIS^Tih, . 


'' (»»)* 
3m2^N//S+W2 r 




Instead of proceeding in this manner Levemer adopted cr as a new 

, , /> 7 , Q a % 

variable instead of o-*, replacing cr + by <r + }nat bince 0 ^/ 


whence 

(67) <r(« 1) = (t'C _ ^^(0, 1) 

' ' 2 («<»))* 


* Annales de VOheervatovre de PcinSj yol i p 256 



286 


CHANGE OF ELEMENTS 


[181 


equations (64) keep the same form, and Bi 2 is to be regarded as not 
depending upon a implicitly through n In this plan the integral jndt 
IS to be computed term by term with the different orders of the elements 
This method will be adopted here, but, for simplicity, the accent will be 

omitted from or and the parenthesis from 

da 


181 Change from s , (o, and o- to Q, tt, and € This trans- 
formation IS particularly simple because the relations between the 
old elements w and o* and the new ones tt and e are very simple 
They are 

- S3, 

(68) J a) = 7r-g3, 


whence 


(69) 


I <r = €-7r^ 

/ c? S3 d Q 

dt ~ dt ' 
d(i) __d7r c? S3 

dt dt dt * 

^ ^ <^7r 

\ dt ^ dt dt 


From equations (68) it follows that 


r S3 — S3 , 

(^^) I 'TT = 0) + J 

( € = (r + 7r = o- + o + S3 

Hence the transformations in the partial derivatives are given by the 
equations 



^tstitutiDg (69) and (71) in (61) and omitting the parentheses around 
the partial derivatives, it is found on solving that 
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7722 


9jBi2 




dt 

na^ ^ 

Sin 2 

9t ’ 




d% _ 

- 772a 


0jBi 2 

7722 tan ^ 


2 0jBi 2\ 

dt 

na^ n/ 1 - ^ 

sini 

9S 

1 

I 

1 1 

\ 0‘7r 


dv _ 

7722 tan ~ 

a 

9^1 

2 7722 




dt 

no?' V 1 - 

02 

- + 

na^e de 

t 


^ da _ 

27722 9-Bi 2 






dt ~ 

na 9€ ’ 






de __ 



-vr= 

‘ 9.jRl 2 ^^2 

vr: 

2 

dt~^ 

: — 7722 V 1 - 

(r — 

na^e 

0£ 

m^e 

077 » 


^ OTataUg 

dt 7K3!“vl-e“ di 'na^e 9« 

27722 2 

72^ 9a 

These equations*, together with the corresponding ones for the 
elenients of the planet 7 ?^ 2 j constitute a rigorous system of differential 
equations for the determination of the motion of the planets tth and 
7722 with respect to the sun when there are no other forces than the 
mutual attractions of the three bodies 


The partial denvative, , occurs m the right memher of the last 

equation, and it wiU he convenient to introduce, as in Art 180, a new 
variable such that the derivative of Ri a with respect to a need be taken 
only so far as this element enters exphcitly If «' be defined by the 
equation 

dt' ^ 

di~ dt'^ dt’ 

it will he found precisely as in Art 180 that this requirement is 
fulfilled 

If Jti,a IS expressed in terms of fhe osculating elements at the epoch 
#0 and the time, equations (72) become the explicit expressions for the 


* The subscript 1, which was omitted from the ooBrdiiiates and elements m Art 
174, should be replaced when the equations for more than one planet are written 
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[182 


first half of system (27), and give the perturbations of the elements 
which are of the first order with respect to the masses 


182 Introduction of Rectangular Components of the 
Disturbing Acceleration Equations (72) require for their appli- 
cation that 2 shall be expressed first in terms of the elements, after 
which the partial derivatives must be formed In some cases, especiall 7 
in the orbits of comets, it is advantageous to have the rates of 
variation of the elements expressed in terms of three rectangular 
components of the disturbing acceleration 

The disturbing acceleration will he resolved into three rectangular 
components W, S, R IF is the component of acceleration acting 
perpendicular to the plane of the orbit, and will be taken positive 
when directed toward the north pole of the orbit , >S^ is the component 
in the plane of the orbit which acts at right angles to the radius vector, 
and will be taken positive when acting in the direction of motion 
R is the component acting along the radius vector, and will be taken 
positive when directed from the sun The components used in the 
last chapter evidently might be employed here instead of these, but the 
resulting equations would be less simple 



Fig 50 


equations it is only necessary to 

Ss of yt respect to the elements m 

of W, S R, and to substitute them in (61) or (72) 

t made forTe d' transformation will 

De made tor the elements used in equations (61) 
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3^, 


3^1, 


3^, 


dm ^ components of the disturbing 

acceleration parallel to the fixed axes of reference It follows from 
the elementary properties of the resolution and composition of 

accelerations that is equal to the sum of the projections of 

Wj S, and It upon the ^-axis, and similarly for the others 

Let u represent the argument of the latitude, or the distance from 
the ascending node to the planet P Then it follows from the funda- 
mental formulas of Trigonometry that 


dlti 2 


(73) { 




■ It (cos cos S3 - sin u sin S3 cos ^) 

-;S'(slnwcosS3^■cos^^SlnS3cos^)+ W sinS3sm^^ 


^2 = It (cos sin S3 + sin cos S3 cos ^) 


3. 


- ^ (sin M sin S - cos u cos 8 cos i)-W cos S sin 
dit 

= B Sin u sin t + /Sf cos « sin * + TT cos i 


Let s represent any of the elements S , , <r , then 

( 74 ) 3JZi a _ 3^1 a 3a! BBj a Sy dBi a dz 

d$ dm ds dy ds dz ds 

The derivatives ^ are given in (73) and when 

dz 

and have been found, the transformation can be completed at once 


By equations (61) 


(75) 


f Sic ^ da 

W~^sK 

\dK~^^ 


dm _ . 83 / 
\dJS:~hK 


da' 


^'^dK’ 

3/3' 



j. 

3P““3/> “•3P’ 
dP PdP^'^dP’ 

^ ^ 4. 

dp~'^dp'^'^ dP’ 


where K is any of the elements 8 , z, <d, and P any of the elements a, 
e, <r The quantities a, , y are defined in (44) and their derivatives 

are given in (47), (48), and (49) , the denvatives ^ and ^ are to be 

computed from (46) 


H 0 M 


19 
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(76) 


trii = Br cos % - Wi cos « sm i, 


m = Wr sm 
01 


It IS found after some rather long but simple reductions that 
I m2 

dJRi i 

di 

5 

00) 

da 

0i?i 5 




^ = jSf , 

00) 


da a 


m2 


\ 


de 

dRx 2 
dar 


Ra COS +^Jasniv, 

Rae ci^ /i i 

= ■ - ■ sin^7 + 0 — wl -r 


Therefore equations (61) become 
/da r sin i4 


dt na^Jl-e sini 
di T cos H/ 


W, 


(77) 


nae nae \ pj na Jl-e^ 


2^sin^ ^ . ^aj\-e 


dt m Jl-e 
doi 

~di 

d^ Ziii aili 'V ^ V X ~ C- ^ 

dt njl-e nr 

_ \/l ~ sin ^ J\-e e^) 

dt na naJ^e 

dcr _ 1 f 2r l — e 

\ dt na\ a 


■ cos 


J nae [ p) 


8 


XXV PROBLEMS 

1 Pind the components 8 and M of this chapter in terms of T and My 


which were used in Chapter VIII 


Am 


/ 

(l-j-ecos v) 

esin^; 

+ + cos v 

Vl+e^+Se COS'?; 

u= 

esmv 

^ l + ecosv 

r 

Vl+e2_j.2e cosv 

Vl + e^ + Se Gos^ 


N 


* If nt + ff IS replaced by jndt + (r' as explained m the last of Art 180, a m not 
to be considered as entering imphcitly through n It is under this supposition that 
this equation is deriyed 
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2 By means of the equations of problem 1 express the variations of the 
elements S3 , , a- in terms of T and J\r, and verify all the results contained in 

the table of Art 145 


3 Explain why contains a term depending upon W 


4 Suppose the disturbed body moves in a resisting medium , find the 
equations for the variations of the elements 


_ 2 \/ 1 — gjQ ^ ^ 

dt nae \/H-6^+2ecosv * 

^ ^ s !l-\-f? + 2eoo^v „ 

<k_ 2^\-e^(co^v-\-e) ^ 
dt Tia \/ 1 + + 2e cos v ’ 

2(1-- e^) (1 cos v) sin v ^ 

dt nae(l + €COsv)\/l+e2-|-2ecost; 


6 Discuss the way in which the elements vary in the last problem, 
including for what \ alues of v the maxima and mmima in their rates of change 
occur, when T is a constant, and when it varies as the square of the velocity 

6 Derive the equations corresponding to (77) for the elements S3 , tt, a, 
and € 

,d9> r&mu 

f .J.— Ir , 

dt 

di _ r COB u ^ 
dt ’ 

dt >•/ 

de Vl— <Hfr, , f a+cosi) , 

_ — Sin ^; + f-cos )>o [• , 

ncL \ \l-l-eco^^? / J 


dt na^ l + Vl-e^ dt 


19—2 
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183 Computation of Perturbations by Mechanical Quad- 
ratures The perturbations of the first order are computed undei tlio 
supposition that the disturbing forces and their eflects aie the same m 
they would be if both of the bodies moved contnuially in the un- 
disturbed orbits Therefore the disturbing fuioes, and in paiiiculai 
the rectangular components JR, S, and W, aie functions of tlio positions 
in the undisturbed orbits , and since the coordinates aie exjueHHiblo as 
functions of the time, JR, S, and W may be consideied as being 
functions of the time If s represents any element, eipiatioiib (77) 
may be written in the form 



and the perturbations of the elements dining the interval - to Ere 
given by the definite integral^ 

(78) f,{t)dt, 

J *0 

where is the value of the element a at ^ = ifo 

The difficulty of computing this integral arises from the fact that 
/s{t) IS a very complicated function JMechantcal quaduitme ih a 
means of finding an approximate value of the lutogial without de- 
veloping fs (t) explicitly and finding its primitive 

The integral (78) may be interpreted as the aiea contained between 
the curve w=fs{t), the if-axis, and the lines and t tn Suppose 



the interval is divided into n equal spaces and the value of the 

ordinates at the ends of these spaces computed They are 

jfs (4)j } fs {t>J) Then the approximate value of the area m (piestion is 

(79) 5= s 

t=l 


See Art 169 
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This will be more nearly accurate the straighter the curve (jf) as 
If it should have rapid changes of direction the error might be 
relatively great However, in the case under consideration the (#) 
depends linearly upon the disturbing force, which changes in magnitude 
slowly as the planets move in their orbits 

A method which in general gives better results than the precedmg 
IS to pass an algebraic curve of the ^th degree through the n points of 
the curve w (t) for which t = ti, and to find the area contained 
between this curve, the ^-axis, and the same ordinates as before This 
presents no difficulty because the integral can at once be found for 
algebraic curves 


In general, the degree of accuracy attained by the method of 
mechanical quadratures depends upon the manner in which the 
interval is divided The problem of dividing it in such 

a manner that the best result shall be obtained, in general, for 
a given number of divisions was solved by Gauss (^Ooll Wmks, 
vol III , Methodus nom integrahvm valores per approayimaUonem 
immiendi ) If the integral is transformed so that the limits are - 1 

and -t - 1 by the substitution i , the points where the 


divisions may be made most advantageously are, as Gauss proved, 
given by the equation 


(80) 




all of whose roots are real, distinct, and comprised between — 1 
and + 1 


If the interval is divided into enough subintervals the 

value of the integral will be found within the hmits of observation 
It has been found convenient to use ti — tt-i = 40 days except in the 
cases of comets passing very near to planets If /« {t) 115 of the same 
sign throughout the interval the perturbations will be greater 

the greater tn is It was shown in Art 171 that the perturbations 
of the second order are proportional to the terms of the first order, 
to attain the desired degree of accuracy must not be taken 

large enough so that the terms of the second order become sensible 
For the next interval beginning with t^, the components S, and W 
must be computed with new elements equal respectively to the ongmal 
elements plus the perturbations in the interval lu this way the 

process may be continued It will not fail until the work has been 
earned so far that the accumulated effects of the errors mherent m the 
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method become sensible , this will in general happen in the course of 
time, though they be individually inappreciable 

In employing mechamcal quadratures it is not necessary to express 
the perturbing forces explicitly in terms of the elements and the time 
This IS of great importance, for, in cases where the eccentricities and 
inclinations are large, as in some of the asteroid orbits, these ex- 
pressions, which are series, are very slowl} convergent , and in the 
case of orbits whose eccentricities exceed 0 6627, or of orbits which 
have any radius of one equal to any radius of the other the senes are 
divergent and cannot be used* The method of mechanical quadratures, 
on the other hand, is equally applicable to all kinds of orbits, the only 
restnction being that the intervals shall be taken sufficiently short It 
is the method actually employed, in one of its many forms, in com- 
puting the perturbations of the orbits of comets In addition, it is 
not necessary to compute terms of the second order, which can be 
found only by a great deal of labor 

The disadvantages are that, in order to find by this method the 
values of the elements at any particular time, it is necessary to 
compute them at all of the intermediate epochs Being purely 
numerical, it throws no light whatever on the general character of 
perturbations, and leads to no general theorems regarding the stability 
of a system These are questions of great interest and some of the 
most brilliant discoveries in Celestial Mechanics have been made 
respecting them Another objection to the method of mechanical 
quadratures is that it is mathematically inexact except at the limit 
as approaches zero, when it becomes the method of direct 

integration, by the definition of a definite integral 

184 Development of the Perturbative Function In order 
to apply equations (72) the perturbative function must be developed 
explicitly m terms of the elements and the time From this point on 
perturbations of only the first order will be considered , therefore, in 
accordance with the results of Art 170, the elements which appeal in 
are the osculating elements at the time ^ 

In the notation of Art 166, the perturbative function is 

^ 1^2 + Viy-y + ^1^2 ! 

' U12 ri 

=• V(^2“ ^ 1 )^ + (^2 -yi)® + - zyf, 

' r 2 = yi + zi 

* See Arts 99 and 185 (a) 


( 81 ) 
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rh6 psrturbing forces evideiitly depend upon the mutual inchnations 
of the orbits, rather than upon their inchnations independently to the 
fixed plane of reference It will be convenient, therefore, to develop 
Ri 2 in terms of the mutual inclination Since this angle is expressible 
in terms of ^l, Z2, S 3 i, and S22 the partial derivatives of Ri 2 "with respect 
to these elements are to be formed through it, besides so far as they 
may occur explicitly 

The development of the perturbative fanction consists of three 
steps* 

(a) Development of jBi 2 as a power series in the square of the sine 
of half the mutual inclination of the orbits 

( 5 ) Development of the coefficients of the series obtamed in 
(a) into power series in ei and 62 

(c) Development of the coefficients of the preceding senes into 
Fourier series m the mean longitudes of the two planets and the 
angular variables n, ttq, gai, and Sa 

In the little space available here it will not be possible to give more 
than a general outline of the operations which are necessary to effect 
the complete development A detailed discussion is given in Tisserand’s 
Micmxqm GiUste, vol i , chapters xii to xviii inclusive 

185 {a) Development m the Mutual Inclination Let ^ 

represent the angle between the radii and ^2 ? then 

( 82 ) 



Let the angles between r-i and the 00, y, and ^-axes be cq, ^1, yi 
respectively, and m the case of ra, 03, ft, and yg Then it follows that 

a7i = ncosai, yi=rxCOsft, ^i = ^iCOSyi, etc, 

* There are luauy more or less important variations of the method outlined here, 
which IS based on the work of Leverrier in the Annales de V Observatoire de JParzs^ 
vol I 
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and 

(83) ‘) (cos ai cos a + cos ft cos ft + cos yi cos ya) 

Let / represent the angle between the two orbits, and and the 
distances from their ascending nodes to their point of intei section 
From the spherical triangle P C the valne of cos S is found to be 

cos /S' = cos {ui - Ti) cos {u ~ T ) + sin (% ~ t^) sm (% ~ '^2) cos /, or 

(84) - ~ ^ - n) - 2 sin (Ml - Ti) sin (u - t ) sm“ 

Ui — Ti- Vi + TTj— S3 1 — Ti, 

— r =V +^2“-S32-'r 

The quantities /, tj, and r are determined by the formulas of Gauss 
applied to the triangle S3 2 S3 1 O' 

^sin I sin Tj == sin ^2 sin ( 1 - ), 

sin I sin Ta - sin sin ( g3 1 - S3 ), 

(85) < sin / cos Ti = sm cos ^2 ~ cos ti sin 22 cos ( g3 1 - S3 .), 

sln/cosT 2 = -cos^lSln^ +&iiUiCos^ cos(g3i-S3 ), 

V cos /= cos cos + sin ti sm ^ cos ( SS 1 — S3 2 ) 

For simplicity J, r^, and r will be retained, but it must be remembered 
when the partial derivatives of ^ are taken that they are functions of 
h,^ , S3i, and S3 

As a consequence of (82), (83), and (84) the perturbative function 
may be written 

= +'f ^-2?ir cos(«^i~'W2 + t 

/ fi “i 

4:9 iT Sin (wi - Ti) sm {u — to) sm^ ~ 

i + -r i 

L r-i +9 — 2? cos {ui - + Tg -■ Ti) , 

“ ^ [cos [ui ~ Wo + Tg - Ti) - 2 sm (% - Ti) sm {u^ - r ) siir ~ J 

The radii and ?2 are independent of / The second factor of the 
first term of the light member of this equation may be expanded by 
the binomial theorem into an absolutely converging power series in 

sin^ “ so long as 
A 

4? 1? sm (mi - Ti) sm (m2 - t,) sm^ ^ 

A 

Ti +9o -29 i9 C0S(%--W24-r -Tj) 
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IS less than unity in absolute value This fraction is less than, or at 
most equal to, 

sm® ~ 

If this expression is less than umty for all the values which ri and ^3 
can take 111 the given ellipses the expansion of (86) is valid for all 
values of the time In the case of the major planets it is always very 

small, the greatest value of sin® ^ being for Mercury and Mars, 0 0118 

In the perturbations of the planetoids by Jupiter it often fails, for I is 
sometimes of considerable magnitude while r2 — ri may become very 
small In the case of Mars and Eros rg-ji may actually vanish and 
this mode of development consequently fails It is needless to say 
that it IS not applicable in the cometary orbits, and on this account 
mechanical quadratures are employed in these cases 

In those cases in which the expansion does not fail 
/ iJi a = + ^ 2 ^ “ ^^^2 (ih-U2 + T2- n)] “ ^ 

- ^ 2^ - 2 cos (% - Wa + 'Ta - Ti)]“^ 

X 2 Sin {ui - Ti) sin (- 2^2 - ■’’a) sin® ^ 

( 87 ) \ + ^ - 2ri7 2 COS (% - Wa + '>'2 “ ^^i)] 

X 6 sin® (ui - Ti) sin® {u^ - r^) sin^ - 

+ 

. - —3 cos (Ui -U 2 + Ta-Tj) + ^ Sin (%-Ti)sin(242-‘r2)siu® f 


186 {b) Development m «i and The radii and rj vary 

from — «i) and aa(l“^a) + and a2(l + ea) respectively 


Let 

( 88 ) 


«i=ai(l + Pi), 

ra^aa(l+Ps) 


The angles ih and are expressed in terms of the true anomalies, 
and Vi, and the elements by ( 84 ) The true anomahes are equal to 
the mean anomahes plus the equations of the center which may be 
denoted by Wi and Ws Let and k represent the mean longitudes 
counted from x [Fig ( 52 )], then 


“ Ti - Zi - £3 1 - 'Ti + -M?!, 
£3 2 ”^2 + ^2 


(89) 
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Now Bi may be wntten 

2 = (1 + Pi), Oa (1 + P 2 )], 

where is a homogeneous function of Ui and a of degree — 1 
Therefore 


This equation may he developed by Taylor's formula, giving 


(91) = 


1 

1+P 



Pi ~^ p2 ^ 9-j^(ai, a ) 

1 + po 1 ^0^1 


' Pi-p V «i_ , 
, 1 + /o / 1 2 dai 


The expressions — ") inay be developed as powei series in pi and p 2 

But in Art 99, equation (52), p is given as a power series in e whose 
coefficients are cosines of multiples of the mean anomaly Making 
these expansions and substitutions in (91) 2 may be arranged as a 

power series m ei and These opeiations are to be actually performed 
upon the separate terms of the series (87), so the lesulting series is 

arranged according to powers of ^ 1 , ^ , and sin*'^ The angles Wj and 

A 

depend upon ei and but their developments will not be introduced 
until after the next step 


187 (c) Developments in Fourier Series The first term 

within the bracket of (91) is obtained by replacing 9 i and ^2 by % and 
a respectively in (87) The higher terms involve the deiivatives of the 
first with respect to ai Eeferring to the explicit development (87), it 
IS seen that the development of the expressions of the type 

(did ) ^ [cti d^ — 2^1 ^2 cos (ui + Tj)] ^ , 
where v is an odd mtegei, must be considered 

Let Ui — u^-\-r^—ri — \p It IS known from the theory of Fourier 

V 

Series that + <^2 ~ 2 % 0^2 cos i/f] 2 may be developed into a series of 
cosmes of multiples of i/f, which is convergent for all values of i/f* 
Thus 

V ^00 

(92) (aja) 2 [a^ +ai~2aid cosi/^]"2 = ^ 5 cos 
where ^ 


See Jordan’s Cours dAnaly<tej vol ii , chap iv 
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To find the coefficients let where e represents the 

Napierian base Then 

2 cos ij/ = z + z~^, 2 cos z\l/ = z^ + z~^ 

Suppose chxx^i and let “ = ^ ^ (92) becomes 

v-l 

~r +“ 

(93) - — (1 + a** - 2a cos i/f) J 2 

—00 

Let 

(1 + a’*-2aC08i/f) ® = (l-os:) ^(l-a^;-*) ^ = | 2 , 

is — 00 

whence 

v-\ 

(94) 

Since the absolute values of az and <iz~’^ are always less than unity, 

V 

the factors (1 - ag)~^ and (1 - az-^) ^ may be expanded by the binomial 
theorem into convergent power senes m az and az~’- The coefiicient 
of / in the product of these series is after which is obtained 
from (94) The general term is easily found to be 



In this manner the coefficients of are developed 

in Fourier series in cos z (ui - W 2 + - tj) But these tngonometncal 

functions are multiplied by the factors sin(wi-Ti), sin(i^ 2 -r 2 ) raised 
to different powers [equation (87)] These powers are to be reduced 
to sines and cosines of multiples of the arguments, and the products 
formed with cos t (ui + — t^) and the reduction again made to 

sines and cosines of multiples of arcs The trigonometrical terms will 
have the form cos where ^x, ^ 2 , h and h, are 

integers As a consequence of (89) this expression may be written 

cos {j^li -Ji S3 1 -^2 S3 2 + ^iTi + +^ 2 «^ 2 ) 

= cos {jlh ^"^2^2 '~Jl S3 1 ~~J2 S3 2 ■+* ^I'^x + ^3^2) 

X {cos UiWi) cos (jiWi) - sin (jiWi) sin (^ 2 ^ 2 )} 

— sin {jih +^ 2 ^ S3 1 —^2 S3 2 + ■*“ ^ 2 ''" 2 ) 

X {sin (jiWi) cos (jiWi) + cos (ji'ivi) sin (^ 2 ^ 2 )} 


( 96 ) 
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Since Zi = -I- Cj, l 2 — nit + € the first factors of the terms m the 

right member of this equation are independent of and ^ Cos {jiWi), 
etc are to be expanded into power series m Wi and w by the usual 
methods Now Wi~Vi~Mi^ w , and these quantities were 
developed into power senes in and [Art 99, eq (54)J whose 
coefficients were Fouiier series with multiples of the mean anomaly as 
argiments bubstituting these series for and w in the expansions 
of the second factors of the teims of the right member of (96), and 
re ucing the powers of sines and cosines of the mean anomaly to sines 

an cosines of multiples of the mean anomaly , and multiplying by the 
factors 

and again reducing to sines and cosines of multiples of the arguments, 
the expression (96) is developed as a power series in and whose 
coefficients are series in sines and cosines of sums of multiples of 
4, 4, S3i, g32, r,, t 2 , M-,, But = M =k-7r , therefore 
e arguments will be Zi, ^ , tj, r , tti, tt,, where and are 
functions of g^i, 53 , ii, and 2 defined by (85) 

When these expansions and reductions have all been made Mx 2 will 
be developed m a power series in and sin'’!^, the coefficients of 
which are series of sines and cosines of multiples of k, I , £Si, ffia, 
+Ti" ^ coefficient of each tngonometric term depending upon 

the ratio of the major semi-axes A more detailed discussion than can 
e entere into here shows many impoitant and interesting properties 
of these expansions, one of which is that the development of J!, , contains 
cosine terms alone Thus 

/'^i2 = 2C'cosi), 

+ + A/tti + h V2, 

^ ^=/(«i. a-i, Bi, e , sin^^), 

m which ^ 1 , , 4' take all integral values, positive, negative, and zero, 

the summation being extended over all of these terms 

The derivatives with respect to the various elements may at once 
be found, and as the time enters only in the trigonometiical teima 
there is no trouble in integrating term by term It is clear fiom the 
foregoing that the series for Ei 3 is very complicated and that much 
abor IS required in constructing it in a particular case Levemer has 
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carried out the literal development of all terms up to the seventh order 

inclusive in ei, sin“^, and the length of the work is such that fifty- 

three quarto pages of the first volume of the Amides de TOhsermtoire 
de Pm %s are required in order to write out the result 


188 Periodic Variations It follows from equations ( 72 ) and 
( 97 ) that the rates of change of the elements are given by 


{ < 2 / S 3 1 


(98) 


-I /t/i f /{Jq 

V 3^1 aj. 




dt oi\ (lx \/ 1 — * Bx sin lx ^ ^Vx '' 

*! 5 o^S 

vl-^i^SiiUi t 3g3i 9S3iJ 


dt rixa-x '^ 1 - ex 

TWa tan ^ 


Tixa-x 


'tX 

— 2 ^ ~ + ^2 ~| 0 sin jD, 

- I aTTi aTTiJ 


^ Watan^^ ^ ^ 

dt nxax\ll—ex \ \ i 




— 2 ^ S^cosi), 

rixUx^ex dei ’ 


-iwi vx 

2 k' + P\ Cs.nl), 

nxdxBx I 9^1 Sw-J ’ 

5 {— cos 2 ) - ( *1 — + — ) O' sm i)} 

dt l• 9 ^l \ 9 ^l 9 ^l/ J 


^€l_ 

dt ^x^i ”■ "-'n ' "•a ''*'1'' 

/:^ a 1-n/1-^x%9C7_ y, 27^2 ^9(7_ ^ 

+ W2a V 1 “ J 2 ~ cos X/ ^ r— cos V 

* ^ «iai^«i 9ei JiiOi Soi 


The perturbations of the elements of nh of the first order with 
respect to the mass are the integrals of these equations regarding 
the elements as constants in the nght members Similar terms must 
be added for each disturbing planet 

There are terms in Ri 3 of three classes (a) those in which JiKi +^sWs 
IS finite and distinct from zero , (&) those m wbch 3 iih +jiVh is wery 
small, but distinct from zero , and (c) those in which j-jh +Jsih equals 
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zero Denote the fact that Ri 2 contains these three sorts of terms by 
writing 

Ri 2 ~ ^ ^0 oos Dq + ]§ cos Di cos J) , 
where the three sums in the right member include these three classes 
of terms respectively Hence the perturbations of the first order and 
of the first kind are, including the mass factor m , 

( 1)^ ^ SIR Dq 

n^ai - ei sin % 1 


+ + _ ( gj j(o D) 


W 1 ) 2 {„■ - i. in - i 511 GiiSlA 




-7^^ 2 k + J, + - (*,(« 1)) 

V i — ^ StTi 07riJ J-^n-y + 


^2 tan ■ 


D) = ^ 5 W Sin A 

in^a^ sl\- ex 1 3ii +j-n« 


\ dlx OlxJ jxUi+J Ui 


( 99 ) \ 


+ s ^0 _s y A _ / ,0 m 

%ai 01 ^eijiTh+jn^ ^ 

= ( 0 ,)' 

’ nxOx 

(ex(» ^ 1 ) = - ^ 2 . 

^ 1 ^ 1^01 J/i^Zi+ 7 o «2 


■ - 2 + *!,— + h - (^i(“ »)* 

^ 1^1 \ ^tt, ^TrJ ji.n^+.un ^ 


^atan- _ 

(€i(» ')) = ^ 5 W sin .Dq 

%ai^ \ll - e-y l^^l ^i^2i+^2^ 


\ Cly ^^l/^lWl+^2% 


1 + ^2 \/l- 0 i 


j l- Vl- 01 ^ ^ ^^0 Sin /)o 




These terms are purely periodic with periods — and coii- 

4 .x X XI. 7 

stitute the periodic mnations Every element is subject to them, 
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depending upon an infinity of such terms, whose penods are, m 
general, difterent The coeificient Co is, in general, smaller the larger 
IS, and the shorter is the period of the term 

This method of representing the motion of the planets is somewhat 
analogous to the epicycloid theory of Ptolemy, for each term alone is 
equiyalent to the adding of a small circular motion to that previously 
existing This theory is more complex than that of Ptolemy m that it 
adds cycloid upon cycloid without limit, it is simpler than that of 
Ptolemy in that it flows from one simple law, the law of gravitation 

189 Long Period Yanations The letters and represent 
all positive and negative integers and zero Therefore, unless and 
are incommensnrahle snch a pair of integers and ^2 exists that 
= 0 But in this case D would be a constant and the 
integral would not be formed this way However, whether and 
are incommensurable or not such a pair of numbers can he found that 
IS very small This term will he large unless C is very 
small It IS shown in a complete discussion of the development of 2 

that the order of Cm ^1, ^3, sin® — is at the least equal to the numencal 

value of ^1+^3, (see Tisserand’s Mfc Cfl, vol i p 30 S) Since 
and Wa are both positive one of the numbers must be positive and 
the other negative in order to make the sum jitii +^2^2 small, and the 
more nearly eqnal they axe the smaller the numencal value of is, 
and consequently, the larger C will be When the mean motions of the 
two planets are such that they are nearly commensurable with the 
ratio of rii to expressible in small numbers, then large terms in the 
perturbations will arise from the presence of these small divisors The 

penod of such a term is . wbeli is very long, -whence the 

appellation long penod These terms are given by eq^uations of the 
same form as (99), but -with the restnction that +yan5 slmll be very 
small 

Geometrically considered, the condition that the penods shall be 
nearly commensurable -with the ratio expressible in small numbers 
imanna that the poiuts of oonjiinotion occur at nearly the same part 
of the orbits with only a few other conjunctions mtervemng The 
extreme case is that m which there are no conjunctions intervening, 
when ji and will differ in numencal value by umty 

The mean motions of Jupiter and Saturn are nearly m the ratio of 
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five to two Consequently = 2, yg = - 5 gives a long period term, and 
the order of the coefficient G is the absolute value of 2 — 5, or 3 The 
cause of the long period inequality of Jupiter and Saturn was dis- 
covered by Laplace m 1784 in computing the perturbations of the 
third order in % and The length of the period m the case of these 
two planets is about 850 years 


190 Secular Variations The expression D is independent 
of the time for all of those terms in which The partial 

derivatives of D with respect to the elements are also independent 
of the time , hence, taking these terms of (98) and integrating, it is 
found that 




sIl-Bi Sin 


[^,(ol)] = 

niOr^ V 1 - ^1 sin ii 

m tan ^ 

Jk 


- cos i) - ^ + ^2 — ) O' sin dX (t - %), 

^1 V 9^1 / J 

- 2 L -^1 — -^^2 -- I (#-# 0 ) 


- T - /r^ 2 c, sm D (t- 1,), 

h<h 'Jl-Bi I. diTi Sn-jJ ^ 






Hiai VI — 

\/ 1 ^ ^G 


-2 f_cosi)2-(^.|j + 4|)c'2smA}(#-fo) 


K<”)] = o, 


-V A C-1 ^ KJiy 




tan ~ 

£i 


21 K 2 „ 3(72 n 

It Mows that there are no secular terms of this type of the first 
order with respect to the masses in the perturbations of a 
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This constitutes the first theorem on the st^ibility of the solar 
system It was proved up to the second powers of the eccentricities 
by Laplace in 1773*, when he was but twenty-four years of age, in 
a memoir upon the mutual perturbations of Jupiter and Saturn^ it 
was shown by Lagrange in 1776 that it is true for aU powers of the 
eccentncitiest It was proved by Poisson m 1809 that there are no 
secular terms in a in the perturbations of the second order with 
respect to the masses, but that there are terms of the type ^cosjD, 
where D contains the timej Terms of this tj^e are commonly called 
Poisson terms 

All of the elements except a have secular terms The thought 
appears to have been that the secular terms, which apparently cause 
the elements to change without limit, alone prevent the use of 
equations (72) for computing the perturbations for any time however 
great Many methods of computing perturbations have been devised 
in order to avoid the appearance of secular terms , yet it is clear that, 
whether terms proportional to the time appear or not, the method is 
strictly valid for only those values of the time for which the series (20) 
of Art 1 68 are convergent 

Secular terms may enter in another way, usually not considered 
If = 0 with ^1=4=0, ^ 2 =f= 0 , D IS independent of the time and 

the corresponding terms are secular In this case D is not mde- 
penderit of cj and there will be secular terms in the perturbations of a 
As has been remarked, this condition will always be fulfilled by an 
infinity of values of and ^2 if % and are not incommensurable But 
it is impossible to determine from observations whether and are 
incommensurable, for there is always a limit to the accuracy with 
which observations can be made, and within tbs limit there always 
exist both commensurable and incommensurable numbers There is 
as much reason, therefore, to say that secular terms in a of tbs 
type exist as that they do not However, they are of no practical 
importance because the ratio of % to cannot be expressed in small 
integers, and the coefficients of these terms are so small that they 
are not sensible for such values of the time as are ordinarily used 

191 Terms of the Second Order with Respect to the 
Masses The terms of the second order are defined by equations (29) 

* Memoir presented to the Pans Academy of Sciences 
t Memoirs of the Berlin Academy, 1776 
t Journal de VJScole Polytechmque, vol xv 


MOM 


20 
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Art 171 Tlie right members of these equations aie the ])i()(huts 
of the partial derivatives witli respect to the elements, ot the nghi 
members which occur m the terms of the hist otdei, and the pti- 
turbations of the hrst order of the coiiespoiidmg elonnmls T\m% 
the second older peituibations of the node aie dctcnnnuHl hy the 
equations 


( 101 ) 


dt 

dQl 

dt 




S ^ s,('' ■), 


Uiai^ Vl -ei siiWi ^ 

_ N ^ 

JT “ Sin ii 


s^Co, 


where Si and ?2 represent the elements of the oibits ot nii and 
respectively is a sum of periodic and constant t^enns , sj*’ 

and 52^^ are sums of periodic terms and tcims (ontaming the tinu^ 
to the first degree as a factor The products and 


^2 jO 1^1 jl 

^5(10) contain terms of four types (a), A wheie A 

0^^O62 

contains the time, (6), I) , (c), D , wheie D is mdipciuleni 
COS cos 

SllX 

of the time, and {d), integials of these tom types 

are respectively 




- cos 
sin 


D 


Ji'ih+J 'ih 


{b\ 


-cos sm 

^ sin i os 

+ Oi/qs/j/0 ’ 


(c), t 


sm 

cos 


A, 


and {d\ 


sin 
2 (OS 


n 


Therefore, the peituibations of the second order with lespect to ilin 
masses have purely periodic terms , Poisson terms, or tcmis ni whn h 
the trigonometric terms are multiplied by the time, sciulai teimn 
where the time occurs to the hrst degiee, and seculat tenns wluno 
the time occurs to the second degree This is tiue foi all of the 
elements except the major semi-axis, in the case ot whuh the co- 
efScients of the terms of the third and fourth types aio /eio, as 
Poisson hist proved 

In the terms of the third order with respect to the inasHCH there 
are secular terms 111 the perturbations of all the eleinents except a* ^ 
which are proportional to the third power of the time, and so on 
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192 Lagrange’s Treatment of the Secular Variations 
Ihe presence of the secular terms in the expressions for the elements 
seems to indicate that, if it be assumed that the senes represent the 
elements for all values of the time, then the elements change without 
imit with the hme But this is by no means necessarily so For 
example, consider the function 


(102) sin (cmt) = emt - ^ 

3 

where c is a constant and m a very small factor which may take the 
place of a mass The expansion converges for all values of t This 
function IS never greater than unity for any value of the tune, yet 
if its expansion ni powers of m were given, and if the first few terms 
were considered without the law of the coel&cients being known, it 
might seem that the series represents a function which increases 
indefinitely in numerical value with the time 

Following out the idea that the secular terms may be expansions 
of functions which are always finite Lagrange has shown (see Collected 
Work% vols V and vi ), under certain assumptions winch have not 
been logically justified, that the secular terms are in reality the 
expansions of periodic terms of very long penod These terms differ 
from the long period variations (Art 189) in that they come from the 
small uncompensated parts of the periodic variations, instead of directly 
from special conditions of conjunctions As a rule these terms are 
very small, and their periods are much longer than those of the sensible 
long period terms It will not be possible to give here more than a 
very general idea of the method of Lagrange 

The first step is a transformation of variables by the equations 
^ sin TT^, 

Ij ^ ej cos 79 , 

and 


(103) 


(104) 


jt?j = tane^sinSj, 
g; = tanvcos9j, 


where ej, etc are the elements of the orbit of and ^ is a new 
variable not to be confused with the mean longitude These trans- 
fomations are to be made simultaneously in the elements of the 
orbits of aU of the planets The elements aj and cj remain without 
transformation Omitting the subscripts, it is found from (103) and 
(104) that 


20—2 
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( dh 


( 105 ) 


d^r 


de 


-j-.—e cos TT + sin tt ^ , 
at dt dt ' 

de dir de 

dt dt dt^ 

m dRdh dEdl dB dB 

de dh de dl de dh dl ' 

dB dBdk dRdl dB dB 

= tan ^ cos 9, -rr + sec^ ^ sin 9 - 7 - , 
dt at dt ’ 

dq , ^d 9 o ^dz 

- tan ^ sm 9 + sec ^ cos gS ^ , 

dR dB dp dB dq ^ dR ^ dB 

= + =::-j 3 an^cosS-r — tan ^ sm £3 -TT- j 

d9 dpd9 dqd9 dp ^q 

dB dBdp dRdq ^ dB dB 

Si dp dz dq dl dp dq 

Then it follows from (72) that 

dh m Jl — h —I dB 


dt 


na dl 
m Jl- W~~l 


h 


dB 


m /tan- 


dR 


(106) 


n(i 1 -f \/l - A -- P Se na sJx^K -I di 

dl _'-m^\ll-h^ — I dB 
dt'~ 


no? dh 


I 


dR 


m Atan- 

2 dB 


na^ 


1 + a? na} >J\-h^-r 


^ »*2 ^ / 0 jS 3 ^\ 

* na}sJl-]}-PQO%Hdq ‘i^a^^X-W-l cos «cos’'^ 

u 

dq _ 




dB 


m^q 


dt na^sJl-K^-PGO^^idp <2na^sl l-h^- 


/^cos ^cos^- 

A 


tdB ^ si^ \ 
\ Stt 0e / 


Developing the right members and neglecting all terms of degree 
higher than the first* in h, I, p, and q, these equations reduce to 


* The terms of order higher than the first aie neglected throughout in a later 
step m the method 
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(107) 


dh _ dR 
dt no? U ’ 

dt no? dh ’ 

d/p _m^ dJR 
dt ” no? dq ’ 

dq dB 

dt no? dp 


Each perturbing planet will contribute terms in the right members 
of these equations similar to the ones written which come from m 2 
These differential equations are not strictly correct, since the first 
approximation has already been made in neglecting the higher powers 
of the variables 


The second step is the new method of treating the differential 
equations The expansions of the Ej contain certain terms which are 
independent of the time, which in the ordinary method give nse to the 
secular terms Let represent these terms Lagrange then treated 
the differential equations by neglecting the periodic terms in Ej, and 


writing 


(108) 



The values of h, Z, p, and q determined from these equations were 
used instead of the secular terms obtained by the previous method 
There is no known mathematical justification for breaking up a 
differential equation in this manner, and it is at this point that 
the processes lack perfect rigor, even though it is agreed to neglect 
the terms of higher orders 


The right members of equations (108) are expanded in powers of 
A, Z, p, and q, and all of the terms except those of the first degree are 
neglected, consequently the terms omitted in (107) would have dis- 
appeared here if they had been retained up to this point The system 
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becomes linear, and the detailed discussion of shows that it is 
homogeneous, giving equations of the form 


(109) 


rfh 

dt 

dh. » , 

dt 

< dk Ih , ^ 

I Tt + = 


^ ^ 7 — A 

dt 

' 'It = 

and a similar system of equations in and 

The coefficients depend only on the major axes (the not 
appearing in the secular terms) which are considered as being constants, 
since the major axes have no secular terms in the perturbations of the 
first and second orders with respect to the masses It is to be noted 
here that there is no justification of the assumption that the c^j are 
constants 

When these linear equations are solved by the method used m 
Art 123, the values of the variables are found in the fonn 

j=i 
lx~ '% 

p^= 'S, 

3=1 

g. = S 

j=i 

where Hy, L^, P„, are constants depending upon the initial 
conditions A detailed discussion shows that the A, and fij are all 
pure imaginaries with very small absolute values , therefore the h, k, 
p„ and gj oscillate around mean values with very long periods Or, 
smce the e, and tan^J are expressible as the sums of squares of the 
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jt?/, and 2 ;, it follows that they also perform small oscillations 
with long penods , for example, the eccentricity of the earth’s orbit 
IS now decreasing and will continue to decrease for about 24,000 years 

Equations (109) admit mtegrals first found by Laplace m 1784, 
which lead practically to the same theorem They are 

' n 

S (h/ + = Constant = 0, 

( 111 ) - 

2 mjfijaf {pf + qf) = G' , 

\j^i 

or, because of (102) and (103), 


( 112 ) 


I n 
■I 

n 

S«^%^®tan'’ %j= 0\ 

I Jssl 


where % is the mean motion of The constants C and 0* as 
determined by the imtial conditions are very small, and since the left 
members of (112) are made up of positive terms alone no ^ or ^ can 
ever become very great There might be an exception if the corres- 
ponding mj were very small compared to the others 

These equations give the celebrated theorems of Laplace that the 
eccentricities and inchnations cannot vary except within very narrow 
hmits Although the demonstration lacks complete ngor, yet the 
results must be considered as remarkable and significant Equations 
(112) do not give the penods and amplitudes of the oscillations as do 
equations (110) 


XXVI PROBLEMS 

1 Suppose (a) that ^ is large and nearly constant , Q>) that Bi ^ is 
large and changing rapidly , (c) that jKj 2 small and nearly constant If the 
perturbations are oomput^ by mechanical quadratures how should the ifo 
be chosen relatively in the three cases, and how should the numbers of 
subdivisions of ^*-^0 compare? 

2 The perturbative function involves the reciprocal of the distance from 
the disturbing to the disturbed planets This is called the principal pa/rt and 
gives the most difficulty in the development How many separate reciprocal 
distances must be developed in order to compute, in a system of one sun and 
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% planets, (a) the perturbations of the first order of one planet , (5) the 
perturbations of the first order of two planets , (o) the peiturbations of the 
second ordei of one planet , and (d) the perturbations of the thud order of 
one planet 

3 What simplifications would there be in the development of the per 
turbative function if the mutual inclinations of the orbits were zero, and if 
the orbits were circles^ 

4 What sorts of terms will in general appear in peituibations of the thud 
order with respect to the masses ^ 


HISTOEICAL SKETCH AND BIBLIOGEAPHY 

The theory of pertuibations, as apphed to the Lunai Theoiy, was 
developed from the geometrical standpoint by Newton The memoirs of 
Clairaut and D’Alembert in 1747 contained important advxncos, making the 
solutions depend upon the integration of the dififercntial equations in sei los 
Clairaut soon had occasion to apply his processes of integration to the 
perturbations of Halley’s comet by the planets Jupiter and Saturn This 
comet had been observed in 1531, 1607, and 1682 If its period wore 
constant it would pass the perihelion again about the middle of 1859 
Clairaut computed the perturbations due to the attractions of Jupitei and 
Saturn, and predicted that the perihelion passage would be April 13, 1859 
He remarked that the time was uncertain to the extent of a month because 
of the uncertainties in the masses of J upiter and Saturn and the possibility 
of perturbations from unknown planets beyond these The comet pxssed 
the perihelion March 13, giving a striking proof of the vilue of Glaiiaut’s 
methods 

The theory of the perturbations of the planets was begun by Euler, whoso 
memoirs on the mutual perturbations of Jupiter and Saturn gained the priz:os 
of the Trench Academy m 1748 and 1752 In these memoirs was given the 
first analytical development of the method of the variation of parameters 
The equations were not entirely geneial as he had not consideiod the elements 
as being all simultaneously variables The first steps in the development of 
the per+urbative function weie also given by Euler 

Lagrange, whose contributions to Celestial Mechanics were of the most 
brilliant character, wrote his first memoir in 1766 on the peiturbations of 
Jupiter and Saturn In this work he developed still further the method of 
the vaiiation of parameters, leaving his final equations, however, still incorrect 
by regarding the major axes and the epochs of the perihelion passages as 
constants in deriving the equations for the variations The equations for 
the molmation, node, and longitude of the perihelion fiom the node wore 
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perfectly correct In the expressions for the mean longitudes of the planets 
there were terms proportional to the first and second powers of the time 
These were entirely due to the imperfections of the method, their true form 
being that of the long period terms, as was shown hy Laplace in 1784 by 
considering terms of the third order in the eccentricities The method of the 
variation of parameters was completely developed for the first time in 1782 
by Lagrange in a prize memoir on the perturbations of comets moving m 
elliptical orbits 

In 1773 Laplace presented his fiirst memoir to the Trench Academy of 
Sciences In it he proved his celebrated theorem that, up to the second 
powers of the eccentricities, the major axes, and consequently the mean 
motions, have no secular terms This theorem was extended by Lagrange in 
1774 and 1776 to all powers of the eccentricities and of the sine of the angle 
of the mutual inclination, for perturbations of the first order with respect to 
the masses Poisson proved in 1809 that the major axes have no purely 
secular terms in the perturbations of the second order with respect to the 
masses Tinally, Haretu pioved in his Dissertation at Sorbonne in 1878 
that there are seculai variations in the expressions for the major axes in the 
terms of the third order with respect to the masses 

Lagrange began the study of the secular terms in 1774, introducing the 
variables A, jo, and q The investigations were carried on hy Lagrange 
and Laplace, each supplementing and extending the work of the other, imtil 
1784 when their work became complete by Laplace’s discovery of his 
celebrated equations 

( ^ 

S mjnja^e/=^€, 

n 

2 irij rij tan^ = C’ 

These equations were derived by using only the linear terms in the differential 
equations Leverrier, Hill, and others have extended the work by methods of 
successive approximations to terms of higher degree Newcomb {Srmthsoman 
Contnhutiom to Science, vol xxi , 1876) has estabhshed the more far reaching 
results that it is possible, in the case of tb^ planetaiy perturbations, to 
represent the elements by purely periodic functions of the time which 
formally satisfy the differential equations of motion If these senes were 
convergent the stability of the solar system would be assured , but Poinpard 
has shown that they are in general divergent {Les M^tkodes Moumllee, 
chap IX ) Lindstedt and Gyld^n have also succeeded in integrating the 
equations of the motion of n bodies in periodic series, which, however, are 
in general divergent 

Gauss, Airy, Adams, Leverrier, Hansen, and many others have made 
important contributions to the planetary theory in some of its many aspects 
Adams and Leverrier are noteworthy for having predicted the existence and 
apparent position of Neptune from the unexplained irregularities in the 
motion of Uranus More lecently Poincard has turned his attention to 
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Celestial Mechanics, publishing a prize memoir in the Acta Mathvmatica^ 
vol XIII This has been enlarged and published in book foim with the title 
Les Methodes Nouvelles de la M^camque Celeste Poincai 6 has applied to the 
problem all the resources of modern mathematics with unrivalled genius , he 
has brought into this work such a wealth of ideas ind he has devised 
methods of such immense power that the subject in its theoretical aspects 
has been entirely revolutionized in his hands It cannot be doubted that 
much of the work of the next fifty years will be in amplifying and applying 
the processes which he has explained 

The following w orks should be consulted 

Laplace’s Mecamque Odeste, containing practically all that was known of 
Celestial Mechanics at the tune it was written (1799 — 1805) 

On the variation of parameters — Annales de VOhso vatoire do Pa^is^ vol i , 
Tisserand’s Mecamque Celeste^ vol i , Brown’s Lunai Theo7 y , Dziobek’s 
Planeten Bewegungen 

On the development of the perturbative function — Aniialis dc VObsava 
toire de Pans, vol i , Tisserand’s Mecamque Celeste, vol i , Hansen’s 
Entmichelung des Products einer Potenz des Radius Vector mit dim Sinus 
Oder Cosinus ernes Vielfachen der wahren Anomalie, etc , Ahh d K SlLchs 
Ges zu Leipzig, vol ii 

Newcomb’s memoir on the General Integrals of Planetary Motion 

Poincar(5, Les Methodes Nouvelles, vol i chap vi 

On the stability of the solar system — Tisserand’s M^c C4l vol i chaps 
XI , XXV , xx\i , and vol iv chap xxvi , Gyld^n, Traits Analytique d<s Oihites 
ahsolues, vol i , Newcomb, Smithsonian Cont , vol x\i , Porno lu, Le'i 
M4ihodes Nouvelles, vol ii chap x 

On the subject of Celestial Mechanics as a whole there is no bettor woik 
available than that of Tisserand, which should be in the possession of every 
one giving special attention to this subject 
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THEOEY OF THE DETERMINATION OF THE ELEMENTS 
OF PARABOLIC ORBITS 

Preparation of the Observations 

193 The determination of the orbits of unknown bodies is based 
upon observations of their apparent directions from the observer on the 
surface of the earth at given epochs It is obvious that their actual 
directions must be known in order that the elements maybe computed^ 
and it IS convenient to have the actnal directions from the center of 
the earth rather than from any point on its surface, because the center 
IS the point which describes the curve known as the earth’s orbit The 
position of the sun with respect to the center of the earth is given in 
the Nautical Almanac for every day in the year Since the comets 
are the bodies to which this theory will he apphed it will be assumed 
at once that the body in question is a comet 

The chief corrections to be applied to the observations before using 
them in the computation of an orbit are for parallax, the time it 
takes light to come from the comet to the earth, aberration, and the 
changes m the fundamental circles of reference during the mterval 
covered by the observations These corrections are all relatively small, 
especially when the comet is not near the earth, and if they were 
neglected an approximate orbit would be found Moreover, it is 
necessary to know the approximate distance of the comet in order 
to apply some of them 

Suppose a comet has just been discovered An orbit should be 
computed as soon as the requisite number of observations has been 
made, and an ephemens calculated, in order that observers may be 
directed where to point their telescopes If this were not done, and 
observations were prevented for a few days by unfavorable weather, 
the comet might move so that its rediscovery would require the 
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expenditure of considerable time But an approximate orbit 'will be 
sutficient for tbe construction of a search ephemeris unless the comet 
should remain visible for a long time , therefore it is recommended 
that the first orbit be computed without applying the corrections which 
are about to be explained After the comet has receded from view and 
all the observations have been made a definitive orbit should be com- 
puted based upon all of the available data to which all of the corrections 
have been applied 


194 Correction for Parallax Suppose the approximate 
distances of the comet at the times of the observations are known, 
then the corrections for parallax can be made by the methods of 
Spheiical and Practical Astronomy It will be sufficient to give the 
formulas with the proper references 


Let h represent the radius of the earth expressed in terms of the 
equatorial radius, tt the equatonal horizontal parallax of the sun 
expressed m seconds of arc, 6 -a the hour angle of the comet at 
the time of the observation, p the distance of the comet, d> the apparent 
astronomical latitude of the observer, <j>' the geocentric latitude, and e 
the eccentricity of the meridian Then the geocentric latitude is given 
by the equation 

(0 tan<j^' = (l-^ ) tan 

where <l>' is to be taken m the same quadrant as <l> 


If tto and Bq represent the observed right ascension and declination, 
the values of these two cooidmates corrected for paiallax are given by t 


( 2 ) 


a — tto 4- 


Att cos sin {0 — ff-o) 


P cos Bq 


•< tan y = 


tan 


cos {0 - tto) ’ 

8=8 , Air sin <f>' Bin ( 7 - 80 ^) 


0<y<180 , 
p Sin y 


m which the corrections to ao and So are expressed in seconds of arc 


195 The Locus Pictus Gauss has devised a method which 
avoids the necessity of correcting for parallax f It consists in treating 
the observation as though it were made from the point where the line 
from the comet through the true place of the observer pierces the plane 

* Chauvenet Sph and Frac Ast , vol i p 98 

t Chauvenet Sph and Pmc Ast, vol i p 125 Campbells Sph and Prac 
Ast , p 32 

J Theoria Motus, Art 72 
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of the ecliptic This point is called the hem fictus Since a complete 
observation determines the direction of this line it is obvious that it 
determines the locus fictus uniquely, and when the observation is 
supposed to have been made from this point the latitude of the 
sun IS always zero 

Let t' represent the sidereal time of the observation, and <#>' the 
geocentric latitude of the observer Then t' and are the right 
ascension and declination of the geocentric zenith Let A.' and 
represent the celestial longitude and latitude of the geocentric zenith , 
they are found from t' and <^' by equations (71), Chap V Then, with 
the definitions of h and tt of the last article, the geocentric coordinates 
X*, y\ of the place of observation with the center of the earth as origin 
are given by 

f od - hw sin 1" cos cos X', 
y = Att sin 1" cos P sin X', ^ 

= hr sin 1" sin 

Let p and p' represent the distance from the comet to the place of 
observation and to the locus fictus respectively, and X and /3 the 
longitude and latitude of the comet, which are to be computed from 
the observed right ascension and declination by equations (71), Chap V 
Then the coordinates of the place of observation referred to the locus 
fictus are 

I X*' = (p' - p) cos ^ cos X, 
y" = (p' ^ p) cos P sin X, 

5;"==(p'-p) sin^ 

Let the coordinates of the sun referred to the center of the earth as 
origin be X, F, Z, and to the locus fictus, X', F', 0 Then 
X=X-a?' + ^'', 

or, in polar coordinates, 

E cos M =i? cos A cosB - ATrsin 1" cos jS'cos X' + (p'- p) cos ^ cos X, 
(3) ‘ E sin A' = J? sin A cosB — A^rsin 1" cos /?' sin X' -f (p' - p) cos sin X, 

0 = jB sin B —hr sin 1^' sm p + {p — p) sin p 

These equations define E and A', which are to be used through- 
out the computation in place of R and A, if the locus fictus is 
employed When the observed latitude is small, the distance from the 
center of the earth to the locus fictus is very great and the method 
cannot be employed with advantage 
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196 Eeduction of the Time Because of the finite velocity 
with which light travels the appaient direction of the comet at any 
instant is the direction which it had at some previous time, viz , that 
at which the observed rays left the comet Either the apparent 
position of the comet, or the time of the observation may be corrected 
The latter is evidently the simpler, since it depends upon the distance 
of the comet alone and does not necessitate the recomputation of the 
auxiliaries which depend upon the spherical coordinates Light travels 
a unit’s distance in 498 65 seconds, therefore the correction to be 
subtracted from the time of observation is 498 65 p , or, if the obser- 
vations be referred to the locus fictus, 498 65 p 

The geocentnc distance, p, to be used is that at the corrected time 
which IS unknown But, as the geocentric distance in general changes 
very slowly, the correction to the time taking the p at the uncorrected 
Jime will be sensibly correct If in any case it should not a second 
correction may be computed using the p at a more nearly coirect time 

197 Correction for Aberration The observations will be 
affected by the aberrations which arise from the motion of the earth 
around the sun, and from its rotation on its axis Let ay and Sq 
represent the observed right ascension and decimation of the comet, 
and a and 8 the same coordinates when coriected for the annual 
aberration They are given by the equations* 

( a = ao + 20'" 481 SeC Sq (cOS a cos tto cos € + sm A sin ao), 

(4) -j 8 = §0 + 20'" 481 cos A (cos 8o sm e - sm ao sm 8o cos c) 
i + 20" 481 sin A cos sin 8o 

The corrections arising from the diurnal aberration, which must be 
subtracted from the observed coordinates, are t 

0" 322 cos cos {0 - a^) sec 8o (m right ascension), 

\ 0" 322 cos sm (0 - a^) sin 8o (m decimation), 

where ^ is the latitude of the observer, and O-a^ the hour angle of the 
comet at the time of observation 

198 Reduction to the Mean Equinox The coordinates 
will be affected by precession and nutation It is customary to refer 

^ Chauvenet, Sph and Piac Ast , vol i p 633 (The numerical coefficient 
based on older observations is 20 445 m Chauvenet instead of 20 481 ±0 008, 
as given by Nyr6n ) 

t Chauvenet, Sph and Piac Ast ^ vol i p 640 (Chauvenet gives for the 
numerical coefficient 0 311 instead of 0 322, which is found by more recent 
determinations ) 
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them to the mean equinox at the beginning of the year As before, 
let ao and So represent the observed coordinates Then the coordinates 
referred to the mean equinox at the beginning of the year are given by* 

( a = ao - 15/- g sin {G + ao) tan 8o> 

S = So- cos (G + ao), 

where /, and G are the independent star-numbers, which are given in 
the Nautical Almanac for every day in the year The corrections are 
expressed in seconds of arc 


If the aberrations have not been computed by the methods of the 
last article, they may be included in one set of equations with the 
precession and nutation, when the formulas become t 


a = ao - 15/- g sin (G + ao) tan So - A sm {H + ao) sec So, 
S = So - ^ cos + ao) - h cos (JS + ao) sin So - ^ cos So 


The quantities h, H, and % are also given in the Nautical Almanac 


The various corrections explained above are so small that it is 
immatenal in what order they are applied 


General CoNSiDERArioNS 

199 Formulation of Problem The constants of integration 
in Chap V were determined in terms of the initial conditions, that is, 
in terms of the imtial coordinates and components of velocity When 
a heavenly body is discovered, as for example a comet, not all of the 
initial conditions are determined by observation, since the direction 
from the earth is the only thing that is observed It is clear then 
that the elements of the orbit cannot be determined unless additional 
observations are made 

In one complete observation two things are given, the two angular 
coordinates of the body, which determine its direction, while the 
distance and components of velocity are unknown If the equatorial 
system is the one used, a and 8 are observed, and p is unknown In 
order to determine the six elements of the orbit six things must be 
observed , or, three complete observations are required Suppose the 
observations are made at the instants ti, t^, and tz Let the cor- 
responding coordinates have the subscripts 1, 2, and 3 respectively 

* Ohauvenet, Sph and Prac Ast , vol i , Arts 402—404 
t See the American Pphemens and Nautical Almanac for 1902, p 290 
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The coordinates are functions of the elements, which may be indicated 
by writing 


“i = ^ ( s , 

*, TT, a, e, T , h), 

a =<j}{ 

> 

1! 

> 

II 

> ^i)> 

11 


II 

, 


Thus there are six equations involving six unknowns The solution 
for the elements S , ,T constitutes the solution of the problem The 
functions ^ and if/ are transcendental, involving the elements in a very 
complicated fashion, as was shown in Chap V , while the coordinates 
were found by passing through Kepler’s Equation, or the cubic in the 
case of the parabola, and by means of a number of trigonometrical 
transformations Therefore equations (8) cannot be solved directly 
by elementary processes 


200 Intermediate Elements Although the ultimate object 
IS to determine the elements, the pioblem of finding ceitain other 
quantities from which the elements can be found may be treated fiist 
As has been shown, if the coordinates and components of velocity aie 
known at any time the elements can be determined Suppose it is 
desired to find the coordinates and components of velocity at fi , then 
the equations corresponding to (8) become 

' ai = ai, 

« =/(oi, Si, Pi, ^i', yi, , t^), 

^ y*(«i) ^1, Pi, ^Ij ^1, ^1 , ts), 

^- = ^(^1, ^1, Pi, 0)1, , t ), 

\ K = K Pi, ^i', y/, 

where , etc 

at 

ai and §1 are observed quantities and the first and fourth equations 
may be suppressed The problem is therefore reduced to the solution 
of only four simultaneous equations , and, moreover, they are some- 
what simpler than equations (8) 

As another set of intermediate elements the coordinates at two 
epochs may be taken If they are given and the interval of time 
which it takes the body to move from one position to the other, the 
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elemsiits can bo deteimmed as will be shown m the proper plaice It 
will be aufiScieut to show here by the most dementary consideratioiis 
that it IS true for parabohc orbits, to which the method will be fii^st 
apphed 

The two positions and the center of the sun determine the plane of 
the orbit Then the focus of the parabola and two of its points are 
given Construct circles around the given points with radii equal to 
the distances to the focus One of the two tangents to these two ciroles 
will be the directrix of the parabola, the one to be taken being 
determined by the tune it has taken the comet to move from one 
point to the other The solution will be ambiguous only when the 
time given by the law of areas is the same in both parabolas This 
wiU seldom, if ever, happen, especially since the observations upon 
which the work is based are generally near together But if any 
ambiguity should remain, it may be removed by means of the second 
observation 


Suppose the coordinates which are to be found are those of the 
comet at ti and ^ They are all observed except pi and Then the 
equations corresponding to (8) and (9) are 


( 10 ) 


/ PB) 
l8a = x(Pi, Ps, ^a) 


By this choice of intermediate dements the problem is reduced to 
the solution of two simultaneous equations, which are, however, very 
complicated Neverthdess, the problem has been immensdy simplified 
in comparison with that expressed by equations (8) Instead of usmg 
(10) any two independent functions of these equations may be used , 
or, any function of them with an mdependent equation mvolvmg pi and 
Ps Such a function is evidently Euler’s equation (see Art 92) 
When the function of (10) is properly taken the solution is by the 
&mous method of Dr Olbers which was pubhshed m the Berhner 
Jahrhuch for 1833, and which will be made the basis of the work on 
parabohc orbits which is to follow Owing to the transcendental 
nature of the coefficients m one of the equations mvolved, methods of 
approximation wiU be necessarily employed 


201 General Algebraic Solution When the orbit is assumed 
to be parabohc a rigorous algebraic solution is possible The coordinates 
of the body at two epochs will be used as the mtermediate dements 
The unknowns m the positions are the geocentnc distances pi, pa, and ps 

21 


MOM 
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It will be convenient in what follows to use rectangular coordinates, 
and it must be remembered that they are algebraic functions of the 
geocentric distances of the first degree, since 

osi = pi cos ttj cos Si - JTi, etc 


The motion of the comet is in a plane passing through the center 
of the sun ^ therefore the coordinates must at every instant verify the 
equation 


( 11 ) 


jA.cc + Sy 4 - Occ = 0 


B G 

There are but two independent constants in this equation, -j and ^ 

if =}= 0, and they are for the present unknown Therefore there are 
the following conditions upon the coordinates and the unknown 
constants 


( 12 ) 


/ ^ ^ A 

B 0 ^ 

\ ^2 + ^ y +2^2=0, 

B G . 


These equations depend only upon the fact that the motion is in a 
plane passing through the sun 

The comet moves in a parabola lying in the plane Ax -^-By-^Gz-Q 
with the origin at the focus or, it lies on the suiface of a paraboloid 
in space with the origin at the focus The general equation of a 
paraboloid is of the second degree in x, y, and The question is how 
many new unknown constants are involved in the equation of the one 
upon which the body moves If p is the parameter of a parabola its 
equation with the origin at the focus and x axis as the principal axis is 

= 2px + 


The only unknown is p But the principal axis may he in any 
direction in space This introduces as new unknowns the two direction 
cosines, but there is one relation between them since the axis of the 
parabola must he in the plane Ax + By-^Gz~0 If this parabola be 
rotated around its axis the paraboloid is generated upon which the body 
must always he Fioin what has just been said it follows that the 
equation of the paraboloid involves only two new unknown constants, 


which will be represented by^ and I) 
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represent the equation of the paraboloid Then the follomng conditions 

must be fulfilled 


(13) 


W B C \ 

Vu Zx, -J, -JxP, 

/ B G \ 

f{xu Va, -^>) = 0 


The other independent relations among the coordinates axe given 
by Euler’s equation, one for the epochs and jfa, a^iid another for the 
epochs ^2 and ts When the moving body is a comet its mass may be 
neglected and M will equal unity Then Euler’s equation gives 

J 6^;(i?2-Jfi) = (ri + ra + %)^ + (ri + r2-Si2)^ 
t 6A (#3 - 0 = (^2 + ^3 + 523)^ + (^2 + 7*3 - 523)^ 

The quantities n, ^ 2 , ^ 3 , 5ia, and <?28 are expressible algebraically in 
terms of the coordmates , therefore when equations (14) are rationalized 
they are rational algebraic functions of the coordinates Moreover, 
they do not introduce any new unknown quantities Therefore equations 
(12), (13), and (14) are eight independent functions of the coordinates 

B C 

involving algebraically the seven unknowns pi, /> 2 > Psj ^ , i?? and B 

The eight equations are consistent if the motion is in a parabola, and 
as has been shown, the solution of the problem is in general unique 


Suppose that all of the unknowns except one have been eliminated 
from equations (14) by means of the first six equations This can be 
done in various ways, as by the methods of Bezout, Euler, and Sylvester* 
Suppose the greatest common divisor of the last two equations, which 
contain but one unknown, is found If the solution of the problem is 
umque it will be of the first degree and will determine the value of the 
unknown This may be substituted into the next to the last step in 
the elimination, when a repetition of the process will give the value of 
another unknown This may be continued until aU the unknowns have 
been found, after which the elements are easily determined. The 
method is all that could be desired from a theoretical standpoint, being 
vahd for observations distributed in any manner whatever Practically, 
it would be extremely laborious owing to the very high degrees of the 
equations involved, and it is unnecessary to say that it has never been 
applied The above is an explanation of Poincare’s statement, in the 


* See Serret’s Algibre Supineure, toI i chap iv 


21—2 
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preface to Tisseraiid's Lei^ons sm la Deteimination des O^bttes^ that 
the problem of the determination of the elements of a parabolic oibit 
depends upon the solution of algebraic equations 

In the case of elliptic orbits equations (12) are the same, ecpiations 
(13) involye a new unknown depending upon the eccentricity, and 

equations (14) are transcendental, being power series in ^ The 

CO 

method fails in this case because the number of unknowns equals the 
number of equations and because the equations are not all algebiaio 


Olbeks’ Method 


202 Outline of Olbers* Method Suppose throe complete 
observations at the epochs ti, and are at the disposal of the 
computer Since the motion is in a plane it follows that 


(15) 


' Aooi + Byi + Czi - 0 , 

" A 0 C 2 1” + Gz = 0, 

^Ax^^By^+ (^3 = 0 


Eliminating the unknown constants the determinant 


^l> 

yi, 


X , 

y » 

^2 

^ 3 , 

ys, 

^3 


is obtained This determinant may be expanded and written in the 
three forms 


( ^1 ( 2 / 2 % - 5 ^ 23 / 3 ) - (X! {y^Zz - Ziy^ 4 - Xi - Ziy^ = 0, 

yi (^2^3 - - y (^1^3 - z^x^) + y, {xiZ^ “ 2^1 r ) = 0, 

(^22/3 ~ y ^3) “ ^2 (^1^3 - yi ^3) + ^3 (^1^2 - yi ^2) = 0 

Evidently these equations are but different forms of the same 
equation , but, if the parentheses can be determined numerically from 
some additional principles, they become independent The parentheses 
are the projections of the triangles formed by the sun and the three 
positions of the comet taken in twos upon the three fundamental 
planes Since the parentheses enter so that the factor of projection is 
the same for each term in the homogeneous equations they may b© 
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replaced by the corresponding tnangles Denote the tnangle contained 
between n and rj by rj , then equations (16) may be written 


(17) 


[^•i, n] 

J 

^ [»i, nj 
[n, n] 

\[»i, n] 


aix + 

y-^+ 

Zi + 


[n. ra ] 

[n, nl 

ri» 

ri. 

[n, n] 
[n, n] 


— 00^ J 

^3 = 3 ^ 2 , 


Suppose for the moment that the ratios of the triangles are known , 
then equations (17) involve only the three unknowns pi, pa, and pg, 
since = px cos cos 8j — I etc Apparently they could be solved 
for these three quantities, in which they are linear, after which the 
elements could easily be computed , but, it would be found, as will be 
shown later, that very small divisors would be mtroduced so that the 
solutions would be numerically indeterminate, or at least subject to 
great uncertainties This is especially so since the ratios of the 
triangles cannot be found in the first approximation with perfect 
exactness 


In developing formulas for computations it must be always borne m 
mind that decimals beyond the sixth or seventh place are neglected and 
that the last one retained is subject to considerable uncertamty owmg 
to the possibility that the neglected parts may accumulate and lead to 
a considerable error If a quantity depends upon the quotient of two 
very small numbers the last digits retained have a relatively more 
important effect on the result, which, therefore, partakes more largely 
of their uncertainty Consequently, formulas which mvolve small 
divisors are to be avoided for practical reasons, even though they may 
be theoretically correct 

Gibers’ method consists in ehminating but one unknown, pa, and 
that from such of the three equations that the smgle equation which 
results shall be as simple as possible Smce the p< enter Imearly the 
resulting equation will have the form 

(18) f>, = m + Mpi 

In addition to equation (18) Euler’s equation, 

(19) 6^ (jfs - i^i) = (^1 + n + + (^1 + ^8 - s)\ 

IS used This is expressible in terms of Pi and pg alone as unknowns 
since rx, rg, and 5 are simple functions of the coordinates, and A and 
t^^ti are known numbers Consequently equations (18) and (19) 
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enable one to find the two geocentric distances pi and from which, 
together with the other coordinates at these epochs, the elements can 
be found 


203 Explicit Development of Gibers* Equations The 

observations give the apparent position of the comet in right 
ascension and declination, but it is more convenient in the work 
which follows to use longitude and latitude Therefore the co- 
ordinates must be transformed by equations (71), Chap V The 
heliocentric rectangular coordinates are expressed in terms of the 
four angles and the geocentric distances by the equations 

1 CG-p cos /3 cos X — jR cos B cos A, 
y-pco^p sin X — J? cos B sin A, 

0 = /osin^ — iJsmB, 

with the subscripts 1, 2, and 3 for the three observations Since the 
latitude of the sun never exceeds 0" 9 B may be put equal to zero m 
the first approximation, and it always is exactly zero if the locus fictus 
is employed Then equations (17) become 


cos X} ~ iZs cos A^) 

= /o COSftcOSXg-i^gCOS A2, 

cos sm Xi - ^ sin Aj) + {p^ cos sm X3 - sin Ag) 

Uij Ud 

= P cos id sinX —jRaSinAu, 




The unknown p 2 will be eliminated from these equations, and 
evidently it may be done in the three different ways in which the 
three equations can be combined in twos The character of the observ- 
ations determines which one is best adapted, in any particular case, 
to the solution of the problem 


204 First Method of Eliminating p^ The second and third 
equations of (21) will be used first Eotate the axes forward in the 
plane of the ecliptic through the angle Ao, and let 


( A = i2iSm(Ai-A2), 
li3 = ^3sm(A3-A2) 
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Thea the second equation of ( 21 ) becomes 

{Pj cos jSi sm (Ai - A,) - h) + {p, cos ft sm (X, - A,) - La} 


[ri, n] 


= Pa cos ft Sin (Xj — Aj) 


untTninaiiTig p, from this eq.uation by the third equation of ( 21 ), it is 
found that 


(23) 

where 

(24) 


Pa=m' + M'pi, 


m' = 


cosftsiu(X, 


1 /till?] 

- Aa) - sm ft cot ft sm (Xa- A,) l[ri , r,] /’ 


.. Fr.. r,"i sm ft cot ft sm (Xj - Aa) - C 08ft8m(Xa-Aa) 

, “ cos ft sm (X, - Aa) - sm ft cot ft sm (Xa - A*) 

The trigonometrical coefficients m these equations may be so 
transformed that they may be more easily computed, and so that it 
18 easier to see when they become indeterminate 



Let VAaX, be the echptio, and Oi, Ca, and ft the apparent positions of 
the comet at the epochs #i, ta, and respectively Then 
Xaft = ft, Xaft=ft, x.ft = ft 

Pass a great circle through ft and Aa, and let 

= ft', Xaft' = ft', angle ft AaX* = I 

From the right triangles it follows that 

r sm (Xa - Aa) = tan ft cot J, 

I sm (Xi— Aa) =tanft' cot/, 
sm (Xg — Aa) = tan ft' cot /, 


( 25 ) 
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the first of which defines cot /, and the second and third yS/ and 
respectively Equations (24) become, as a consequence of (25), 


(26) 


tan /cos A" 

sm{/3s-/3s) 




M' = sin (A -AO cos 

[n, ^2] sin (/?3 - ft) cos A' 


205 Second Method of Eliminating pg The first and 
third equations of (21) will now be used Eotating the axis forward 
in the plane of the ecliptic through the angle A , and eliminating p^ 
from the first equation of (21) by means of the third, it follows that 

(27) P3 = ^" + il/"p„ 

where 

' rn!' = > ^3] Ri cos (Ai - A ) + [ri, r ] cos (A^ - A )-[n, y J 

[^1, ra] {sin ft cos ft cos (X3 - A ) - sin ft cos ft cos (A^ - Ag)} ’ 

sin ft cos ft cos (A ~ A ) - sin P cos ft cos (A^ - A ) 

. [n , ^0] sin ft cos ft cos (A3 ~ A ) - sin ft cos ft cos ( A - A ) 

These equations may be simplified in a manner analogous to that 
employed 111 the last article by introducing convenient auxiliaries For 
this purpose let ' and ft" be such auxiliaries that 

cos {K - As) = cos (A. - Aj), 

then 

smAcosA' {[r3,r,].R;C0s(Ai- A2) + [ri,?-2]^8C0s(A,-A3)- 
5). L»'u 1 cos jSa cos ( Aj - A2) sm (/S/ - ^83) 

1 ^3] sm(A-i8i") cos ft" 

V [n, r-a] sin - ft) cos ft" 


206 Third Method of Eliminating The first and second 
equations of (21) will now be used Multiply the first equation by 
sin Aj and the second by — cos A, and add, and it follows that 

(29) p, = m"' + M"'pu 

where 

m'" = + r,ljg3sin(A3-A,)-rn. r..U,bm(A, -X,) 

[»i, r ]cosftsin(X8-A,) 

^ ? ^3] sin (Ag X^ ) cos ft 
In, n] sin (X3 - Xj) cos ft 
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207 The Approximation in Olbers’ Method The coefBi- 
cients m', M', m", M", m'", M'", except the ratios of the triangles, axe 
given hy the observations It is m computing these ratios that the 
approximations enter in Olbers’ method In every practical method 
which has been devised it has been necessary to mate some assumption 
which IS not strictly true In one of the earlier ones it was assumed 
as a first approximation that m the interval covered by the observations 
the comet moves in a straight line with uniform speed* 


In many cases this is so firom the truth that the method is of 
httle value In Olbers’ method it is assumed that the triangular areas 
bounded by the radu and the chord joming their extremities are 
proportional to the times between the corresponding observations 
Accordmg to the law of areas the proportion is rigorously true for the 
sectors, and it is evident from the geometry of the problem that it is 
very nearly true when the triangles are substituted for the sectors, 
especially when the intervals between the observations are short The 
ratio of the triangle [n, rj to the tnangle [va, r,] is more nearly equal 
to the ratio of the times m which they are described by the radius 
vector, the more nearly the second observation divides the whole 
interval mto two equal parts The proportion wiH be more in error 
when the triangles [/"i, ra] and [j"i, Vj] axe considered The assumption 
IS that 


(31) 


[n, ri\ 

[n. n] ti-h 


In order to get a better idea of the magmtude of the error 
committed m the assumption, and to have a method of correction 
when the hehocentnc distances have been approximately determined, 
it will be necessary to develop the analytical expressions for the ratios 
of the triangles 


208 The Ratios of the TnangLes The mass of the comet, 
m, IS so small compared to that of the sun as to be absolutely in- 
appreciable , therefore + wi = 1, smce the mass of the sun is tahen 
as umty 

Let 


BosooTioh, m PmgrS ComStographte, vol n p 808 



RATIOS OF THE TRIANGI ES 


Tlieii, if tlie attractions of the planets be neglected, the differential 
eq^uations which the motion of the comet fulfills are 




Suppose the coordinates at the particular time are ro, 

W ’ other time they are functions of these initial 


coordinates and the interval of time or of r This dependence 
may he indicated by the equation 

x-fix. V Z ^ r\ 

dr’ dr’ dr’ ) 

If the interval of time is sufficiently short this may be expanded by 
Maclaunn’s formula, giving 


(33) x=f{x„ .^.o) + 


ar aT^i2aT»i23 


In the partial derivatives of ^ t is to he put eq^ual to zero after 
differentiation ^ therefore 


_dx^ 
3t dr ’ 


ay dx, 

dr^ dr’’ ’ 


From (32) it follows that 


dr* ~ r/ dr 

d^x^ fl n /dr: 


"to' 


6 d'i 0 dxQ 


^ = + (i!j\ X / 1 12 [drX^ 3 {cPr,\ 

2r,Adr) 241/ r/ UJ 


Ilf ll^/^ 
6 ''' 4 n* Wt 



331 


208] EATIOS OF THE T BIANGLES 

As a consequence of (34), (35), and (36), (33) becomes 


(37) 


£t! = AoSq + B 


dcco 

dr 


and simlaxly 


\ y^Ay.^B 


dy^ 

dr^ 


\z Az^ + B ^ 


The ratios of the triangles [rj, rj are equal to the ratios of their 
projections upon any plane , therefore 

[n, ra] Ziyt-y^ok' 

ihil^ = 

, [ri, rs] 3hyi~yiXi 

T3 = A(^a-«i), Ti = A(#j-#j), Ta=(^3-«i), 

and suppose that 00 ^, y^, Zt, are taken as the zero 

values for the expansions of the type (37) Smce the time from 
to #1 IS -p, it follows that 


(38) 

Let 

(39) 


— A \ 0 C 2 -^1 


dx2 

Tt^ 


(40) 


yi = Aiya + 
ai3=A3ira + ^s^S 
y»= Asya + Bt , 

^ 2»-a’ 2r3*Vc?’'/ 24 W r^\dfr) r^\df^ J) 

Iri 

i^UrJ ’ 

1 T-? 1 T\ fdr^ T-i f 1 12 / d/'aV ,^( + 

■“’ * Bra® 47‘a‘W’'/ 
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As a consequence of equations (40), equations (38) become 




dXi \ 

dr) 


dx \ 
1^) 


6^ ^ 4:r\dr) 

_ _ W _ (dn\ ' 

^ 6 rg 4 \dT ) 


■n f dy dx\ 

[ri.r] 


1 !l 1 4 . 

^ 6 ^2^ 4 \dT ) 

ITo^ 1 T •^ ( Ti — Tj) /dr2\ 

6 7 2*^ *^4 rJ‘ \5t/ 


or, carrying out tlie indicated divisions, 


(41) 


( [^ 2 , n ] ^ 5 1 1 ^ \ 

'TgV 6 72^ 4: dr y’ 

[^1> !i /i . iiLZ-Ii _ 1 Ti (t^t ~ t/) d? 

^s] 'TaV 6 ^ 2 ^ 4 r 2 ^ dr 


The higher terms in these series are very small compaied to the 
first when the intervals of time between the observations are short 
unless the comet is very near the sun, when they may become 
appreciable If the second observation is exactly midway between 
the fiist and third observations, = and the second term of the 
first series vanishes, and the higher terms begin with the thud order 
There is no such reduction in the second senes It is likewise clear 
from geometrical considerations that the error made in retaining only 
the first terms is less in the first ratio than in the second It will be 
advisable to choose the observations upon which to base the deter- 
mination of the elements so that they are as nearly equidistant as 
possible Instead of neglecting the second term in the second series, 
and in the first series when the intervals of time are not equal, ^2 may 
be taken equal to unity and the term included While this will not 
be the correct value of ^ 2 , it will generally be approximately true, and 
almost invariably more nearly true than to neglect the second term, 
which IS equivalent to putting r equal to infinity 

It will be necessary in an unknown orbit to neglect all of the 
higher terms, and it is in this and in the possible errors in the second 
terms that the approximation enters A short digression will now be 
made to investigate what will be the probable lelative magnitude of 
the third terms Consider the one m the first series Suppose the 
intervals between the observations are five days Then = 5>fc = 
approximately The comet will usually be bright enough and near 
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enough to the earth to be seen when ^ 2 = 1, which may be taken in the 
absence of any knowledge on the subject Therefore 


1 Tj® + 


4 r-a^ 3456 

The factor ^ ^ depends upon the eccentricity and the parameter 

of the orbit It would be zero m a circular orbit, and greatest if the 
comet were falling in a straight line toward the sun It was shown in 
Art 89 that the velocity in a parabolic orbit at a given point is to that 
in a circular orbit at the same distance from the sun as is to 1 
The velocity of the earth is about 18 5 miles per second , therefore, 
neglecting the eccentricity of the earth’s orbit, 

dr^ 1 _ 60 X x 18 5 x 60 x 60 x 24 

93,000,000 


- = 1458, 


and therefore 


1 dr 2 

4 r ^ dr 


= 0 000422 


While this number might be considerably increased by being less 
than unity, nevertheless it will very seldom be equalled because the 
comet in general will not be moving directly toward the sun, or even 
nearly toward it The quantities m', M'\ m'", Af'", may 

therefore be regarded as being known with sufficient accuracy except 
when the trigonometrical coefficients become indeterminate 


209 Choice of the Linear Equation The three linear 
equations in ps and pi, (23), (27), and (29), have been derived from 
(21) One of them will be used simultaneously with Euler’s equation 

6A (ts “ h) = (n + n + s)^ + (n + ^8 - 5)^ 
which can be expressed in terms of Pi and Ps, for the determination of 
these quantities The one of the three is to be chosen in which m and 
M are the most accurately determined This will depend upon the 
trigonometrical coefficients 

It should be remarked first that rd*\ each contains a factor 

which IS nearly equal to zero It follows from the definition of L \ , and 

Li m (22) that Xj = A ver 7 nearly 

\h ^ h) 

Therefore the second factor of m' defined hy (26) is nearly 


[n. ’■2] 




(42) 
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Since the intervals between the observations are short, A and 
A 3 -A 2 are small angles and the radii of the earth’s orbit are nearly 
constant , therefore m" defined by (28) becomes approximately 
/ i q\ Sin p cos ^3 {( 3^3 — + (t — ~ i^i)} _ ^ 

^ cos (A ~ A ) sin - Pa) cos ft {t - jfi) ” 

The approximation to zero in this case is not, in general, so near as m 
the former case 

The angles A^-A , Ag-A and A -Ag which occur in (30) will be 
approximately equal for short intervals of time, and therefore is a 
very small quantity The approximation to zero in this case is not, 
in general, so near as in the former cases Therefore, if no difficulties 
arise from the other factors equation (23) will be preferable, being the 
simplest since w' may be entirely neglected 

The circumstances under which the trigonometrical coefficients 
become indeterminate must now be investigated When tlie comet 
moves in, or near, a great circle passing thiough the position of the sun 
at ^ 2 j then ft' = ft and ft' = ft approximately, and m' andili', given by 
(26), have the indeterminate forms w' = •§•, M' =% When the comet is 
in, or near, opposition to, 01 conjunction with, the sun at then I is 
approximately 90 , as can be seen from (25), and rn! in (26) has the 
indeterminate form = go x 0 When the latitudes ft, and ft are 
small, or near 90 , m and M' are seen from (24) to have the form 
= In these four cases equation (23) cannot be used 

Consider the coefficients of equation (27) The auxiliaries Pi and 
Pz depend upon cos (Aj- A ) and cos (Ag — Ag) in the same way that ft' 
and ft depended upon sm (A^ — A ) and sin (Ag — Ag) Therefore m" and 
M are not well determined when the motion of the comet is near a 
great circle at right angles to the circle passing through the position of 
the comet and that of the sun at the epoch U Likewise m" and " 
are not well determined when the comet is near quadiature with respect 
to the sun at the epoch When the observed latitudes of the comet 
are small, or near 90 , the equations for m" and AT" are again nearly 
indeterminate In these cases equation (27) cannot be used 

Equations (30) are indeterminate when the latitudes are near 90°, 
or when the motion in longitude is very slow In these two cases 
equation (29) cannot be used If the three equations (23), (27), and 
(29) fail it indicates that more observations are needed m order to 
determine the elements with accuracy 

The general rule to Mow is this Use (23) if possible because of 
the smallness of the factor in m' If this equation cannot be used (27) 



210 ] 


METHOD OF SOLVING EQUATIONS 


336 


should next be examined, and (29) should be used only when the 
others fail It must be borne in mind that an equation should be 
considered as being inapplicable when it approaches anywhere near 
indeterminateness 


210 Method of Solving the Equations Let ps = m + Mpi 
represent equation (23), (27), or (29), depending upon the requirement 
of the problem Then from the wort which precedes the following 
equations are available for the determination of the geocentric or 
heliocentric distances at the epochs and 4 


6 A (^8 - # i) = ( 7*1 + rs + 5) 5 + (^ 1 + rs - s) 

= (^8 - XiY + (i/3 - + {zs - 

- - 2 pijBa COS ft cos (K - Aj) + 

+ p^ - 2 psBs cos ft cos (X3 - A3) + Bi 
\ - 2pi ps {sin ft sin ft + cos ft cos ft c 


+ Ps" - ^Pa/ts cos Ps cos ^As - A3 J + its" 

- 2piP8 {sin ft sin ft + cos ft cos ft cos (X3 - Xi)} 

+ 2pijB3 cos / 3 i cos (Xi - As) + 2 pzBi cos ft cos (Xg - Ai) 
2 B\B^ cos (Ag “ Aj), 


2B\B^ cos (Ag “ Aj), 

Ti = Pi — 2piBi cos ft cos (Xi - Ai) + i?i‘ 


The hrst equation was denved from the fact that the comet moves 
in a plane passing through the center of the sun, and that the law of 
areas holds It is vahd for an orbit with any eccentricity The last 
three equations are geometrical and hold for all orbits The second 
equation depends upon the fact that the comet moves in a parabola, 
at least by assumption The corresponding equation m the case of 
elliptic and hyperbolic orbits is transcendental, and another method 
must be used 

By means of the first equation ps can be ehminated from aU of the 
remaining equations It has been shown that m is very smaU , hence, 
until an approximate value has been found, it wiU be sufficient to 

assume that pi is eq.ual to unity, and to mite p3= (j + Pi This 
puts all of the three linear equations (23), (27), and (29) m the same 
form 

The second equation can be rationalized, after which the problem 
becomes the solution of four simultaneous polynomials, but the degrees 
of the equations are so high that a direct process is impracticable It 
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lias been found that the most convenient method of obtaining the 
solution IS by successive trials, each one consisting of three steps 

(a) Values of u and are assumed and s is computed from the 
second equation (Euler’s equation) It is advantageous to start with 
values as nearly correct as possible When the orbit is entirely 
unknown it is customary to start with ^i = ^"3 = l, because the chances 
are that the comet will be somewhere near this distance from the sun 
before it is discovered If, however, the angular distance of the comet 
from the sun is much greater than QO"*, larger values might be used 

(b) Pi IS computed from the third equation from which p^ has been 
eliminated by the first equation This value of pi may be used to 
correct the values used in the first equation if the change is sensible 

in the quotient — (c) With the value of pi found, Ti and are 

Pi 

computed from the fourth and fifth equations With the new values 
of Vi and 5 is again computed from Euler’s equation and the whole 
piocess IS repeated This is continued until the values of 7 i and 
started with in Euler’s equation are the same as those found by the 
fourth and fifth equations A very few repetitions are usually sufficient 
to attain the desired accuracy 


211 (a) Solution of Euler’s Equation for s The solution 

of Euler’s equation for s may be reduced to the solution of a cubic 
equation by the proper transformation For this purpose let 


(45) 


sin 7 = - 


H + n 

The upper sign in Euler’s equation is to be taken when the 
heliocentric motion is less than 180 When the interval of time 
IS short, as it is in practice, the motion is nearly always less than 
180 and it is safe to take the upper sign , if this assumption should 
be wrong, the 01 hit would not represent the middle observation and the 
computation would have to be repeated using the other sign 

Making the substitution (45), it is found after some reduction that 


(46) 


6 ^ (ts - tj) 
2^ (n + rs)^ ■ 



This IS a cubic equation for the determination of sin|, and 7 will be 
taken in the first quadrant To solve the cubic, let 


7 
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:8m 8^ 


6^ (^8 ■” ^ 

2* (ri + rij/h 

It foUowH from (47) that « S 30' The equations (48), (47^ (4ft) 

are to be used m order for the determination, of s 

Tables have also been constructed which sawe nearly all the 
computation Let 

(ri+r,)l ’ 


(49) 


-^n+r. 


^ + M=N, 

Pi 


Table XI in Watson’s Theaetiedl Aetrononvy, and VII m Oppolier’s 
BahsnbesimmuMg, give the value of log /* with the argument 
advantageous to use one of these tables when possible 

212 (b) Solution of s' for Pi Let 

(60) 

U = iVpx 

Substituting this value of pt m the third equation of (44), it becomes 
a quadratic in pi and can be readily solved The transformations 
introduced by Gauss greatly faohtate the computation The wot* 
angular heliocentnc coordinates are eaqpressed in terms of the polar 
geocentnc coordinates by the equations 

<i^=Pi(j!V’ooeX,oosi88 — oobXjjCOS^i) — -Bs oos^s + iSti oos A,, 
y» - yi = Pi (j?^ sm X» cos ^8* - sm Xi cos ^i) — sin A, H- JZi sin A, , 

- * 1 = Pi (i*^ sm A - sm )8i) 

Then Gauss mtroduced the auiohan^ g and G by the equations 

.8, cos A,-^i cos Ai=p oos O, 

!,Bm A,- JBism Ai = grsin (?, p>'0, 

or, more oonvemently for determming g and G, 

f.8,oos(A,-Ai)-Bi=y 008 (G‘-A,), 
t.B»sm(A,-A,) =psin(G‘- A,) 


(51) 


IB. 


(62) 


* These taUes aie ertensions of one oozapnted by Gauss and givsa la the 
Theona Motw 


H 0 M 


9S 
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Then let 

' N cos Ag cos A - cos Ai cos ^i = h cos C cos H, 

“ N sin Ag cos ft •- sin A^ cos ft = A cos t sin 
, N sin ft - sin ft = ^ sin 
which determine h, t, and H uniquely if it is agreed that 
A>0, -90 <^<90 

The quantity N is computed from (50) in putting pi equal to unity If 
the correct value of pi does not give a sensibly different value for N the 
computations of h, t, and if are made once for all , otherwise they must 
he repeated with a more nearly correct value of N When m, equation 
(26), IS used this repetition will almost never be necessary For the 
calculation it is more convenient to rotate the axes through the angle 
Ai, and have 

/A cos C cos {H - Ai) = iV^ cos (Ag - A^) cos ft -- cos ft, 

(53) \h cos C sin {H - A^) = iV" sin (Ag - Aj) cos ft , 

[h sin ^ ~N sin - sin ft 

Equations (51) become, as a consequence of (52) and (53), 

(Xi-cci^pih cos tco^H-g cos G, 

(54) \yz-yi- Pih cos ^ sin jff* - ^ sm G, 

\Zz-Zi = pihBmt, 

and the third equation of (44) becomes 

(55) ^ = pih^ — ^pihg cos I cos {G — H) + g 
Now make the substitution 

[ cos </) = cos t cos (G-H), 

(56) j sm < 5 ^) cos Q = cos C sm {G - JET), 

ism <]!) sin Q = sm C, 0 < <^ < 180 , 

then (55) becomes 

( ^ = (hpi - ^ cos <jf)) + ^ sin^ , whence 

(57) J g 1 , 

It IS necessary to decide whether + or - should be taken before the 
radical It depends upon whether hpi - ^ cos <#> is greater or less than 
zero From the first equation of (57) it is easily found that 

^-g =hpi{hpi-2gcob <^) 
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Therefore, if s>g, it follows that Api-2^oos<^>0, and therefore 
hpi — gcos<l>>0 From equation (52) it is found that 

g^ — Bi + - 2jBii2s cos (Ag - Aj) , 

that IS, g IS the chord joining the positions of the sun at the epochs 
and jfi The length of the chord is nearly proportional to the velocity 
in the orbit for a short time Therefore, neglecting the curvature of 
the sun's orbit and remembering that its radius is umty, it follows 

from the formula = that 

\r aj 


(58) 




where r is the distance of the comet from the sun The hmit of the 
inequality s> g or from equations (58), r = 2 Therefore, if the 

comet IS less than twice as far distant from the sun as the earth is 
at the time of the observation, the + sign must be used m (57) As 
comets are rarely observed at a greater distance from the sun than 
this, it will be safe in practice always to use the positive sign If the 
comet were farther from the sun than this limit it would not be possible 
to decide directly which sign should be used However, in practice, 
the expression for px is 

(59) Pi ~ ^ 


213 {c) Solution for Tx and The fourth and fifth equations 
of (44) give Tx and u directly, but it wiU be more convenient in the 
computation to make a transformation of variables 



Pass a great circle through the positions of the comet and the sun 
at th^ epoch t 2 and denote the various arcs and angles as m the figure 

22—2 
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Then it follows from this, and a similar figure for the corresponding 
positions at that 


(60) 


cos \pi = cos Pi cos (A-i - Ai), cos = cos ^ J cos (^3 - A 3 ), 
cos Pi sm xpi = cos Pi sill {K - Ai), cos Pi sin 1/^3 = cos sm (A .3 - A 3 ), 
sm Pi sm xf/i = sin Pi , sin Pj sm 1/^3 = sm pi 


These equations determine \}/i and \j/i uniquely, and these auxiliaries 
are computed once for all The last two equations of (44) become as 
a consequence of (60) 


(61) 


>1= \/(/Oi-PjlCOSi/^i) -hPi^Sin ij/i, 

J[Pi-PiCQ^ij/i) +Pi sin^i/^3 = \/(iV>i-P3COSi/^i) +Pj sin^a 


Let 

(62) 


tan 0i = 


Pi - Bi cos fi 
El sm ij/i 


tan ^3 


N'pi-EjOo ^ v^3 
Ps sm ij/i ■ 


then equations (61) become 


(63) 


Ti = Pi sm i/^i sec ^ 
Ti = P 3 sm (/^3 sec 0^ 


1) 

3 


"With these values of n and rs the steps (a), (b), and (c) are repeated, 
and the process is continued until the values obtained by (63) are the 
same as those started with m Euler’s equation This will happen after 
a few trials unless the observations are such that some of the trans- 
formations lead to indeterminate equations 


214 Differential Corrections The processes above generally 
may be much shortened by applying diffeiential corrections Let 
cr = ri + r 3 for abbreviation, and let o-q be the original approximate 
value The values of and rg found by (63) are functions of ctq 
Thus 

n + ».=/(o-o) 


When the correct o- is used on the start the same value will be found 
at the end , the equation expressing this condition is 


(64) (To + Acto =/ {(To + Aa-o) 

Expanding the right member by Taylor’s formula and neglecting terms 
whose degiee is higher than the first, and solving for Acto, it is found 


that 

(65) 

Now 


_/(cro)- 


I -/'{(To) 



'dri dOj drs dOi\ dp^ ds 
Jd^i dpj^ 06^3 dpiJ ds d(T 
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Prom equations (63), (62), (59), and Euler’s equation, it is found that 

/ 07 * 

~ = jRi sin i/fi tan sec 

^ = jBs Sin i/fs tan ^3 sec 6^, 

9pi -Bi sin ’ 

9pi jBs sin i/^3 ’ 

^Pi _ ^ 

as A Vs^-^sin^<^’ 

as _ \/ ctq^ - s^ - (Tq 
\ acr S ’ 

and therefore 

(66) /' (oTo) = (sin + i^sin 63) 

All the quantities entering in this formula have been previously 
computed Substituting m (65) the correction Ao-q is determined since 
<ro, the original value, and /(o-o), the computed value, of ^1 + ^3 are 
known If the final value of Vi + is the same as the ongmal value 
after the correction defined by (65) has been apphed, then this part of 
the work is finished, and pi, Ps, ^3 have been found , if it is not, 

a new correction must be applied and the computation carried through 
again In computing a second correction it will almost invariably 
be sufficiently accurate to use the /'(o-q) found in making the first 
correction 

216 OompuLtation of the Heliocentric Coordinates If 
the polar axes at the two epochs be rotated forward in the plane of the 
ecliptic through the angles A; and A3 respectively, the equations relating 
the heliocentnc and geocentric coordinates are 

" cos bi cos (^1 - Ai) = Pi cos Pi cos (A-i - Ai) - -Bi, 

Ti COS bi sm {li - Aj) = Pi cos A sm {K - Ai), 
riSin&i = Pi sin A, 

7 3 cos 63 cos {k - A3) = ps cos ft COS (X3 - As) - Bq, 

rs cos bi sin {k - A3) = ps cos ft sm (Xs - As), 

^rsSinis = Pa sin ft 


( 67 ) \ 
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Tile nght members of these equations are entirely known , therefore 
^ 1 , ii, Ii, fs, h, and 4 are uniquely determined But rj and n are 
already known from (61), and their recomputation here will serve as a 
check upon this part of the work 


216 Computation of * and Q Pass a great circle C 1 C 3 
through the first and third heliocentric places of the comet The 



inclination will be less or greater than 90° depending on whether 
4 IS greater or less than 4 In this manner the sign of tan ^ is 
determined Then it follows from the spherical triangles (7i£2 4 
and Cs&la that 

f tan^sln(4-S3) = tan6J, 
ltanzsm(4-S3) = tan&j 

But 4 ~ 63 = (4 - 4) + (4 ~ S3 ) j therefore these equations become 


( 68 ) 


tanisin (4-S3) = tan6i, 

tan i cos (4 - S3 - 4) 

sm (4 - 4) 


wlaich determine ^ and S3 uniquely, since if the motion is 

direct and i is less than 90 , and conversely 


217 Computation of the Argument of the Latitude The 

argument of the latitude, 2 c, is the longitude from the node From 
Fig 55 it follows that 

^ cos (4 - S3 ) cos bj = cos Ui, 
sm (4 - S3 ) cos hi = sin % cos 
j sin bi - sin sin t, 

cos (4 ~ S3 ) cos 5a = cos 
sm (4 - SS ) cos 5a = sin % cos 
\ sm5a = sin w3Sln^ 
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From these equations the following are derived 
tan (^-9) 


343 


/ tan Ui = ■ 


cos ^ 


X,,, tan ( 4 -S 3 ) 


(If t<45° or i>135°) 


(69) 4 


^ tanfti ^ 

^“'"cos(4-a)smi’ 


, tan 5 j 

*^'^“’"cos(/,-S)sm*'J 

Sin bi \ 
sin^ ’ 

sin 63 


l (If 45 ° <*<135“ ) 


sin iti = 


(Define the quadrants ) 


Since = IS the angle between Ti and n the following 

equation may be used as a check upon the computation up to this 
pomt 


(70) 



218 Computation of q and t The polar equation of the 
parabola gives 

(n-r^ 

‘ l + cosi)i 2 


( ’ 1 + cos ^ 2 ’ 


whence 


®i 


°°®2_ J_ 
Jq ~ ^ri ’ 


% 


Jq V/*! ^ 

If w IS counted from - 180“ to + 180“ instead of 0“ to 360“ -the 
ambiguous sign will be avoided Since 'ys— ^ ® 

equations give 
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— llry 
. 2 , 


7 =^ cosec 


. 2 


After q and Vi have been conciputed from these e(][uationLS tt is 
given by 

( 72 ) TT — 


219 Computation of the Time of Perihelion Passage 

The time of perihelion passage may be computed from the integral 
of areas, 

l{t- T) 0) - -y 

— ^ =tan- + 4tan®- 

, 2 2 

Let 

(73) A'=tan| + Jtan^l , 
then it follows that 

(74) 

This completes the determination of the elements 

220 Computation of an Ephemens The final test of the 
elements is to determine whether they are consistent with the observa- 
tion at 4, and with others if there are such The theory of computing 
an ephemens when the elements are known was given in Chap V It 
will be sufficient to rewrite the e(^uations here 

Define K by the equation 

(75) 

n/2 9* 

I by Table VI * in Watson’s Thmretical Astronomy, or 

by iable IV in Oppolzer’s Bahnbestimmung, or it maybe computed by 
equations (33), Chap V The heliocentric radius vector and argument 
01 latitude are given by the equations 

(76) |- = ^«ec|, 

= + 7r-9 

In Watson’s Theoi etical Astronomy E is multiplied by the factor 75 



220] COMPUTATION OF AN EPHEMERIS 345 

The following eo[Tiations give the heliocentnc echptic polar co- 
ordinates 

( cos 6 cos (Z- S ) = cos % 
cos 6 sm (i - ) = sin u cos 
sin b = sm sin « 

The geocentric ecliptic coordinates are given by 

" p cos cos (X - A) = r cos b cos (Z - A) + i?, 

(78) - pcosjSsm(X-A) = rcosisin(?-A), 

P sin /Q = r sin fe 

B and A are given in the Nautical Almanac for every day of the year 

The geocentric equatorial coordinates are found by first computing 
the auxiliaries A^a^B^ J, C, c, from the equations 



Sin a sin ^ = cos Q , 
sm a cos -4 = - sin S3 cos z, 

sma>0, 

sin & sin J? = sm sa cos €, 

sin J cos ^ = cos S2 cos i cos c- sin z sin €, 

sm6>0, 

sin c Bin C - sin S3 sin €, 

sin c cos (7 = cos S3 cos z sin c + sinz cos e, 

sinoO 


Then p, 8, and a are determined by the equations 

'pcos8cosa = ^ sinasin(JL + w) + jBcosicosI>, 

(80) ■ p cos 8 sin a = r sin b sin (jB + + J? sm L cos i), 

^psinS =r sine sin ((7 + u) +iEsini>, 

where L and J? are the right ascension and decimation of the sun 
They are given in the Nautical Almanac 


EBOAPraUlATION OP METHOD AHD FOBMULAS POE THE COMPUTATIOH 
OF AN ApPBOXIMATB OrBIT 

221 Preparation of the Observations ItwJl be supposed 
that the orbit is entirely unknown Three observations are selected 
so that the interval of tune is divided as nearly as possible m o equ 
parts by the second observation The tunes of the observations axe 
reduced to decimals of a day, Washington or Greenwich mean tune, 
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The loiigi- 


and the right ascension to degrees, minutes, and seconds 
tudes and latitudes are computed by (Eqs 71, Chap V ) 

[ w sin If* = sin 3, 

m cos M'= cos S sin a, m>0, 
cos /3 cos A = cos S cos a, 
cos yS sin X = m cos {M — c), 

.sinyS = wsin(i!f— c), 
where c is the obliquity of the ecliptic, and is to be taken from the 
Nautical Almanac The longitude and the logarithms of the sun's 
radii vectores at the three epochs are also to be taken from the 
Nautical Almanac Then the following data are available 

t P A, logics, 


log 


One 


222 Computation of the Geocentric Distances 
relation between the geocentric distances ist 

The auxiliaries and ft' are 


(50) 


Generally m may be put equal to zero 
computed from the equations 

( sin (A -A)=tanft cot/, 

(25) j sin (Aj - A ) = tan ft' cot /, 

I sin { Ag - A ) = tan ft' cot /, 
after which M is given by 

ts -jtz sin (ft - ft') cos /3j' 


(-90°<ft'<90 ), 
(-90^/?, <90°), 


(26) 


M=~ 


t^ - ti sm (ft' - ft) cos ft' 

If this expression for M becomes indeterminate the last equation of 
either (28) or (30) must be used 

The auxiliaries g, G, A, /T, ^ sin<^, cos sini/^i, cos smi/^g, 
cos i/^ 3 , which are constant throughout the work, are computed from the 
following equations 


(52) 


g cos [G - Ai) = cos (Ag - A^) - 
g sm [G - ft) = sm (ft - A^), ^>0 , 


* The auxiliaries m and M are not to be confused with other quantities having 
the same designation in other parts of the work, eg as in ( 50 ) 

t For convenience of reference the formulas are given the same numbers here as 
in the preceding articles where they are derived 
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’ h cos £ cos {H— = cos {X3 — X^) cos jSj - cos ft, 

(53) ■ Acos(;sin(ir-Xi)=i'7sin(X,-Xi)cosft, 

Asm£ =^7" sin ft -sin ft, A>0, -90 <^<90 , 

( cos (^ = cos ^ cos (G - E), 
cos Q sin <^ = cos ^ sm (6r - H), 

sin Q sin <#) = sin 4 0<^<180°, 

cos i/'i = cos ft cos (Xi - Ai), cos i/fj = cos ft cos (Xj - As), 

(60) ■ cos Pi sin xjfi = cos ft sm (Xj - Aj), cos Ps sm \j>i = cos ft sm (Xj- Aj), 
^ sin Pi sm = sin ft , sm Ps sin i/^s = sin ft 

Then log 2k (<s - 0 computed (log A = 8 235581) 

Equations (44) are solved hy successive approxunations as follows 
It 18 assumed that o-j = n + n = 2 Then ij is computed from 

_2A(#s“^i) 

(ri + rs)i 

With argument -q, log is taken from Table XI in Watson’s Theoretical 
Astronomy, or VII m Oppolzer’s Bahnbestimmwig The followmg 
equations are then used in order 
^ 2A (^8 ^1) 

Vn + rs 


(49) 

(59) 

(62) 

(63) 


s = 




ff cos <<) + «s/s’‘ - ^ sm'* <#> 
1 ’ 

’ri=PiSmi|'iSec6i, 


Nfh - Rj cos "ft 

P, sm V^s ’ 


Jri=j 

(r8 = ftsmi/^8sec68. 

(o-j) = ri + Vs = Pi sm i/^i sec ft + Ps sm i/'s sec ft 
The correction Ao-,, to be applied to <ro is found from 

/(<ro) - <ro 


Acto =' 




(65) 
where 

( 66 ) 

With the corrected values of cto the computation is repeated, mi the 
process is continued until <7 =/ (<r) , that is, until t e v ues 0 n an 
j s are found which satisfy the equation 


('s/a-o'*-s“-Vo) 
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223 Computation of the Elements The heliocentric co- 
ordinates are computed from 

/ ^ 1 cos hi cos {li - Ai) = Pi cos Pi cos {\ - A^) - Bi , 

Ti COS hi sin (J/i ”• Aj^ = Pi cos pi sin (Aj A^^, 

,rihmh, = Pi sill A, 

( 67 ) \ 

Ti cos hz cos {li - A3) = P3 cos pz cos (X3 ~ A3) - J?3, 

Tz COS hz sin (4 - Ag) = p3 cos ft sin (X3 - Ag), 

\?3sm^3 =PiBmPz 

The quantities 7 i and ^3 were previously known, and they will serve as 
a check upon the computation of bi, bz, 4, and Iz from these equations 
The elements S3 and t are given by 
^ tan i sin (/i - S3 ) = tan hi, 

' tan i cos (4 - a ) = — ^ ~ ^ ~A-) 

The arguments of the latitude are computed from 


taiiMi=— '1 

COS^ 


(69) J 


tan Uz 
tan Ui = 
tan Uz = 
sin Ui = 
y sin % = 


_ tan (Z 3 ~ S3 ) 

COS ^ ■ 

tan bi 


(If ^<45° or ^>135“ ) 


cos (/i — S3 ) sin ^ ’ 
tan bz 


(If 45“<^<135‘‘) 


cos (4 - S3 ) sin i V 

sin^i ^ 

sin % 

sin b ' quadrants ) 


sin ^ 

The control formula 

^ = '^ri-2ri0zC>Oh{uz-Ui) 

may be apphed 
The equations 



_jL pot ^ 

cot cosec 1^- 


( 71 ) 



CORBECTIONS OF ELEMENTS 


349 


give Di and q Then 

f CD = Z«i— ®l, 

(’2) i„. + 8 

The time of penhehon passage is computed from the equation 

Vaji 2 2 

With the argument ^ Barker’s table (VI , in Watson, IV , in Oppolzer) 
gives the value of K= tan 2 ^ 2 

( 74 ) 

224 Companson with Other Observations The theoretical 
position at the time of the second of the three observations used m 

the elements is found by applying equations (75) — (78) 
inclusive If other observations have been made the theoretical 
positions may be compared with them, and the greater the inters 
of time which they cover, the better is the test of the accuracy of the 
elements The observations are usually given in right ascension and 
declination so that it is necessary to apply equations (79) and (80) 
before the direct comparisons can be made 

225 Corrections of the Elements In the computation of 
the hrst orbit several approximations are introduced winch render the 
elements obtained more or less mcorrect After the first orbit has 
been computed the approximations may be so much improved that the 
errors still committed are entirely insensible 

Suppose the approximate orbit has been computed The geocentric 
distances are now known with considerable accuracy, and the corrections 
for parallax may be employed (see Art 194) Likewise the reduction 
of the time may be made (see Art 196) The correction for aberrafron, 
and the reduction to the mean equinox should now be made, if they 
were omitted in the first computation (see Arts 197, 198) Ihe 
computation proceeds precisely as in the first case, except tha e 
latitude of the sun should not be neglected, up to the expressions for 
the ratios of the tnangles, equations (41), when ^e terras of higher 
order should be included if they are appreciable These ratios am now 
subject to no sensible errors Therefore equation (50), is kno^ 
within the limits of observation and the tables used 
work IS precisely as in the first computation, and the elements obtained 

* In Watson’s IkeoreUcal Astrorwmy K is multiplied by the factor 75 



350 


VAEIATION OF ONE OEOCENrKTC DISTANCE 


[226 


cannot be improved by this method However, the first and third 
observations have been given especial prominence in the work, while 
others than the three have not been used at all If the middle 
observation is to have more influence on the result, or if all of the 
observations are to impose conditions upon the elements, different 
methods must be employed Since the elements are known with a 
considerable degree of approximation, the further improvements may 
be made by differential corrections The condition will first be imposed 
that the middle obseivation shall be as nearly satisfied as possible, and 
then that any number of observations shall be as nearly satisfied as 
possible 

226 Variation of One Geocentric Distance From the 
mamier in which the elements are determined the computed first and 
third positions will exactly agree with the observed positions, but there 
will generally be small disagreements between theory and observation 
in the case of the middle position These discordancies arise from 
the fact that the orbit may not be strictly a parabola, from the errors 
in the observations, and from the accumulated errois in the use of 
logarithmic tables The problem now is to vary the elements, keeping 
the hypothesis that the orbit is a parabola, so that all three observations 
shall be exactly satisfied if possible But the elements were derived 
from the two positions of the comet at ti and that is, from Pi, 

Xg, ft, and p 3 (Arts 215 — 219) 

Instead of varying the elements these quantities upon which the 
elements depend may be varied But if the first and third observations 
are to be fulfilled the only quantities which can be changed are Pi and 
Pa Since there are but five elements in a parabolic orbit, there must 
be one relation among the six quantities X^, ft, X 3 , ft, pa, therefore 
Pi and Pa cannot be varied independently if the orbit is to remain a 
parabola 

Let Xg^®^ and ft^°^ represent the computed coordinates at the time t 
They are functions of the elements, or of the coordinates at the epochs 
ti and ^3 Since only one of the six coordinates, as pi, is to be 
regarded as variable, X and may be written as functions of this 
quantity, as 

(81) 

Let Api be the small correction to be applied to p^ It must be 
such that it fulfills as nearly as possible the relations 

^ (Pi + ^Pi), 
ft = ^(pi + Api) 
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Developing the nght membeis of these equations by Taylor’s formula, 
and neglecting terms of the second and higher powers m Api, they 
give 


(82) 


A.pi = 


Api = 


(ft) 


The anthmetical mean of these two values of A.pi may be taken as the 
best correction to be applied to pi, or the two equations may be gwen 
unequal weights if there is any reason for doing so The right members 
ot these equations are all known except <j>' (pi) and f (pi) These 
functions might be computed by direct processes but it is simpler to 
obtain them indirectly Take an arbitrary small variation A'pi and 

The computation of and is similar to that of V’ and and 
no new formulas have to be used Expanding equations (83) and 
solvmg, it is found that 

^ (ft)” A'Pj ’ 


(84) 


f (pi) = 


)8/>-A 

A'px 


.( 0 ) 


the nght members of which are entirely known 

In choosing the arbitrary variation A'pi care should be taken tlmt 
It IS large enough so that equations (84) do not become numencdly 
mdetennmate, and small enough so that the higher terns m the 
expansions, which are neglected, do not sensibly affect the res ts 

An observation which is not near those used in the computation is 
a better test of the accuracy of the elements If the difference m the 
computed and observed position is much, the elements may frequency 
be advantageously corrected by varymg one geocentnc distance m the 
manner just explained 

227 Variation of the Elements When many observations 
of the comet have been made, m general no set of eleinei^ can be 
found exactly satisfying all of them The methods which have been 
developed deme such elements that two ohseiwations always must be 
exactly satisfied and if one of the geocentnc distances 
still rLams true There is no d pnm reason why a particular two 
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{should be satisfied rather than any others, and accordingly a method 
will be developed of satisfying all of them as nearly as possible 

Suppose 53 oj hi 3^0 and Tq are the approximate values of the 
elements which are supposed to be so nearly correct that the residuals 
are very small Suppose there are oi complete observations made at the 
epochs 2 ^ 1 , , Let K, ? ^ Ai be the observed coordinates, 

and those which are computed from the 

approximate elements Then 


(85) 


hi "^0} tj), 

~9 (^0) h) ^0} Tdy tj), (j'=l} i'^) 


Suppose the values of the elements which most nearly satisfy all of the 
observations are 53 o + A 53 o, tto + Attq , go + A^o , To A To They 

must fulfill as nearly as possible the equations 


(86) I ^ 0 + A 53 o> % + A^o, ,To-^^Toy tj), 

1 = ^ ( 53 0 ■+■ A 53 o> ‘2'o + A^o, yTo + AToy yfi) 

In order to determine the corrections expand the right members of 
these equations by Tayloi^s formula and neglect terms of the second 
and higher degrees Then the equations may be written 


(87) 


" 8 a ^ ® • * a S ^ + 1® 




dg 

+ “ A^o 
di 


'dT 


A 


dg 

dq‘ 


^A7ro+ £Ago + 




The partial derivatives of /and g with respect to the elements can 
be computed by direct processes , but, as in the case of the variation 
of the geocentric distance, it is simpler to obtain them indirectly 
Take an arbitrary small A' 53 and A'^ = AV = A'g= A'T^O and com- 
pute xp and Then the partial derivatives with respect to S 3 are 
given by 

df A/) 

I 353 ~ A 53“ ’ 
dg 

1,353 A' S3 

The partial derivatives with respect to the other elements are to be 
found in a similar manner by varying the respective elements 
separately 


( 88 ) 


Then equations (87) form a linear system of 2n equations with 
known coefficients for the determination of the five unknowns A 53 , A^, 
AT If 2 ?^ IS greater than five there is not in general a 
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unique solution, but the most probable values may be found by tha 
Method of Least Squares In accordance with this method each term 
of each equation in the whole set is multiplied by the coefficient of 
Ags which occurs in it, and the results are added This gives one 
linear equation The process is repeated with each unknown, giving 
in this manner five linear equations with five unknowns, which may be 
solved by the ordinaiy processes If the corrections found are large 
the Least Square adjustment should be repeated, but this does not 
frequently happen m practice 

If the disagreements remaining after these corrections are larger 
than the errors of observation it means that the orbit is not a parabola 
or that the perturbations are sensible The change to an ellipse or 
hyperbola with eccentricity near umty may be made by including in 
the equations above a term depending upon the eccentricity with = 1 
The chances are infinitely small that any orbit should be exactly a 
parabola, but experience shows that most of the comets’ orbits are 
sensibly parabolic 

If a comet should pass near enough to a planet so that its elements 
were sensibly perturbed they should be computed when it is far from 
the planet, and the perturbations of them while it is passing near the 
planet calculated by mechanical quadratures If this brings theory 
and observation into accord, the elements are to be regarded as 
satisfactory , if not, differential corrections are to be apphed, and their 
effects included in the calculation of the perturbations 


XXVII PROBLEMS 

1 Suppose two observations of a comet are given very near together, 
and another at some distance The first two can be regarded as determining 

do. dh 

®ij ^ij the third gives as, 8^ Show that in this case a general 

algebraic solution, similar to that of Art 201, is possible 

2 In Olbers’ Method the longitude and latitude of the comet are used , 
show how the equations would be less convenient if the nght ascension and 
declination were used Develop the method in full Would m in general 
be so small that it could be neglected] 

3 The observations give six coordinates a^, og, dg, og and Sg, which 
impose SIX conditions on the elements Only five conditions need to be used 
to determine the five elements, where in the work has one condition been 
omitted ? 


MOM 


23 
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4 Suppose only the longitude of the comet were known at the time of 
the middle observation , how would eq^uations (23), (27), and (29) be chinged 

5 Suppose two complete observations of the apparent position of a 
comet, and the velocity in the line of sight at one of them are gi\ en , show 
how the elements of the parabolic orbit can be found 

b Suppose the comet moves in the plane of the ecliptic , how many 
elements aie there to be determined and how man} observations of longitude 
must be given ? 


7 Show that 


[^2) i 

’ 3 ] “^2 1 


1 + : 


1 (to - O . 1 1 - 3 (toT^ -ri)d7^ 
“1 




dr 


•h 


8 Prove that when a comet moves in a parabola the comi^onent of its 
velocity along the radius is a maximum when it is 90 fiom the perihelion 
point , and that when the perihelion distance is unit} , and the distance 

1 , 1 -h 0?? 2 

between the obseivations is five days, the maximum value ^ ^4 


18 0 0002107 

9 Pmd the geometrical meaning of G, Ii, f, </>, and Q introduced m 
(52), (53), and (56) 

10 Take observations of some new comet from the Journals and make 
the complete computation of the orbit 


HISTORICAL SKETCH AND BIBLIOGRAPHY 

The fiist method of finding the orbit of a comet from three observations 
was devised by Newton, and is given in the Fnncipm, Book iii , Prop XLI 
The solution depends upon a graphical construction, which, by successive 
approximations, leads to the elements Newton seems to have had trouble 
with the problem, for he says, “This being a problem of very great difficulty, 
I tried many methods of resolving it ” 

Little was done on the theory of orbits after Newton until the time of 
Euler , since the time of Eulei nearly every astronomei of note has contributed 
more or less to the subject Only the more important contiibutions can be 
mentioned here 

The earlier methods were, for the most part, based upon one or the other 
of two assumptions, which are only approximately tiue, viz that m the 
interval ^3 — the comet describes a straight line with uniform velocity, or 
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that the radius vector at the time of the middle observation divides the chord 
joining the end positions into segments which are proportional to the intervals 
between the observations 

Euler devised a very impractical method in 1740, makmg use of the second 
assumption Lagrange published two methods in 1778 {Mem Berlin Acad 
Sci) and one m 1783 {Berliner Aat Jahrhuch^ or Coll Worlcs^ vil) His 
solutions depended upon an equation of the sixth, seventh, or eighth degree 
Lambert published a method in 1779 {Berliner Ast Jahr) involving the 
solution of an equation of the sixth degree Laplace published an important 
method in 1780 {M^m de VAcad Roy des Sciences de Pans, Book n, No 32, 
of Mic C<fl ) This method is perhaps the most important of the earher ones 
Its essential features and points of contact with the method now in use are 
clearlj indicated in Poincare’s preface to Tisserand’s Legons Dr Gibers 
devised his method of computing parabohc orbits in 1797, which has been 
unsurpassed up to the present time {Ahh Weimar and Berliner Ast Jahr for 
1809 and 1833) Gauss developed his method for elhptic orbits in the latter 
part of 1801, and it was published in 1802 (also in Theona Motus^ or Cell 
Works^ vol VI ) The work of Gauss, which has become classical, was 
stimulated by the discovery of Ceres Jan 1, 1801 If the orbits of such 
small bodies as the asteroids could not be computed from a few observations 
it would be difficult to recover them after having been lost for a time while 
they were in conjunction with the sun 

Among writers on the subject of orbits in some of its various phases may 
be mentioned Bessel, 1816 {Ahh iii), Lubbock, 1830 {Monthly Notices), 
•Cauchy, 1846, 7, ’8 {Gomptes Rendus, xxiii , xxv , xxvi ) , Encke, 1849 {Ahh .) , 
Villarceau, 1857 {Annales de VOhs de Paris, vol in), Oppolzor, 1878 
{Astronomische Nachrichten, xcii ) , Leuschner, 1897 (Dissertation, by Mey^ 
and Muller, Berlin), Moulton, 1899 {Astrophysical Journal, June) 

The books to be consulted are Gibers’ Ahhandlung uher die lewhteste 
hequemste Methods die Bahn evnes Cometen zu h&rechnen, edited by Dr J G 
Qalle, published by Voigt and Gunther, Leipzig, 1864, Gauss’ Theorva Motus , 
Watson’s Theoretical Astronomy, BahnhesUmmung , Klinkerfiies’ 

Theoretische Astronomic, new edition, and Tisserand’s Legom sur la IMter- 
mvmtion des Orhites 



CHAPTEK XI 

THEORY OF THE DEiEBMINATION OF THE ELEMENTkS 
OF ELLIPTIC ORBITS 


228 Fundamental Equations in the Problem eletncut« 
of an elliptic orbit can be determined, as will be shown latei in this 
chapter*, when two positions of the moving body aie known, tog(^thei 
with the time it has taken it to pass from one to the othei, or wlien 
three positions of the body arc known, with the time of one obseiva- 
tion The preliminary problem is, theiefore, to deteimino the geocentru 
distances at the epochs of the three observations 


Equations (21) of Chap X were derived without making any 
assumption regarding the species of conic in which the body moves, 
and are valid for elliptic as well as parabolic orbits Those eciiiations 
are 


f/'n ^ il 

1 


( 1 ) 


+ ^ 3 (pjCOSftcOsXs -Hi cos Aj) - p COS/Sa COSX - /(i C OH Ai, 


[^•a. rj 
[n, r^] 


(pi cos pi sin Xi - Ri sm Aj) 


[»i, ri] 


(pa cos Pi Sin 'K3-R1 am A ,) =pi cos pi hiii Aj - Jij mti Aj 


Pi sin Pi + Pi sm Pi = Pi am ft 


Arts 230 — 235, and 236 
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These equations involve the unknowns pi, P 2 > atid ps linearly, and 
consequently they would define these quantities if the ratios of the 
triangles were exactly known Suppose for the moment that the ratios 
of the tnangles are known , then it is found from equations (1) that 




where 


/ /V = - sin jSi cos P2 cos A sin (X3- Xg) 

+ sin ft cos ft cos ft sin - Xj) - sin ft cos ft cos ft sin (Xg - Xi), 

(3) ’' A- Ri {sin ft cos ft sm (Xg — A^) - cos ft sm ft sin (X^ - A^)}, 

B= Ik {sm Pi cos ft sm (Xg - Ag) - cos ft sm ft sm (X^ - Ag)}, 
W = - ^2 {sm ft cos ft sm (Xg - Aq) - cos ft sm ft sm (X^ - Ag)} 

Equations (1) may be solved m the three different ways m which 
they may be taken m pairs, giving pi and ps m terms of and known 
quantities and the ratios of the tnangles The expressions to be used 
in any particular case are those m which there is the least approach to 
mdetermmateness m the various terms The three sets of equations 
are respectively 

Pi cos Pi sm (Xg - Xi) = Pa cos ft sm (Xg - Xg) 

+ A,) -i2,8m(A,- A*), 

/A\ 

(^) i r 1 

Ps r ' 1 A (^1 “ Xg) = Pa cos ft sm (Xj - Xg) 

+ Jli sm (Xi - Ai) + ^^3 jBs sm (Xi — Ag) — i?a sin (Xj - Ag) , 

(cos ft sm ft cos Xi - sm ft cos p^ cos Xg) 

Uj 

-Pzioos ftsmftcosXg-smftcosftcosX8)+ iiiCOsAismft 

+ jBg cos Ag sm ft - JJa COS Ag sm ft, 

(5) ] 

Ps A (cos ft sm ft cos Xg - sm ft cos ft cos Xi) 




= p 2 (cos ft smft cosXg-sm ftcos ft cosXi)+ J?iCosAiSmft 


+ j? cos Ag sm ft - jBa COS Ag sm ft , 

bun] 
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f Pi (cos Pi sin Pa sin h - sm ft cos ft sm Xj) 

= p2(cos/3 sinftsmXa-sinftcosftsmXj) + 


( 6 ) ^ 


^3 sm Aj sin ft - ^ sin A sin ft 


Pa (eos ft sin ft sin Xj - sm ft cos ft sin Xj) 

= p2 (cos /3 sin / 3 i sin Xg - sin A cos Pi sm Xj) + Bi sm A i sm /?; 

I + ^ j i23 sm Ag sin ft - ^2 sm Ag sm ^1 


Any of the la&t tliree pairs of equations defines the geocentric distances, 
Pi and p8, when is known The first pair gives practically indeter- 
minate values when the apparent motion m longitude is very small, or 
when the body is near the pole of the ecliptic The second pair gives 
practically indeterminate values when the latitudes are very small, or 
very nearly 90 The third pan fails for the same conditions 


Equation (2) apparently furnishes p 2 but it must be remembered 
that the ratios of the triangles are known only appioximately , and if 
these approximate expressions are used, the value of P 2 defined in this 
way may be, as will be shown, not even appioximately correct The 
reason is the following A is very small, and since p is finite the 
right member must be small also Now it happens that the known 
parts of the ratios of the triangles enter in such a way that they 
mutually cancel until their remainder is as small as, or even smaller 
than, the first terms of the unknown parts , hence the right member of 
(2) must be regarded as being essentially unknown 


To exhibit the orders of the members equation (2) must be developed 
explicitly As in equations (41), Chapter X , it is found that 

1 T3 (ToTg - Ti^) 3 ) 

^ [^15^3] ^2! 6 ri 4 dr J ’ 

I t -Tg^ l ^l(T 2 Ti~-T 3 ) cgy 2 \ 

t t 6 ^2® 4 ^2^ dr J 


As a consequence of these expressions equation (2) may be written 

A/)2=P + ^8. 


( 8 ) 
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( 9 ) i 


_ ^ ('^a '^1 ~ '^»1 + higher terms, 


w - I- 

It will now be shown that P is of tiie same order of magnitude as Q, 

which IS the coef&cient of iiie unknown 4 Let n, and n be taken 

"2 

as small quantities of the first order The coefficients A, A, B, and G 
may be expanded in terms of these quantities For this purpose wnte 

(K = ^ (^ 1 ) = ^ [^2 ” (^2 ~ 

I Xg = <^ (ts) = <^ [4 + (^8 - ^ 2 )]? 
which give, upon expansion, 

_ 

Ai = <#>(^2)-</>' W(^2-^i)+ 2 

I dK ^^^2 , 

^ rfx^ 

and similar expressions for A, Pi, and Pt derivatives 

and ^ will be at the most of order zero, and the second and third 
terms Ire, therefore, of the first and second order respectively Conse- 
quently 

/ dAi T3<p\a \ 

Sin Xi = sin Xa cos 2t ^ 2 d-^ ) 

[ iXjj T3^^_ \ 

+ cos Xj sin \ 2 / 

= SinXa-T3C08Xa^+ \ T3= [cos X^^ - Sin X, (^y] + , 

sin X 3 = sin Xa + Tj cos Xj^ + i '’’i** - sm Xa J > 

cosXj = cosXa + T3SinX4^-iT8‘“j^sinXa-^ + ’ 

COsX3 = COSXa-r,SinXa^-^n«[sinXa^ + COSXa(^^)]+ > 

and similar expressions in ft, Ai, and As 

«,r»n1«r expansions m ft and ft m equations (3) and reducing, 

found that ' 



360 


FUNDAMENTAL EQUATIONS IN 


[228 


^ = |TiT2T3COS/3a^' 


dPz d^ 

, dr dip" dr dr , 


)-TiTT8smA(^^) 




J. = J?i |- T Sin (Ag - Ag) ^ + t 2 sm cos cos {X-> - Ag) ^ + |, 

J9 = i? 3 1- T sm (Ag - Ag) ^ + T> sm /?2 cos /Sg cos (Ao - A ) + | , 

(7 = i? 2 1- Tg sm (A - Ag) + Tg sm /3 cos /S cos (A ~ Ag) + | 


From these equations it follows that A is of the third order while 
A, jB, and 0 are each of the first order 


Both members of equation ( 8 ) may be considered as being power 
series in tj, rg, T 3 , inasmuch as the left member starts with terms of 
the third degree the right member must also start with terms of the 
third degree, since the coefficients of corresponding powers in the two 
members are necessarily equal That means that the terms of the 
second and third degrees m P and Q destroy each other The question 
which arises here is whether both P and Q contain terms of the thud 
degree If P should start with terms of the third degree and Q with 
terms of the fourth degree or higher, then Ap =P would give an 
approximate value of pg, and through this of rg, after which the higher 
terms in ( 8 ) could be included But if Q contains terms of the third 
degree, then equation ( 8 ) must be treated as involving the two un- 
knowns pg and rg 


It IS easily shown that Q contains terms of the thud degree, but 
considerable work is required to get the explicit expression for P It 
follows from the fact that /3i and ft appear in A, P, and G in the same 
way, and from the form of the first of (9), that P does not contain any 
terms which do not involve derivatives of Ag or Pg Making use of 
this fact to shorten the work, it is found after somewhat lengthy, 
though simple, reductions that 
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From these equations it is seen that P and ^ are each of the third 
order in the agreeing with what was previously stated Conse- 
(juGntly ©(^nation (2) alon© doos not dofin© 

A relation exists between pa and r, which, with (8), defines these 
quantities Consider the tnangle formed by the body, the sun, and 


c. 



the earth at the epoch Denote the angle at the earth 

one at the unknown body by m The following equations resu om 

the relations among the sides and angles of the plane tnang e 


Pj sin {fp + g) 


( 12 ) 



The angle i/-, which must lie between za:o and w, is given y e 
equation 

cos ^ - cos cos (X2 - Aa) 

Introducing equations (12) in equation (8), the latter becomes 

Q 

(14) APasmi/'C08« + (^P2C0s^-P)sin* = ^^8gjjj»,^®™ ^ 


^•5ssO 
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SOLUTION OF EQUATION (16) 

To Simplify tliis eicpressioa let 

I iV' sin « = sin i/f, 

1 iVeos n = Afi cos i/f - F, 

( iVE^'sin*!/. 

The sign of iV will be taken the same as the sign of Q, from which it 
follows that ilf will always he positive Then (14) becomes 

(16) M sin^ = sin (z + n) 

When ^ has been found from this equation (12) gives p and (4), (5), or 
(6), pi and pg, from which the elements may be computed 

229 Solution of Equation (16) Equation (16) is apparently 
transcendental, but it may be easily reduced to an algebraic equation of 
the eighth degree in Bmz Expanding sin(; 2 ; + 7 ?,) and squaring, it is 
found that 

(17) sin® z - 2M cos qi sin® + sm^ ~ sin^ n-O 

It follows from the second equation of (12) and the relations among the 
angles of the triangle S^C E (Pig 57) that must be real, positive, 
and less than tt ~ i/^ in order to have any meaning in the problem 

The motion of the earth satisfies the conditions of the problem, viz 
that the motion shall be in a plane passing through the center of the 
sun, and that the law of areas shall hold One root of (17) should, 
therefore, correspond to the oibit of the earth, and it is evident from 
(12) that it IS the real, positive value z = 7r- if/ 

The question of the possibility of the existence of other real positive 
roots will now be investigated Suppose cos n is negative , then there 
IS but one variation in the signs of (17) and hence but one real positive 
root This IS the root Bmz = sm{Tr — \l/) which is always present, and 
there is, therefore, no solution to the problem in this case 

Suppose cos n is positive , then it follows from the variations of the 
signs of (17) that there are not more than three real positive roots 
One IS sin ^ = sin (tt - i/r) Let the values of in the other two be 
denoted by and The following three cases are possible 

{a) Zi^Zi^TT-xl/^ 

(b) Zi ^ z , 

(c) TT-xj/ ^Zi^Z 
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In (a) «i and satisfy tte conditions imposed But if 2 = is 
a solution of (17) z = f is also a solution, Because sin \j/ = sin (ir - f) 
The second of these has been mtroduced in the process of rationaliza- 
tion and mil not satisfy (16) Either or z, mil equal and must be 
excluded, being a solution toreign to the problem In this manlier it 
IS determined which of the two roots of (<*) is to be taken In (6) Zi 
alone satisfies the conditions of the problem In (c) there is no 
solution 

The roots of (17) may be found by the ordinary methods of locating 
the roots of algebraic equations Or, if the observed body is a smah 
planet, it mil generally be seen near opposition and sin<A mil be a 
smah quantity It follows from the second equation of (12) that sin 2 ; 
mil also be small Then sin‘« mil be very small, and z^ = -n may be 
taken as an approximate value of 2 A more nearly correct value may 
be found by differential corrections Equation (16) may be written 
M sin^ {za + A2o) — sin (» + 20 + ^ 0 ) = 0 
Expanding by Taylor’s formula, neglecting terms of order higher than 
the first in and puttmg 2. = -«, the value of the correction is 

found to be given by 

M sin'* n 

(1^) “ iM sin* n cos n Vi ’ 

where is expressed in radians The more approximate value of z is 
+ A 2 „ The process may be repeated until the correct value has 

been found 

When the observed body is not near opposition an approximate 
value of the solution of (16) may be found by a few tnals, and more 
and more correct values by differential corrections in the manner 


which has just been explained 

When 2 has been found r, and are given by equations 02) ^d 
ft and ft by equations (4), (5), or (6) In using the ratios of the 
triangles [n, rj] the terms of the second order, which involve r*, 
should be included in order to obtain as great accuracy as ^ssible 
Thus all of the coordinates at the three times of observation are 
known The results are, however, subject to some shglit unee^nties 
omng to the approximations employed Before the compu ion 1 
earned farther the results already found should be improved as muo 
as possible The corrections for paraUax, time, and aberration should 
be applied The terms of the first and higher orders m the ex- 
pansion, if they are sensible, should be mcluded The tenps of the 

first order involve ^ which evidently cannot be accurately computed 
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until 05, e, and T have been found , but it will be sufficiently exact to 
substitute for the derivative at the tune t the average change in the 
radius vector during the interval (1^3 That is 


(19) 


dr k (^3 “ tj) 


where e is so small that it generally may be neglected The terms of 
higher order in the ratios of the triangles in (4), (5), and (6) should be 
included until they become insensible The applications generally will 
be to the planetoid orbits where the eccentiicity is not large and where 
the higher terms of these developments decrease with great rapidity 


Determination of the Eliments 

230 Determination of the Heliocentric Coordinates, Node, 
Inclination, and Argument of Latitude The steps are precisely 
the same as the corresponding ones m the case of parabolic oibits,. and 
it will be sufficient to reviite the ec^uations 



The heliocentric coordinates are given by 

1 1 cos bi cos (/i ~ Aj) = Pi cos Pi cos (Ai - Aj) ~ Ei cos i?i, 

Ti cos bi sin (4 - Ai) = Pi cos Pi sin (Ai - Aj), 

9 1 sm bi = Pi sin pi - Ei sin Bi , 

9 3 cos bi cos (4 - A3) = p3 cos P^ cos (A3 - Ag) - cos B ^ , 


( 20 ) 


9 3 cos 63 sin ( 4 - A3) = P3 cos Pi sin (A3 - A3), 
js^mbi = Pi sm Pi ~ Bi sin Bi 
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The node and inclination are given hy 
I tan^8ln (/i- S)=tan 6i, 

(21) -I , „ tanta-taiifticosj^n^ 

[tanicos(?i-S) = ^ 

The arguments of the latitude are given by 
/ tan (Zi — S ) \ 

I C08^ 1 ort>135“) 


taiit43 = 


tan (Z3 " S 3 ) 


tan tii 


sin Ui = 


sin % = • 


tan 61 "I 
cos((i-S3)sini’ 
tan&B 

cos (Z3-8)sin»^ 

sin&i ) 


(If 45° <*<135 ) 


(Define the quadrant ) 


Let P represent the pole ot the echptic, and ( 7 i and ft the pro- 
jections on the umt sphere of the pl^es of the ^dy at t^ epochs 
and h From the spherical triangle Pftft it follows that 
(2 3) cos (Ms - Ml) = sin b, sin 5 , + cos 61 cos bz cos ((» - h), 

which may be used as a control formula on the work up to this point 

231 The Method of Gauss The four elements a, e, <«, and T 

remain to be found The first three axe f 

obtained independently of the last one, which may be computed fi:o 

the law of areas when the rest are known 

In the case of the parabolic orbit there were but <=^0 
and 0, in place of the three m, a, and ^^ich were ^ 

were determined by the two points on the pmbola. ^ f 

elhptic orbit another known quantity must be J 

been found convement, as Gauss has shown, 0 use -B-Mds 

of time between the first and third ^bservatio^ 
when the focus and two points are given only two parabolas 
determined one of which will be excluded by the second observation. 

h»d » udu..* of «u.p^ 

focus may pass through two points But there is, m genera , y 
** s boV »ov. torn tio tat ^ *« 
under the action of a given force, m the interval of time #, - h 
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Instead of computing a, e, and w directly it is convenient to find first 
certain auxiliary quantities from which they can be obtained Gauss 
used for this purpose the ratio of the sector to the triangle contained 
between the radii at the epochs ti and and one-half of the diffeience 
of the eccentric anomalies at these two epochs Two equations must 
be obtained containing these quantities alone as unknowns 


232 The First Equation of Gauss From the definition of 
[?i, r^] it follows that 

(24; [n, = ~ sin {u^ - u^) 

Let ^13 represent the area of the sector contained between the radii 
and ^3 Then it follows from the law of areas that 

(25) A-ii = ^hJp{ti-tx) = \T Jp 

Let r) represent the ratio of the area of the sector to that of the 
triangle, or 

(26) = ^ 

Since p IS unknown it must be eliminated from this equation in order 
to reduce it to the required t 5 ^pe 

The polar equation of the conic gives 
P 

-^l + ^COS'l?!, 


whence 


£. 


= 1 + 6 COS 'Ws , 


(27) p y- = 2-\-e (cos + cos -yj) = 2 + 2e cos cos , 

% - Vi = % - Ui IS known, the only unknown m the right member being 
e cos , which will now be eliminated From the equations of 

Art 98 it follows that 

/ Jri cos ~ = Ja (1 - e) cos ~ , 


1 sm - \/a (1 + sin ™ . 
2 2 


s/r^ cos = \/a (1 - e) cos — . 




sin ~ = Ja{l+( 
2 


' Sin ■ 


.3 
’ 2 

JE, 
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From these equations it is found tliat 
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Vnn cos ) = a cos - ae cos , 

(28) \ ^ ^ ^ ‘ ^ ^ ' 

/ — + /Es + Ei\ /E,-Ei\ 

Vri? 8 cos ( — ~\ - a cos ( ^ j - ae cos ( — - ) 

Flinn tinting e COS ^ and solvmg for e cos ^ , it is found 

that 

(29) . cos C^p) . C« (^) - 00 . (S^) 

As a consequence of this equation (27) reduces to 

irir-sSin** 

^ f (% - 'i?i\ (Ez— Ei\ 

ri + rg - 2 N/nn cos \~'Y^ ) V 2 
Eliminating jp from this equation and (26) the equation 
s 

2rirt oos“ + ? 3 - 2 /s/nn cos (^y^) ( *3 } 

IS obtained In order to simplify it let 

( Ds = = 


(31) 

Then (30) reduces to 

(32) 


Ei-E, 

m = 


= 2p, 




(2 n/^cos/)*’ 
n + r8 1 
’4's/j^cos/ 2 


i + sin'l 


lta» to tot 

method of Gauss 


233 Th. Second Eqnntion rf On.^ ^ ^ 
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wlucli was derived without reference to Kepler’s equation The first 
equations are 

= -Ei~e sm JEi, 

whence 

(S3) — = 25r-2esin5'cos(^ 

/jgr _j_ 

The quantities a and e cos y must be eliminated in order to 

reduce this equation to the required type By means of the first 
equation of (28), equation (33) becomes 

(84) 5 = 25'-sin25' + 2^^Ninp'cos/ 

t* (X 

It remains to eliminate a By Art 98 
[’-^ = l-ecos£i, 


whence 


= 1 - « cos Ei , 
2 - 2e cos g cos 


( JE "1“ IE \ 

by the first equation of (28) this equation 

becomes 

1 2 sin g 

a + 7 3 “ 2 vVi^a cos ^ cos/ ’ 
which becomes as a consequence of (30) 

2 t 7 sm g cos/"l 

, J nrs 

Eliminating a between (34) and (35) it is found that 

(36) ^ ^ = 2g-sui2ff 

^ sin^ g ’ 

which is the second equation in rj and g 



234 Solution of (32) and (36) It follows from (26) that yj 
IS positive if the heliocentric motion in the orbit is less than 180 in 
the interval h-ti It will be supposed m what follows that the 
observations are so close together that this condition is fulfilled 
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Let 

(37) 


8m"| = a;, 

2g-sin2g _^.^ 

sin^gr 


Ehimnating t) from (32) and (36) and mating use of (37), it is found 
tliat 

(38) m^{l + cc)i + X{l + wf 

X must ixo-w be expressed in terms of when (38) will mvolve this 
quantity alone as an unknown This will be done by first expressing 
X in terms of and then g in terms gf os The following are well- 
known expansions of the trigonometrical functions 


sin® ^ ^ J 


whence 

= -|(l + xiT^ S I OIF S'* 

From the first of (37) it follows that 

g-% sin"^ (os^) - 20?^ + + A > 


= 64;17® 4- 64iZ^ + 


) 


Then (39) becomes 
(40) 


6 8 10 
5 7 9 


of* 


) 


or 

(41) 


x= 


3 r "6 689 T 

1 

‘3 T7 2 . 52 

4“l0r''35® "1575^ / 


(42) f = 

If I- ^ IS a sm ^ U quantity of the first mder, a; is <rf the second order 
and $ IS of the fourth order 


MOM 
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From (32) it is found that 

(43) 

Let 

(44) h 
then (36) may be written 

7 ?- 1 = 

from which it is found that 


mr j 


Tnf 




(45) 


f-rf-kri-~=^0 


If ^ were known h would be determined by (44) and i? by (45), 
which has but one real positiye root In the first approximation 

compute h assuming that the small quantity $ is zero then find the 

real positive root of (45) Or, instead of computing the root, use may 
be made of the tables which have been constructed by Gauss, giving 
the real positive values of 77 for values of Ji ranging from 0 to 0 6* 
The value of ^ is then computed by (43) and the value of i by (42) t 

"With this value of h and rj are recomputed, and the process is 

repeated until the desired degree of precision is attained, when the 
value of will be given by the first of (37) 

The species of conic section is decided at this point, the orbit being 
an ellipse, parabola, or hyperbola according as cc is positive, zeio, or 

negative , for, a: = sin^ | = sin j Uj), and JE^ and JSi are real in 

ellipses, zero in parabolas, and imaginaiy in hyperbolas 

Gauss has introduced a transformation which facilitates the com- 
putation of I which was defined in the last equation of (31)f Let 

(46) y^^=tan(45 +«'), 0 Sa)'S45°, 

whence 

= A / — + A /“ = tan^ (45'’ h- w) +• cot^ (45 -Ho), 


* This table IS NIII in Watson’s Theoi ettcal Astronomy , and Till in Oppol-^er’s 
Bahnhestifmnvng 

t Thevalne of ^ with argument x is given in Watson’s Theoretical Astronomy , 
Table XIT , and in Oppolzer’s Bahnhestimrwmg^ Table IX 
% Theoria Motiu, Art 86 
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H+n 


= 2 + 4 tan’ 2o)' 


y - ■ — « ■* w 

vnrs 

Then the last equation of (31) becomes 


sin* - + tan* 2(i>' 
2 


235 Computation of the Elements Let e = stn^ and it 
follows that 

. - A A 

Vl + e = cos-| + Bm2 ) 
s/l-f = cos| -sm I 

Then, il the orbit is an elhpse, the following equations are true 
(Art 98) 

Vri'iin^= >Ja ^eos | + sin sm^, 

^yr^ cos^= sTa ^cos 2 ■“ f) 

1 / v> r/ <!> i\ 

Ji , sin 2 * = f cos ^ + sm |j siny, 

N/r;cos|= sTa (ooB | - sm cos j 
Let 

Vt + Vi = 2P, Ei + JEi = 2G 

Then, making use of equations (31), equations (48) may be wnttm 

'(“■ I * “°l) 

^2 o» (^) = (cos I - m I) . 

in which F, G, a, mi <f>sx& the unknowns 
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/b- ^ hjabi'' lb ^ 'fL}\ 

W a \/ a W a VV 7i V oj 


'{tan (45 +o)')-cot(45 +(o')} 


Han 2to' 


Multiply equations (49) respective!} by tlie factois in each of the 
following four columns 


2 / 


Adding the four sets of products and making use of (50), it follows 
that 


sin gjco^j: sin 


<!> (F- G 


tan 2w', 


~ ^ sin cos | cos 


\ <f> /F + G 

a \ <t> /'F+ G 

— -sm^r sm Jcos — — 


= cos tan 2w , 


sec 2 a)' 


The right members of these equations are entirely known, theiefore 
they determine (which lies between 0 and 90 ), (which is x^ositivc), 
F- Gy and i^+ G uniquely Then 


e = sin <l>y 
F, = G-gy 
^F,= G + g, 

% = F+fy 
Oi = U^-'Vi = Ui — Vi 
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The following equations may be used as check formulas 

, Vi / 1 + e JEi , / , , Si 

(53) -j tan ~ = \/ft 1) ’ 


rj = a (1 - sm <l> cos JEi), 

[ r<) = a (1 - sin 0 cos j&s) 

The one remaining element, the time of perihehon passage, is found 
as follows 


^<h^=Mi = Si-esaiEi, 
^ = if, = Jg,-e sin -g., 


whence 

(64) T=ti-~{Ei-6 sin ^i) = ^ - e sm £?,) 


The mean motion, n, is given by 

h 

”“a» 

Instead of the time of penhelion passage the mean anomaly at Ae 
epoch IS frequently used as the last element If T, represents the 
epoch, the mean anomaly at the epoch is given by 
(55) M, = Mi + n{T,-ti) = Mi + n{T,--k) 

This completes the method of Gauss for the determination of the 
elements of elliptic orbits 


236 Second Method of Detennming the Elements* The 
method of Gauss is quite complicated ® 

in apphcation Moreover, it requires the af 
centS motion is less or greater than 180 (which 
and it differs for the three classes of conics e q 
whether these faults may not be avoided 

I. the method of Gee* .. »d o-JT^ Mu g^^ 

equations with subscripts 2 are added to ( ; 

Z Ui, u , have been computed as m the method which h» eeen 


* Bead before the Amenoan Assoo Adv Scien^ by E 
and published in the Astronomical Journal, No 610 


B MoultoAjAng 1901, 
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explained The elements * and S may be computed by equations (21), 
which are valid for any orbit The difficulties all arose in finding 
«, e, w Let the element p he adopted in place of a It is more 
convenient m that it does not become infinite when e equals unity, and 
it IS involved alone in the equation of areas, 

X Jpdt — r" dm — rdu 
The integral of this equation is 

( 56 ) l^Jp{h-t^=^'fidu 

J Ux 

If were expressed m terms of u the integral in the right member 
could be found, when the value of p would be given It will be shown 
that from the knowledge of the value when u~Ui, viz 

^2 3 ^3 j it may be expressed in terms of u with sufficient accuracy to 
give a very close approximation to the value of p 

For values of it not too remote from U 2 i may be expanded in 
a converging series of the form 


(57) - ri + Ci(u- u^) 4 Cg ~ Cz{u- uf + c^{u- u^Y + 

where 


(58) 



1 d^(7^) 
24 duY ’ 


2 du2^ ’ 
120 du2^ ^ 


' 6 dui ^ 

' 720 du2^ ' 


In an unknown orbit the coefficients of the series (57) are unknown, 
but it will now be shown how a sufficient number to define p with the 
desired degree of accuracy may be easily found By hypothesis, the 
radii and arguments of latitude are known at the epochs tj, and 
Hence (57) becomes at ti and 


( 59 ) “*"^1 4 C 2 {ih-uY 4 Cs(ui-U 2Y + Ci{ui-itoY 

Vs = ^ 2^ + Cl (u^ — 1^2) 4 62 (% ~ U2Y 4 C3 {Ui - U2Y 4 C4 (u^ — UqY 4 

For abbreviation let 


/ U-)f 


(60) 


cr^^Us-Ui, 
•{(rs = U 


€i = C,{u,-uy + C^{Uj-U2Y+ =-Cs(ry + C4<rY-^ 

€3 = C3 {Ui -uf Ci{u^~ uY + =4 630-1® 4 640*1^ 4 

Then equations (59) may be written 

Cl 0-3462 a- 3 ® = ?i®- 72 ^- Cl, 
i+Ci 0 -i 4 62O-i^ = ? 3 ®-ro --€3 
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Solving for Ci and Cj, it is found that 




'' . - (^1* - «i) <^1 + i^a ~ *3) <^a - ri (o-s* - <r-^) 

(Jj __ — — — ■ 


C2 — 


{r-i - ti) (Ti + (rs^ - 1,) 0-8 - raVa 


(61) 


or, substituting the values of €1 and €3, 

nVi + ri<r, - ri (!Ti - O _ ^ 

CTiCrjsfTj 

^ _ c, (t, - <r,) + c, (3<r.<r, - a,») 

(Ti 0-2 0-3 

Having obtained these expressions for the coefficients of the second 
and third terms of (57), let this senes be substituted for in (66) and 
the integration performed Making use of (60), it is easily found that 


(62) \ 




+ |(<r,» + <r,') + 


Substituting the values of Ci and Ca given m (61), tiiis equation 
becomes 


(63) 


+ ^ (o-s - <^1) - " 


If the second observation divides the whole mterval *wo^ 
equal parts, as generally will be the case m practice, and <t, will oe 

nearly equal Let 

— o-g = €, and (Ti + o-j = 0-2 , 

•whence 

0-2+ € 


0-1 = 


0-8 = ' 


2 ’ 
0*2- € 


Substitutmg these expressions m the last terms of (63) this equa 
becomes ^ 
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For the intervals of time which are used in determining an orbit 
this senes converges very rapidly^, and an approximate value of 
which IS generally as accurate as is desired, may be obtained by taking 
only the first tliree terms m the light member of (61) Suppose the 
value of 'p has been computed , it will be shown how to and e may be 
found 

The polar eq[uation of the conic gives 


^cos ( 2 ^ 1 -to) 

(65) 

e cos {u^ - to) =■? — ^ 

V ^3 

Now 2^3 - (0 = + (u-^ — to) Substituting in the second equation 

of (65), expanding, and reducing by the first, it is found that 


e sin («i - to) : 


6 cos ~ to) 


sin (^^3 - %) 1 q 


-cos {u^-ui) 


Since e is positive these equations define e and to uniquely The value 
of T IS to be found as in the Gaussian method 

If the elements have not been found with sufficient approximation 
it IS now possible to correct them Prom the equation 


[1 + 6 cos {u - to)]^ 


and equations (58), it is found that 

^ ^ ^ sin {u — to) ^ sin {u — to) cos {u — to) 4<?*^ sin^ {u — to) 

p 3 [1 + 6 cos (^4 — to)p [1 + e cos (^^ — to)]^ [l + 6 cos (w — to)]® ^ 

(67) J = - e cos {u - to) __ e &in ^( ^^-<o) cos [ u - to) 

p^ 12 [1 + 6 cos [u ~ to)]^ [1+6 COS {u — to)]^ 4 [1 + 6 COS {u — to)]'* 

^ 6g^ sin" ~(o) cos (^^- to) ^sinV«^~to) 

U+ecos (m-w)]' [1+ cq7{u - (o)]' 

With the values of C3 and C4 computed from these equations the liighei 
terms of (64) may be added, thus determmmg a more accurate value of 
p, after which e and <0 should be recomputed by (66) Besides being 
very brief this method has the advantage of being the same for aU 
conics 

* For conditions and lapidity of convergence see original paper in the Astro 
wrmcal Journal No 510 It is shown there that the elements of asteioid 01 bits 
wJl be given by the first three terms of (64) correct to the sixth decimal place if the 
whole interval covered by the observations is not more than 40 days, and in the case 
of comets orbits, if the interval is not more than 10 days When the two corrective 
terms defined by (67) are added the correspondmg intervals are 100 days and 20 days 
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Improvement of the Elements 


237 Variation of two Geocentric Distances In the case 
of the general come section there are six elements, and consequently 
the SIX coordinates which define two positions of the body have no 
relation among themselves It follows that the two geocentric distances 
may be varied independently in this case, and the elements changed so 
that the second observation and the theory will be in accord But all 
of the changes of the elements such that the first and third observations 
shall be fulfilled can be made by varying the geocentric distances pi 
and Pa 


( 68 ) 


Let the approximate values of pi and which were used m the 
derivation of the elements be denoted by p/°) and pg^®) Let the 
coordinates computed from the approximate elements at the time 
be and Let the correct values of the geocentric distances be 

pi = + ^pi) 

, Pa = + ^Ps> 

where Api and Apg are the corrections to be found 

The coordinates of the body at are functions of Pi and pg alone as 
variables, which may be expressed by 

X2 = <^(pi^°^ + Api, pg^oJ + Apg), 

, ^2- ^ + ^Pi j Ps^*’^ 

Expanding the right members of (69) by Taylor’s formula, and 
neglecting terms of order higher than the first in Api and Apg, it 
follows that 

But = P»<">) = A‘^ therefore 

dpi 


(69) 


(70) Api = 






% X.-W* 

dpi 

1^, A- A'*" 


a<^ 

d(f> 

, Ap.= ^ 


d<t, 

w 

Spu 



9p» 

dij/ 

d\j/ 


dxj/ 

dij/ 

Wi’ 

3p» 



3ps 
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These equations determine Api and Apg when the partial derivatives 
^ ^ ^ have been computed They might be found 

0pi 0pg 0pi dps 

directly, for the way in which A. and depend upon the elements is 
known , but it is more convenient in practice to employ the indiiect 
method explained in the last chapter for effecting similar corrections 

Take an arbitrary small variation A pi, and recompute the elements 
and the theoretical middle position Let the computed coordinates be 
X and Then 

A2W = <^(Pi(o) + Api, = Ps^®^ 4- ~ A Pi -t- , 

npi 

-{ 

= + = Ps*”') + !■“ A'pi + 

Neglecting all except the linear terms, these equations give 
0<^> XW-X^io) 01/. _/5(i)-/?(o) 

^ ’ 0pi A'pi ’ 0pi A'pi ’ 

in which the right members are entirely known In a similar manner 
giving ps^°) an arbitrary increment ^ and ^ may be found Sub- 

Op2 Cp3 

stitutmg these values of the partial derivatives m (7 0) the corrections 
to the geocentric distances are found, after which the improved 
elements are to be computed as in the first case 

This method may be employed on any third observation as well as 
upon the middle one, and in general the more distant it is from the 
ones used in finding the preliminary orbit, the more critical is the test 
and the better are the corrections If it should happen that the 
corrections are large the higher terms in the expansions, which have 
been neglected, might become sensible, and the process of correction 
should be repeated In this manner such a set of elements will be 
derived that the three theoretical places wiU agree with the obseived 

238 Variation of the Elements Suppose there are many 
observations of the body instead of only three , since they are subject 
to certain small errors they cannot all be exactly satisfied by the same 
set of elements The problem now becomes to find the set of elements 
that will satisfy the observations as a whole in the best possible 
manner, even though it does not satisfy any particular observation 
exactly 

For abbreviation, let ai, , ag represent the six elements of the 
elhptic orbit Let represent the approximate values found 
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from the three observations Suppose there are n observatioEs made at 
the epochs and let \i, ,K. and > Pn be the okerved 

ooiirdmatoB Ut , X„<«> and represent the values of 

the coordinates computed from the elements , a,!®) Suppose 
the best elements are related to the approximate elements by 

Ot=a,«') + Aa,, (i=l, ,6) 

Xj =/i (ail*) + Atti, , a,(“> + Attj), 

‘ + + Aoj). (» = 1, ,n), 

where the subscripts on f and g indicate that the computations are to 
be made for the time ti 

The expansions of the last two equations of (72) give 


Then 


(72) 


(78) 


_ uo) = ^ Atti + + Ade + higher terms, 

da-y (<^6 


^,_/3,C) = |*Aa,+ +gAa,+ 


(* = 1, ,») 


If the partial derivatives were known and the higher terms of these 
equations were neglected they would become hnearm the six unknowns 
and could be solved by the method of Least Squa^ m case 
the number of observations was greater than three The pa 
derivatives can be computed by direct processes, as the way in which 
the codrdinates depend upon the elements is known, but, as before, it 
IS fliinplBr to calculfiito them indirectly 

Let A'a, be an arbitrary small vanation of a^, and let co^P’^^ 
values of the coordinates with this element changed be X^w and 

j Xj(>)=/j(oj('’' + A'oi, 

(74) 1 y3j(i) = g^ (oiW + A'oi, OjO), , oe'"') 

Expanding, neglecting terms of order higher than the first, and solving, 
it IB found that 

’ aoi “ A'a, ’ 

I Stti A'tti 


(75) 


„ on VP the values oi tne ouner 

Similar equations m a,, a„ , ^ gi solution for 

derivatives They are to be s^titut«d m 

, Aa, made by the method of Least Squares 
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239 Comments on the General Problem of Determining 
Orbits The nature of the assumptions involved in the preceding 
work, and the difficulty of actually determining rigorously the osculating 
elements of an orbit, will now be pointed out 

In the theories of orbits it is assumed that the position of the 
observer is known, that is, that the motion of the earth is known 
This would not be true if the unknown body had a mass large enough 
to pioduce sensible perturbations of the motion of the earth The 
applications of the methods have been to comets and small i^lanets 
whose masses have been in every instance so small that their disturbing 
effects have been absolutely inappreciable , but it is conceivable that 
the solai system may some time encountei a body of great mass 

It IS also assumed in the theories of orbits that the unknown body 
IS describing sensibly a conic section with respect to the sun , oi, in 
otlier words, that it is not passing near enough to one of the planets so 
that its orbit is appreciably peiturbed This is an assumption which is 
by no means certainly true In general, it is very nearly true for the 
brief interval of time covered by the three observations upon which the 
preliminary orbit is based, but in the longer mteivals used in the 
differential corrections it is necessaiy to take into account the peitui- 
bations This, of course, complicates the problem gieatly, for the 
perturbations are functions of both the approximate elements and also 
the small corrections applied to them Hence the small corrections 
Aa^ must be chosen so that the observations shall be best represented 
when the perturbations, which depend upon the Aa^, are taken into 
account In the case of Uranus before the discovery of Neptune it 
was found impossible to derive a set of elements which w ould represent 
the observations without inadmissible discrepancies, even when the 
perturbations of all the other known planets were included 

If the perturbations wore so great, as might be the case if a comet 
were passing near one of the major planets, that the elements derived 
from three observations were not even approximately correct, then it 
would be impossible to apply differential corrections, and the whole 
process would fail 

Instead of employing osculating elements astronomers have found 
it convenient to use mean elem&ntb, which are a sort of average of the 
osculating elements for a long jieriod of time The reason for this is 
clear For, suppose it is desired to compute the perturbations of a 
small planet by the methods of Chap IX The length of time during 
which the results are sensibly correct depends upon the slowness with 
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which the body deviates from the position given by the osculating 
elemonlH Suppone t.lxe perturbations of the major axis by Jupiter are 
a maxunuin at the time the osculating elements are defined This will 
give' a period wine h will be considerably different from the actual period 
of tlio body in any complete revolution, and consequently its actual 
p<mition will rapidly deviate from that used in estimating the disturbing 
fortOK* HO that m a Blaort time the method will fail 


If the average period for a large number of revolutions were used 
the devuitioUH would be less extreme, and occurring in one way and 
then m the other would to a large extent balance each other im 
TouiarkH hold with reference to all of the elements 

An nuiKirtant problem is tten to determine mean elements If the 
Bimn eUmient is th.e average for any particular time t e e on is 
cleur, but the problem at once arises to determine bow 
ehouW be taken If the motion were periodic the ^ 

once that the inter'val should be one complete peno , i 
not Htnctly penodio, the interval might he taken 
multiple of the periods of the principal P®™ | ^ ^ ggd 

and consistent method of making this computation Jias been devisea 

The general problem of determmmg an orbit J®’ 
one of a system of n mutually attracting ° motions If Ibere 

determine tlieir positions, their masses, a 
were no body of 

the problem would be beyond the rang J 

case whether there is a dominan Z,-wion8 and the determination 
involves all of the difficulties of bo pe ^ complicated 

of the elements of undisturbed orbits, and is immensely 

than either of them 


XXVIII PROBLEMS 

(a) that tho thiee positions of ^ different arcs are described , («-) 

\mm the intervals of time in compare th«r tea* 

T ,* f„.r«-.-Lla8 for determining the orbit . W ^ ^ 


:^^n7the intervals of time in which 3- 

rexphut formrdas for determining he orbit 

tho ones developed m 

j Apply the 

^pl. to t. «t«..d or . 

8 How many observations a 
a method of finding the elements 
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Let the a;j/-plane be the plane of the ecliptic, SiP the projection 
of the orbit upon the celestial sphere, 11 the projection of the peri- 
helion point, and P the piojection of the position of the planet at 
the tune t In place of tt and e, adopt the new elements w and cr 
defined by the equations 


(42) 


r 0 > = TT — Si, 

Iff = — nT 



The following equations are either given in Art. 98, or are ob- 
tained from Fig. 60 by the fundamental formulas of Trigonometry l 

E — e Bin IS = nt + ff, 
r = a(l — e cos E), 


» _ iLt 

2 'Nil - 


e , E 
-tan^, 


— cos -E — e 
~ 1 — c cos E’ 

_ Vl — sin E 
~ 1 — c cos E ’ 

X = rjcos (d + w) cos ii — sin (v 4- w) sin fi cosi}, 
y = r{cos (a •+• w) sin Q, + sin (a + w) cos Si cost), 
« = r sin (a + w) sm t 
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From these equations and then derivatives with respect to the 
time the partial derivatives of the cooidmates with lespect to the 
elements can be computed The elements have been chosen 
m such a mannei that they aie divided into two groups having 
distinct piopcilics, £),, i, and w define the position of the plane of 
motion and the oiientation of the orbit m the plane, and a, e, 
and a define the dimensions and shape of the oibit and the position 
of the planet in its mbit. Therefoie the cooidmates in the orbit 
can be expressed in toims of the elements of the second group 
alone, and from them, the coordinates in space can be found by 
means of the first gioup alone 

Take a now system of axes with the oiigm at the sun, the positive 
end of the ^-axis diicctcd to the peiihehon point, the ij-axis 90® 
forward m the plane of the oibit, and the f-axis peipendiculai to 
the plane of the oibit. Let the diiection cosines between the 
a:-axis and the v> and f-axes be a, a', a", between the j/-axi8 and 
the g, ijj awd f-axes be 0, /?', 0"; and between the z-axis and the 
ij, and f-axes be 7, 7', 7". Then it follows from Fig 60 that 

a = cos 0 ) cos — am « sin £i cos 

jS — cos « sin iJ + sin <i> cos iS cos i, 

7 = sin w sin z, 

fli' = — sm « cos — cos w sin SI cos z, 

(44) - j3' = — sin w sin ft + cos w cos ft cos z, 

7' = cos w sm z, 

«" = sm ft sin z, 

= ~ cos ft sin z, 
y" = cos z 

There exist among these nine direction cosines, as can easily be 
verified, the lelations 

^2 -1- -I- = 1, ««' + 00 ' + 77' = 0, 

= 1, «V' + 0'0" + y'y" = 0, 

^,,2 ^ yifi ^ a"a + 0''0 + 7"7 == 0> 

a = 0'y" - y'0", cc' = 0"y “ y'% a" = Py' “ 

0 = 7 'a" - a'y”, 0' == 7"« “ “"y- P" ^ 

,7 = a'0" - 0'a'', y' « c‘"P “ P''«, y" = «P‘ " 
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It follows fxom (43) and (44) and the definition of the new 
system of axes that 

^ - r cos V — a(GOS JS *- «), tj — a Vl sin 

^ ^ ^ 

dt 1 — e COB 

na sm E — k -V/S + mi sm E 


(46) 




1 — e cos E — e cos E) ’ 

na Vl — cos E _ fc V^S + ?niVl — cos 
1 — c cos E ^}^(l ^ e cos E) ^ 

aj = aS + oi^Vt 2/ = + fi'V) z — + y^Vf 




1 

x' = 

= + «'u', 

y' = /3S' + 

, 2' = 7^^+7'l^^ 

where the accents on x, y, z, ij, and f indicate first derivatives 
with respect to t 

The partial derivatives of a, • , y" with respect to the elements 

may be computed once foi all, they are found fiom (44) to be 



’ clo: , 

aa' 

aw 

^' = 0. 

(47) 


aw 

aw 





a-y' 

^ = 0 

aw 


dQ, 

dii 

aft ^ ’ 

(48) 

11 

> 

11 

Ml' ,= 
aft ’ 


f 

II 

p 

aft 

^' = 0 
eft ’ 


da 

di 

=■ a" sm w, 

da' 

~ == a" COS W, 

Qi ^ ^ Sin. cos i, 

(49) • 

di 

= jS" sin w, 

|^-^"cosw. 

di = — cos fii cos 


dy 

di 

= y" sin w, 

ay' ,, 

= 7" cos w, 

dy" , . 

-™ - — sm 
d^ 
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Theie aie as many brackets to be computed as there are combi- 

6 1 

nations of the six elements taken two at a time, or = 16 

Three of them involve elements of only the first gioup, nine, one 
element of the first gioup and one of the second, and three, ele- 
ments of only the second gioup Let K and L lepiesent any of 
the elements of the fiist gioup, ii, %, w, and P and Q any of the 
elements of the second gioup, a, e, a. Then the Lagiangian 
brackets to be computed aic 

(a) = (3 equations), 

(60) ■ Q>) I’] = 5 ^ ^ If } < (S equations), 

(c) { a? ^ ^ ^ equations). 

It is found from (40) that 


(81) 


3a? 3a I da' 


3a? 3f , , 


3i) 

3P’ 


dlC'*'^ dK’ 


3P 


j. 

a^+o? 


dP’ 


and similar equations in y and z. 


216. Computation of [w, ^i), [ii, t], [i, w]. Lot <8 indicate that 
the sum of the functions, syrametiical m a, /3, and 7 , is to be 
taken. Then the first equation of (50) becomes as a consequence 


of (61) 




da' ^ 1 

^3L 1 


But the law of areas [Art. 89] gives 


f,,' _ ,,5' = ^ ^ « A?-V(S + «ii)a(l - e*) = na* 


Therefore 


r- s rt f 3a da* da' da \ 

(62) IX, L] = naWl 

On computing the right member of this equation by means of (47), 
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(48), and (49), and i educing by means of (45), the biackets m- 
volving elements of only the first gioup aic found to be 


(63) i 


(w, ft] = no* Vl — e* (— afi — a'fi' + a/3 + a'/3') — 0, 
[ft, ij = na*Vl - e* {(a)3" - /3a") Qos « 

+ iP'a" - a'/3") sm co] 

= no* Vl — c* (— 7' cos w — 7 Sin w) 

= — no* Vl — e* sm i, 

[t, w] = — no* Vl — <3* I (a'a" + /3'/3" + 7 ^ 7 ") ^0® 

+ (a" a + + y''y) sin w] == 0 


217. Computation of [K, P]. The second equations of (60) 
become, as a consequence of (51), 


r , da' , „,d/3' ,97'! r V .'^4 1 

[“ 3K + ^al'*''^5^Jhap“’’dPj 

r a«' .5/3' VU 


=+ 


+ 


+ 


r 'i£ 

rsK 


+ a'^ + y'^ 
^ ^ dic^^ OK 


1 

_[hp ^apj’ 


It follows from equations (46), (47), (48), and (49) that 


9a . „ 3/3 , 97 (, 

a— + + 7-^ ~ 0) 


‘9/C 

,da' 


die 
/37'_ 


“ 9/C 9/C 9/C 

da' , -9^' 9y 

“9/C+^9/C+'’'9/C 


0 . 


-[»' 


9/C^'^ 9/C 9/C 


]■ 


Therefore 



18] 


COMPUTATION OF LAGRANQe’s BBACKETS. 


397 


(54) 




dP ^ dP ^dP\ 

- *iVS+ mi^n'jj + S’jg+yjj] 


Let P = a, e, a in succession Then it is found that 

f , m—, 3 Va(l - c') na 7 , 

k ■W+ mi = -^ -VI ~ e\ 


( 66 ) 


da 

Q Va(] - e®) _ 

k \S -h mi = “ 


na^e 


, nr-, 3'Va(l-c®)_„ 

k yS H- ?«i ^ 0 


Let = 0 ), iJ, t m turn in (54), and make use of ( 66 ), then it 
IS found that 


(66) - 


, , na 1 :; ; r .1 _ “ wa®e 

[w, a] = -jVl ” e®, [«, e] - 


[w, ff] = 0, 


[ft, a] = y Vl - e® cos i, [t, fl] = 0, [i, e] = 0, 


, , — ?ia®e 


[ft, <r] = 0 , [t, 0 - 1=0 


218, Computation, of [a, e], [c, tr], [cr, o]. The ];hird equation 
of (60) becomes, as a consequence of (61), 

IP. <21 [«§+«'!] [«!+«'!] 

= + (a® + /3® + f) [ “His] 

+ [ %% ~ Iqi] 

. a? fln' , 

+ (aa' + /9/3-|-77) QQdP’^dQdP BPdQ]' 
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As a conaequenco of equations (45), the right member of this equa- 
tion reduces to 


(67) 


d^' d^' . dri drj' drj dri' 

^dQ dQdP''^dPdQ dQdP 


Since the brackets do not contain the time explicitly t may be 
given, any value after the partial derivatives have been foimed 
The partial deuvatives become the simplest when t = T, the time 
of perihelion passage. Poi this value of == 0, r = a(l — e), 
and it is found from equations (46) that* 


( 68 ) 


2L 

da 

M 

de 


?=o. 

da 

fa-0- 

da 

de ’ 


£ 1 ' - 

de 


+ e 
— e’ 


d<r 


„ dll ll-fe d^' _ - na 

da da (1-e)*' da 

Then equation (67) gives 

(69) lo, e] = 0, [e, a] == 0, [a, o] = 


On making use of the fact that [a„ a;] — ~ [«/, «»] nu.d equations 
(63), (66), and (69), equations (33) become 


(60) ^ 


na 

2 


nu. fi ,da . de aBi.s 


no/ 


I * d% , ftCL n 5 « dd 

** ® ^ '2 ® ^ dT 

na*e . de 


dR,, 


Vi— 

na^Vl — e^ani^ = m3 “ , 




* It should bo lomemborccl thot a and 0 enter explicitly ond also implicitly 
through E and », for E is defined by the equation 


Then, e g , 


E -eamE ^n(l-T) = (i _ T). 

^=oosJS-’e-oBln®“ = l“« when I - T, etc 
Oa 
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fia rr 


-xdo) na n o ^*6 


diJ wado* 


m 2 


2 

aa ' 


(60) 4 


na^e do 


Tza^e cos zdQ, _ ^ dRi, 2 
di ^ de 


nada aiii, 2 

2 dt da 


These equations are easily solved for the deiivatives, and give 


'do, 

m2 dRi, 2 


dt 

na® -Vl — e® sm ^ 

t 

di 

»i 2 cos % dRi, a 

Wla dRt, 

dt 

na® Vl — e® sm % 

na® Vl — c® sin 1 . 

d<a 

— ma cos ^ dBi, a 

. 2»2Vi “ e® aJ!?i, a 

dt 

na® -Vl — e® sm i 

^ naH de ' 

da 

2 m 2 dBi, a 


dt 

i ^ 

|i 

! 


de 

lUid - e®) dRu 2 W2 Vl - c* dRi, a 

dt 

na®e d<T 

na^e do 

Off 

ma(l — e’*) 3 Ei, a 

2m2 dRi, 2 

,dt 

~ na®6 de 

na da 


The perturbative function Ui, 2 involves the element a explicitly, 
and also implicitly thibugh n which enteis only m the combi- 
nation ni + <r* Consequently the last equation of (01) becomes 

.. da 7n2(l dJ?i, 2 2^ / 

nah de na \ da j na dn da' 

where the partial doiivative in parenthesis indicates the derivative 
is taken only so far as the paiametei appears explicitly* 

It follows from the combination ni + a that 

2 m 2 dR\, 2 _ 2 m 2 ^ dR\, 2 _ ^ da 
na dn na da di 

It will bo shown [Arts. 226-227] that Is a sum of periodic 

terms; therefore a, as defined by (62), contains terms which are 
the products of i and trigonometnc terms It is obvious that such 
an element is inconvenient when large values of t are to be used. 
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III ordei to avoid this difficulty Leverrier used* m place of a the 
mean longitude from the perihelion as an element It is defined by 


(04) 

whence 

(65) 


I ~ J' fidt H" O', 


dl , ,dn I da 

' = ’‘ + ‘di + W 


d 


Since n = 


k'^S + vh 
0* ’ 


it follows that 


( 66 ) 


^ 3 b 

aa 2 a’ 


^ ^ ^ 

dt 2a (U ‘ 


Therefore equation (66) becomes, on making use of (62), 

I'fiV'i — = — ^«(1 ~ ( dIZi, 2 \ 

' ' dt ^ na^e de na \ da / ' 

Since ^ the fourth and fifth equations, where alone 

da at 

the partial derivative of iJi.j with lespect to a occurs, will not be 
changed m form Hence, if I is used m place of a throughout (61), 
the equations will be unchanged in form, and the partial deriva- 
tive of El, a with respect to o is to be taken only so far as a ocouis 
explicitly. 


219. Change from ii, w, and a to fi, tt, and e. The trans- 
formation from the elements ii, «, and o- to £i, rr, and e is 
readily made because the relations between the w and a and the 
r and « are very simple It follows from the definitions of Arts. 
214 and 216 that 

r , 


( 68 ) 


J (0 — ar — 


whence 


( a = e - tt; 

r 

dt ~ dt ' 


(69) 


^ ^ d£l 
dt ~ di dt ' 


da _ de dv 

^ dt dt dt 


On solving (68) for ii, tt, and e m terms of ii, w, and a, it is found 
that 

* Annaks de I’Ohservatmre de Pane, vol i , p 265 
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TT — 0 ) + 

e>c=:o- 4 ''^~ 0 ’ + ^+ft* 

Hence the tiansfoiinalionb in the partial denvatives aie given by 
the equations 
OR 


(71) 


1,3 / OR,, 3 \ g.Q. ■ / jghj "l 

( dRi.i\ . ( f)Ri,t\ I ( dRi,!i \ 

6w \ c) ii / 3w V V / 

-m-m’ 


sa 


d 6 

da 


de 

do) 


-Y^) 


d(T 


On substituting (69) and (71) in (01) and omitting the paieiitheses 
aiound the partial derivatives, and on solving for the derivatives 
ot tho elemonts with icspoct to i, it is found that 

■ dft ^ mi 9Ri.i 

(It na^ •>/]”- ^n i ’ 


(72) 


di 

— W2 

dltu 2 

ms tan 2 ^ ^ 


dt 

sin 1 


' de J’ 

dir 

m2 tan^ 

dRui , mi 

Vl — dRi,2 


dt 

“ - e* 

ch 

nah de ^ 


da 

2mt dRi,t 




dt 

na de ^ 




(Ic 

— 

-j 

~e^ dR\,i WaVT- 

dR\^ 2 

dt 

= — m2 Afl “• 

^ na^e 

^ de na^e 

dir ^ 

de 

m2 tan^ 

dlii.z 1 _ 

. .rr- 7.1-’''^ 

dR\,2 

dt 

na**'Vl — d 

; at nah 

de 


2 ot 2 ORi, 3 
na da 


27 
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These equations/ together with the coi responding ones foi the 
elements of the planet mg, constitute a rigoious system of dififei- 
ential equations for the deteimination of the motion oi the planets 
mi and m 2 with lespcct to the sun when theie aie no othei forces 
than the mutual atti actions of the thiee bodies 

If 7^1,2 IS oxpiessed in teims of the time and the osculating 
elements at the epoch toj equations (72) become the explicit 
expressions foi the hist half of the system (27), and define the 
perturbations of the elements which are of the first ordei with 
respect to the masses 

220. Introduction of Rectangular Components of the Disturbing 
Acceleration. Equations (72) icquiie foi their application that 
72 i ,2 shall be expressed fiist m teims of the elements, after which 
the partial deiivatives must be foimed In some coses, especially 
m the Dibits of comets, it is advantageous to have the rates of 
vaiiation of the elements expi cased m terms of three lectangulai 
components of the disturbing acccleiation 

The disbuibing acccleiation will be resolved into three icct- 
angulai components W, /S, 7J, whcie IF is the component of 
acceleration peipendicular to the plane of the oibit with the 
positive duection toward the noith polo, S is the component in 
the piano of the orbit which acts at right angles to the radius 
vector with the positive diiection making an angle less than 90® 
with the duection of motion, R is the component acting along the 
ladius vectoi with the positive duection away from the sun. 
The components used in the preceding chapter evidently might be 
employed heie instead of these, but the lesultmg equations would 
be less simple 

In Older to obtain the desired equations it is only necessary to 
expiess the paitial denvativcs of iii, 2 with respect to the ele- 
ments m terms of TF, Sy and R, and to substitute them m (61) 
or (72), depending upon the set of elements used The tians- 
formation will be made foi the elements used m equations (61) 

j i ^Rli 2 ^7^1, 2 dTJi, 2 r T 

The quantities — , ntz' , niz - ■ are the com- 

ponents of the disturbing acccleiation parallel to the fixed axes of 
reference. It follows from the elementary properties of the 

* The subscript 1, which was omitted from the coordinates and elements m 
Art 213, should be replaced when the equations for more than one planet are 
written 
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dRi 2 

resolution and composition of accelerations that is equal 

to the sum of the pi ejections of W , S, and R upon the u-axis, and 
similaily foi the otheis 

Let u lepicscnt the aiguincnt of the latitude, or the distance 
fi om the nsconding node to the planet P, Fig 61 Then it follows 



horn the fundamental formulas of Trigonometry that 


ma 


dlit, 2 


+ i?(c08 ti. COS ft - Sin M sin ft cos ^) 
— jS(sin It cos ft -h cos it sin ft cos i) 


(73) 




ma 


dBi, a 

dy 


+ W Bin ft sin 

+ B{co8 u sin ft + sin it cos ft cos ^) 
— /S(8in It sin ft — cos it cos ft cos i) 


wia 


- TT cos ft sm i, 

^^^1' = 4- le sin M Bin i + iS cos It. sin i + W cos i 


dZ 


Let s repiesent any of the elements ft, • , <r 


then 


(74) 


dRt. a afii, a dx , DRi. ^ ■ Mid gg 

" fl'B ds dy fls dz ds 


dft 


The derivatives givcp in (73) and when 

^ and - have been found, the transformation can bo com- 
ds ’ ds' ds 
pleted at once. 
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It follows fiom equations (51) that 


dv , da' H , f 


W~ hlC^'^dlC dP~‘"dP^^dP’ 
dK~hK'^'^dK‘ dP ■^ap'^^'-^"' 


where K is any of the elements ii, i, «>, and P any of the ele- 
ments a, e, tf The quantities a, , y' aic defined m (44), and 
their deiivatives aie given in (47), (48), and (49), the derivatives 

■|4 and ^ arc to be computed from (46). 

di Or 

It 13 found after some lather long but simple i eductions that 

m 2 = Sr cos i — TFr cos u sm ^, 
oil 

= T7r sin u, 

01 


3Pi, 2 p r 

m2 — U- t 

da a 


2 = — i?a cos t; + ^ r 1 + ■" 1 Bin V, 

de L 7^ J 

dRu2 Rae . 


Therefore equations (61) become 

?i,a^ VT”— sin i ^ 


r cos ll Tjr 
■ yy 

7ia^ Vl “ 


— cos V ^ Vr~^ 
?iae nae 




sm vS 


r sill u cot ^ . 
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( 77 ) 


sm » p 2aVl — 
df^n^fi- ^ n't ’ 


de _ Vl - e° am o „ , Vl - ^ — 

dl na L ’ 


] 


S, 


— 


j_r^_ 

na L ft 


l-e* U 

C08V E 

a-e^) 

nae 



S 


XXVI PROBLEMS 

1 Find the components S and R ot this chaptci m terms of T and N, 
which were used in chaploi ix , Ait 174 


»5 


q-h Croat;) Y I— 

^ ^ VTT^cM^e^ '>/!• -i- H- 2^ 


c am V 


T — 


1 -f c cos t? 


c 2 ^ 2c cos V ^1 + -h 2e cos v 


; AT 


2 Bv means of Iho equations of problem 1 cMness the vauations of the 
eloLS a, . in torins of T and N, mid vciify all Iho lesults eontnined in 

the Table of Ait 182 

3 Explain Avhy ^ i-onlams a toiin depending upon IF 

4 Suppose the diatiiibed body moves m a resisting medium, find the 
equations foi the vauations of the olomcnts 


dl 


= 0 , 


Ana 



(le 

dl 


2 srnh <■» d- 2 8 cos » 

‘ nVl-i* 
g-slT— (fcisa + g) ji 

' w-V l+p* -l- ^o‘5'’ 


+ e « + c cos_!;)jm_^ y 

^ <R~ nac(l +eooaa)All + c’ +2ecosw 

5 Discuss the way in which the olomonts vaiy ui "^9 of* change 

the values of a foi which the maxima and minima m th velocity, 

oeeur; when T is a constant, and when it vanes ns tho squaie of the velocity. 



406 


DEVELOPMENT OF PERTURBATIVE FUNCTION. 


[221 


6, Derive the equations coriesponding to (77) fot the elements tt, 
a, e, and e 


Ans 


? 8in u 

?ia -sf 1 — c* am i 




dt 


} cos u 


■17. 


dt b«»a/1-c»' 

— ==2 I - Jt! cos » + <S ( 1 + M Bin w I , 

dl 2 dl nae ^ \ P I J 


da 5 

dl "nil 


'== Bin t) , 


dl no I \ 1 + (! COB tf / ) 


dt 


2rR 


[. d< no’ 1 + -V 1 - c’ dt 




221 Development of the Perturbative Function. In order 
to apply equations (72) the perturbative function Ri, 2 must be 
developed explicitly in terms of the elements and the time Fioin 
this point on only peiturbations of the first ordoi will be con- 
sidered, therefore, in accordance with the lesults of Ait. 208, 
the elements which appear in Ri, 2 are the osculating elements at 
the time h 

In the notation of Art 206 the perturbative function is 


(78) 


Ri.i = fc® 


_1 ~b Vit/n 4* gi^a 

ri, 2 


ri, 2 “ — '»i)* + (2/4 “ 2/1)* + 

r2 = Va2* -h + 24^ 


The perturbing forces evidently depend upon the mutual 
inclinations of the orbits, rathei than upon their inclinations 
independently to the fixed plane of reference. It will be con- 
venient, theiefore, to develop Ri, 4 m terms of the mutual inclina- 
tion Since this angle is expressible in terms of ii, fti, and ft 4 ) 
the partial dcnvatives of Ri, 4 with respect to these elements will 
depend in part on their occurring implicitly in this angle. 

The development of the perturbative function consists of three 
stops’* 

* There are many more or less important variations of tho method outlined 
here, which is based on tho work of Levorrier in tho Annates de I’ObservaloiTO 
de Pam, vol i 


222] DBVBL0PMT3NT IN THE MUTUAL INCLINA'HON. <1=07 

(a) Development of B1.2 as a power series in the square of the 

obtained in 

of the preceding series into 
Po Jier series in the mean longitudes of the two planets and the 

T‘rs«':;» It wu. not b. ,^»bic .» ^ 

given in Tisserand’s MScanigtie CSlesle, voh i., chapteis xil 
xvHi. inclusive. 

222 W Dsvelopmsbt c! R,., to ae Mutml Ijicltaation. 
Lot S repesont Iho aitel® tatwoen tbo Mtbl r, ond r,, then 

(■79) J„ = (n® +ri> - 2rira cos S)-». 

2 



Let the unglra botwoon ri end tbo *, ,“‘(o«ots 

respectively, md m the case ot r., M, ft. ai>d "« 

“W p,-noosft, r.-r,=os7., 

+ m. + «• - , 

(81) cos 71 cos 7!i) =“ 00® 


Let 


/ repreaept tbe angle between the two orbits, and n end r. 


408 


DEVELOPMENT IN THE MUTUAL INCLINATION 


[222 


the distances fiom their ascending nodes to then point of mtei- 
section From the sphciical tiiangle PiPiC the value of cos S is 
found to be 


(82) 


cos S - cos (til — fi) cos (ita “ Ti) 

+ sm (til — n) sin (tia — ra) COS I, Oi 
cos S = cos (til — tia + Ta — Ti) 

7 

— 2 sin (til — f i) sin (tia — Ta) sin’* ^ > 

til — Tl = Hi + tri — £il ~ Tl, 

_ Ua — fa = Ha + tra — iia “ fa 


The quantities I, n, and ra aie detciminod by the formulas of 
Gauss applied to the triangle ftiiiaC 


(83) 


sin I sin Tl = sm ta sin (iii — ft a), 

sin I sin Ta = sin ti sin (fti — fta)) 

sin I cos Tl = sin ti cos ta ~ cos ti sin ta cos (ft i — fta), 

sin I cos Ta = — cos ti sin ta -j- sin ti cos ta cos (ft i — fta), 

cos I = cos tl cos ta + sin ti sin ta cos (fti — fta) 


For simplicity I, ti, and Ta will be retained, but it must bo lemcm- 
beicd when the partial doiivatives of Ri, a aie taken that they iiio 
functions oi ti, ta, fti, and fta- 

As a consequence of (79), (81), and (82), the peiturbativo 
function can be wiitten in the foim 


f Ri, 2 = 1 * + 1 a* — 2rira cos (tti — tia + ra - fi)] * 


(84)-^ 


4riJ’a sin (til — Tl) sin (tia — ra) sin® ^ 
j 1 ® + )a® — 2riJ’a cos (lii — tia + ra — ti) J 

P 

Ai r 

- ^ cos (lii — tia + Ta — Tl) 

— 2 sm (til — Tl) sin (ita — ra) sin® ^ | 


The ladii ri and ta aic independent of I The second factor of 
the first term of the light mombei of this equation can bo expanded 
by the binomial theorem into an absolutely converging power 

T 

senes in sin® ^ so long as the numerical value of 
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irin sm («i — Ti) Bin (U2 — r^) sin® ^ 
j.^2 ^ ^2® — ^riu cos (mi — M2 + r2 — n) 
is less than unity. This fraction is less than, or at most equal to, 

(86) 

in - ri)® 

If this expression is less than unity for all the values which n 
and rt can take m the given ellipses the expansion of (84) is valid 
for all values of the tune In the case of the major planets it is 

always very small, the greatest value of sm® | being for Mercury 

and Mars, 0 0118 In the perturbations of the planetoids by 
Jupiter It often fails, for I is sometimes of considerable magnitude 
while r 2 — Ti may become very small In the case of Mars and 
Eros n-n may actually vanish and this mode of development 
consequently fails. It is needless to say that it is not generally 

applicable in the cometary orbits , . , . r i iv. 

In those cases in which the expansion of (84) does not fail, the 

expression for R\, 2 becomes 

■ jRi, 2 = + [fi® + r2® - 2rir2 cos (wi -Ut + rt — ti)]-I 
— rir2[ri® + r2® — ir2 cos (ui — M2 + ra — 

X 2 sin (mi - ri) sin (M 2 - ra) sin® 
+ ri®r 2 ®[ri® + i’ 2 * — 2 rir 2 cos (mi — Ma + ra — n)]' 
X 6 sm® (mi - Ti) Bin® (m 2 - ra) sm^ 


~ -^rCOS (Mi — M2 + T2 — Ti) 

1 - 2 ® 

r J 

^ ?ilism (mi — Ti) sm (Ma — n) sm® -x . 

223. ih) Development of the Coefficients m powers of ei and ea. 
The radii ri and ra vary from ai(l — ei) and 02(1 - fia) to ai(l + ei) 
and 02(1 + ea) respectively. Let 

Jri = ai(l + pi), 

(ra “ aa(l + P?)- 
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The angles mi and Ui aie expicssed m teims of the tiuc anomalies, 
vt and 1 ) 2 , and the elements by (82) The true anomalies are equal 
to the mean anomalies plus the equations of the center, which 
may be denoted by Wi and Wi Let li and I 2 lepiesent the mean 
longitudes counted fiom the a:-axia [Fig ( 02 )], then 

f Ml — T1 = II — iil — Tl •+• Wi, 

( 89 ) 1 7^1 

L'W 2 — T 2 = 12 — £is — 72 + 11)2 
It follows from (81) that Ri, 2 can be written m the form 
Ri, « — F[ai(l + pi), 02(1 + pj)]. 


where P is a homogeneous function of ai and a 2 of degiee — 1 , 
Theiefore 

( 90 ) 121.2 = [a, + ai^^% a2 J . 

The right merabei of this equation can be developed by Tayloi’a 
formula, giving 

‘ ■ l+T. I + I+TT T Sa. 

/ pi - n V mai. ».) , . . , 1 

\ 1 + 02 M 2 dai^ J * 


The expressions can be developed as power series in 

Pi and P 2 But m Ait 100, equation (62) , p is given as a power seiios 
in e whose coefficients aie cosines of multiples of the mean anomaly 
On making these expansions and substitutions in (91), Ri.t. can 
be arranged as a power senes in ci and These operations arc 
to be actually peifoimcd upon the scpaiato toims of the senes 
(87), so the lesulting senes is ananged according to powois of 

Cl, 62 , and sin*x The angles wi and Wt also depend upon Ci 

and 02 lespectively, but their developments will not be introduced 
until after the next step 

224. (c) Developments in Fourier Series. The first term 
within the biacket of (91) is obtained by loplacing ri and 1 2 by tti 
and ai lespectively in (87) The higher terms involve the deriva- 
tives of the fust with respect to ai On leferrmg to the explicit 
senes m (87), it is seen that the development of theexpiessions of 
the type 
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ilrj y 

(aiUi) 2 [oi® + «!!* — 2aiaj cos (ui — + rs — ri)]"*, 

whero i> la an odd mtogei, must be consideied 
Let Ui — Mj + Ta — Ti = V' It IS known from the theoiy of 
Fouiier senes when oi and a* aie unequal, as is assumed, that 

[ui® -|- — 2aiaa cos \j/] ^ can be developed into a senes of cosines 

of multiples of \l/, which is conveigent foi all values of f Tliat is, 

1 +K> 

(02) (oiaa) 2 [ai* -b aj® — 2aiaa cos i^j 2 = ^ 

^ is:~00 

whero B/‘) « B/-o 

The coefficients are of course given by Fourier’s integral 

1 V— 1 

J3/0 = _ I (oioa) 2 [ai** -|- Os* — 2aiOa cos ^1 * cos itpdi', 

IT Jo 

but tho difficulty of finding the integral makes it advisable in this 
particular puffilem to piocced otheiwise 
Lot z — whole e represents the Napierian base. Then 

2 cos 1 /' = « + 2 cos i<p = + zr*. 


Suppose Oa > ai and let ^ = a, then (92) becomes 


(03) 

— (1+ «* - 2a cos <p)~ 
(1% 

Lot 

(1 + «» - 

- 2a cos ^)~* = (1 — aa) » 

therefore 


(04) 



1 +» 
1 v-v 


Since tho absolute values of oa and are less than umty for 

_y -t 

all real values of tho factors (1 - az) * and (1 - aO 2 can 
bo expanded by tho binomial theorem into convergent power 
HOIK'S in a2 and The coefficient of 2 * in the pioduct of these 

series is obtained fiom (94) The 

general term of the product of tho expansions is easily found to be 
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velopod in Fourier series in cos i(ui — Ui + n — ti) But these 
functions are multiplied by the factois sm (ui — n) sin (tta — ra) 
raised to diffeient powers [equation (87)] These powers of 
sines aie to be reduced to sines and cosines of multiples of tho 
arguments, and tho products formed with cost(wi — Ua + ra — ti), 
and the reduction again made to sines and cosmos of multiples 
of arcs. The fint^l trigonometrical terms will have the fouti 
cos (jiWi "i" "i" ^iTi "h fcaTa), wheio ji, Ja» itii and /ca aic integers. 

As a consequence of (89) this cxpiession can be developed into 

'COS(jill + ,7s22 — Jliil ~ jsSii + ^ITI + fcaTa +J 1 W 1 , +7»'U^4) 
== COS (jih + Jih — JiSii ~ JtSii + fciTi + /t-aTa) 

(96) - X (cos (jiWi) cos (jiWi) - sm Qm) sm (jaWs)) 

— sin (jiZi + Jih ~ jiSli — Jaiia + fcm + fcara) 

[ X [sin (jiWi) cos (pallia) + cos (jiUii) sin (jaWa)) • 

Since 1 

J li = 4" "f* ^i(^o “h ^o) ^ 4* € 1 , 

\ Za “ ii a "t* wa "b Wa(Zo — Ta) "b na(Z “ Zo) “ WaZ “b eaj 

the first factors of tho terms in the right member of this equation 
are independent of ei and Sa. Cos (jiioi), etc., are to be expanded 
into power senes in v)i and wa by the usual methods Now 
t«i = wi — Ml, «>2 = «2 — Ma, and those quantities weio developed 
into power series in ei and ca [Art. 100, eq (64)] whoso coefficients 
were Fourier senes with multiples of the mean anomaly as argu- 
ments. On substituting these senes for aui and Wa in the expansions 
of the second factors of the terms of the right member of (96), and 

reducing the powers of sines and cosines of the mean anomaly to 

sines and cosines of multiples of the mean anomaly, and multi- 
plying by the factors 

cos (^iZi H-iaZa — Jiiii “ + Z<!iti H” Ziiara) 

and 
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Bin (jih + 3 th — Jiiii — + ^2r2), 

and again reducing to sines and cosines of multiples of the aigu- 
ments, the expiession (00) is developed as a powei aeries in ei 
and 62 whose PocfTicients aie senes in sines and cosmos of sums of 
multiples of li, hi fto '’’o — h no 

Ma = h- na, theicforc the aiguments will be h, h, Q>i, Q>i, 
Ti, T 2 , ni, Ti, wheic Ti and n aie functions of Q,i, 0 , 2 , ti, and la 
defined by (83) 

When the several expansions and i eductions which, have been 
desciibcd have all been made, iJi.a will be developed in a powei 

SOI 103 in ei, es, and sin* the coefRcionts of which aio senes of 

sines and cosines of multiples of li, h, Oi, Ot, ti, ra, iri, ira, the 
coefficient of each tiigonoinotiic teim depending upon the latio 
of the major semi-axes If the signs of Oi, Ot, iri, ara, n, ra, 
«i, 62 , and t are changed the value of Ri, a, as defined in (84), 
obviously is unchanged, tlierofoie the expansion in question 
contains only cosines of the aigument. Hence 


(97) 


fill, 2 ^ so cos ]y, 

D = 3i(,nii -j- ei) d'i 2 (n 8 f 4 " <2) “ ^ 32' Ot 

4" fciTi 4" fvaTa 4" H" KtV'i, 

(7 =1 / ^ fli, fla, Cl, Ca, Bin* ^ ^ * 


in which J„ • , h' take all integral values, positive, negative, and 
zeio, the summation being extended ovci all of those terms. 

It is clear fiom tho foiegomg that tho series for JJi.a is very 
complicated and tliat much labor is roquiied to expand it in any 
particular case. Lovomer has carried out the liteial development 

' . • a ^ 

of all terms up to tho sovonth order inolusivo m oi, Ca, sin 

and tho length of the work is such that fifty-throe quarto pages of 
the first volume of the Annales fie Wbse) oaloire de Pans are 
required m ordor to write out tho result. 

225. Periodic Variations. It follows from equations (72) and 
(97) that tho rates of ohango of the elements of mi are given by 
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(98) 


do, I 
dt 


dii 

dt 


^ COS D 

niai** vl — Cl* sin ii I 


moiWl - ei^sinii 

XC Bin D 

X C sin D, 


“ ??l2 


X ^1 

m 2 tan ^ 


+ 


niai^ Vl ex 


diri 

dt 


m 2 tan 


Uiai^ Vl ei^ 


^ ZL^^j.C Bin D, 


X O' sm D I + 


WaVr 


niRi^Ci 


6^ dO 

-£5i;««o. 


dt 

dei 


riitti 




1 - Vl - Cl" 


Y, 3 iO sin D 


mj 


vn 


Cl 


dei 

c2^ 


niai^ci 

m 2 tan ^ 


:2{v+t.^^ + ):.|^}CsmC, 


niai^ Vl -- I 

XCsinDj+maVl-ei^- 
2m* 


2(f cosC-[j:.|2 + C.£; 




<3i^ 


niai^ei 




^dC Ti 

Vv- cos D. 

Rlttl ^ floj 

The peiturbations of the elements of the orbit of mi of the first 
order with respect to the mass ma are the integrals of these equa- 
tions regarding the elements os constants in the light members. 
Similar terms must be added for each disturbing planet. ^ 

There are terras in i?i, a of thiee classes (a) those in which 
^ jjjjj 18 distinct from zero and not small; (5) those in which 
Ml -i- Mi IS very small, but distract from zero, and (c) those m 
which jiUi + jiUt equals zero Denote the fact that Ri, j contains 
these three sorts of terms by writing 
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■Rii 3 cos Do -{- SCi cos Di SCs cos D^, 

whoi'o tlio thiGC sums in the light member include these three 
classes of terms icspectively lienee the pertuibations of the 
elements of mi by mj of the lust ordoi and of the fiist class are 


( 00 ) 


^ yi f dCo Sin Dp 
^ I chi Jl«l + J2tt2 


m2 


nitti® a/ 1 — ei® am ii 


r I 0-7 ^’■=1 ^0 


COS Do \ 


J +^2^2 y 


r)H 




ei^ sm 




Co cos Z)o 


ci 1 

nit tan ^ 


»itti 


2 Vi 




7^2 tan 


h 


(,,(..11) _ („».»),, - 




maiWl — 

7^2 Vl — ^ 3 Co Sin Do 


+ 

+ 



1^1711 + J27l2 

aco 

sm Do 

3ii jini + jitii 

dn 

Co cos Do ' 


2mz 


(ai®-») (oi®'‘>)(|, = jini + jtnt’ 


tiiai^ei ^ aei + j2W2' 

Co cos Do 


(Cj(0,l))„((.,(0 1)),^ = 


II 0^ — CocosDfl 

-m2 vi-’Ci^ — iTT-ir — 


niai^ci 




_ «.• 2 ( I,' +i,.|a + I ,‘^'7°; , 


m 2 tail 


^l 


niUi^ Vl ■” Cl* ^ i 

. Ft Oti t 1 ^^^ 2 ! Co cos Do \ 


I Do 

+ j2tl2 


+ m 2 Vl 


ey 


Vi 


Tuai’^ei 




aCo sm Do 


flci JlWl + J 2 W 2 
2m2 y' dCp sin Dp 

moi " dfli jiJii + Jint 
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2ir 


and 


Theao terms aie purely periodic with periods -I-J 2 R 2 ' 

constitute the peiiodtc vanations Every element is subject to 
them, depending upon an infinity ot such terms whose periods 
are diffeient The laigei jiUi + is, the shoitor is the period 
of the term and in geneial the smaller is its coefliciont 

The method of repiescnting the motion of the planets by a senes 
of periodic terms is somewliat analogous to the epicycloid theory 
of Ptolemy, for each term alone is equivajent to the adding of a 
small ciicular motion to that pieviously existing. This theoiy is 
moie complex than that of Ptolemy in that it adds epicycloid 
upon epicycloid without limit, it is simpler than that of Ptolemy 
m that it flows fiom one simple principle, the law of giaviktion. 


226. Long Period Variations. The letters ji and represent 
all positive and negative integers and zero Therefore, unless 
tti and rii are incommensurable ji and ji exist such that jitii + 
SiUi = 0, where ji and ja aio not zero But then D is a constant 
and the integi al is not foi med this way However, whether ni and 
Tii are incommensurable or not, such a pair of numbers can be found 
that jitii + jiUi 18 veiy small The corresponding term will bo 
large unless its C is very small It is shown in a complete dis- 
cussion of the development of Ei, 2 that the order of C in Ci, Ca, 

IS at the least equal to the numerical value of ji -j- 3i (see 

A 

Tiaserand’s M6c, CU., vol i , p. 308) Since ni and n 2 are both 
positive, one of the numbers ji, ji must be positive and the other 
negative in order that the sum jiUi + jitii shall be small. Tho 
more nearly equal ji and are numerically the smaller the numeri- 
cal value of ji + Ji IS, and consequently, the larger C will be. 
When the mean motions of the two planets are such that they are 
nearly commensurable with the ratio of ni to nt expressible in 
small integers, then large terms in the perturbations will arise 
from the presence of these small divisois The period of such a 

term is — . which is very great, whence tho appellation 

jini + jirii' 

long period. These terms are givqn by equations of tho same 
form as (99), but with the restriction that jiUi -f junt shall be 
very small 

Geometrically considered, the condition that the periods shall 
be nearly commensurable with the ratio expressible in small 
integers means that the points of conjunction occur at nearly tho 



227] 


SBCULAB VABIATIONB 


417 


sftino part of tho oibits with only a few other conjunctions inter- 
vening. The oxtiemo cose is that in which there aie no con- 
junctions intei vomng, i, e , when ji and js differ m numerical value 
by unity 

Tho mean motions of Jupitei and Saturn aie nearly in the ratio 
of five to two Consequently = 2, ~ — 5 gives a long 

period toim, and the oidci of the coefficient C is the absolute 
value of 2 — 5, 01 3 The cause of the long period inequality of 
Jupiter and Satuin was discovered by Laplace m 1784 in com- 
puting tho pcituibations of the* thud order in a and ej The 
length of the poiiod in the case of these two planets is about 850 
years 

227. Secular Variations, The expression D is independent 
of tho time for all of those teims m which = ja = 0 The 
partial doiivatives of P with respect to the elements are also 
mdopondont of the time, hence, on taking these terras of (98) and 
integrating, it Is found that 


n\af -VI sm L 


[^i~+fca|^]CaSinD2}(t-io), 


[ijlO.ll] 


ma 


Wifli* VI “ Cl* sm ^l 


Sti 

dSii 


(100) 


15a • (f - <o) 


mz tan^ 


+ 


[^iCOaO] 


n\ai 


viz tan^ 


3ti 

^TTl 


-t- fca|-^ I C 2 sin Da • ({ - <«), 


, faCa 


niOi* 


Vl - ci*^ I 


+ 


Wa Vl — Cl** dCi 


, X^-^cos Da • (f - to)> 

niOi^ci dci 
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f [ai«>-»] « 0, 


( 100 ) 




maVl — Cl* 






+ h^ 

OTTl 


+ 


hp-]c 2 8mDi>(t~to), 

OlTl J 


>1 


7Jt2 tfliH ^ 


nioi- 


vr 






} (( ~ 4) 


+ wia Vl — Cl* 


1 - Vl” 


61“ 


fiiUrOi 


X Z)^cos Ds • (i ~ <o) 


StWq 0(72 7^ /, , V 

— D 2 * {t — k)* 

Thai oai 


It follows that there are no secular terms of this type of the first 
Older with respect to the masses m the pertuibationa of a This 
constitutes the fiist theoiem on the stability of the solar system. 
It was pioved up to the second powers of the ccccntii cities l)y 
Laplace in 1773,* when he was but twcnty-foui yeais of age, in 
a memoir upon the mutual pciturbations of Jupitoi and Saturn, 
it was shown by Lagrange in 1776 that it is true for all powers of 
the eccentricitiescf It was proved by Poisson m 1809 that thcio 
are no secular teims in a in the peiturbations of the second older 
with respect to the masses, but that there aie teims of the type 
i cos D, where D contains the timo.f * Teims of this type are 
commonly called Poisson iermB 

All of the elements except a have secular teims. It appears 
to have been supposed that the secular terms, which apparently 
cause the elements to change without limit, alone prevent^ the use 
of equations (72) foi computing the peiturbations for any time 
howevei gieat Many methods of computing perturbations have 
been devised m ordei to avoid the appearance of secular terms; 
yet it IS clear that, whether or not terms propoitional to the time 

* Memoir presented to the Pans Academy of Sciences, 
t Memoirs of the Berlin Academy^ 1776 
t Journal de V^JeoU Polyteckniquef vol xv 
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appear, the method is stiictly valid foi only those values of the 
time for which the senes (20) of Art 207 aie convergent 
Secular terms may entci in anothei way, usually not considered. 
If + J2n2 = 0 with ji + 0, + 0, D IS independent of the 

time and tho coiiesponding teims aie seculai In this case D is 
not independent of €i and thcie will be seculai terms in the per- 
turbations of a. As has been lemaiked, this condition will always 
be fuHilled by an infinity of values of ji and ^2 if ni and 712 are not 
mcommoiisurable But it is impossible to determine from obser- 
vations whether 01 not 7ii and m aie incommensurable, for there 
is always a limit to the accuiacy with which observations can be 
made, and within this limit there exist infinitely many com- 
mensuiablo and incommensuiable numbeis There is as much 
reason, therefore, lo say that secular teims m a of this type exist 
as that they do not, However, they are of no practical im- 
porianco because tho latio of ni to cannot be expressed m small 
integers, and the cooflioients of these teims, if they do exist, are 
so small that they are not sensible for such values of the time as are 
oidinarily used 

228. Terms of the Second Order with Respect to the Masses. 
Tho teims of tho second oidei aio defined by equations (29), 
Art. 210. Tho right incmbeis of these equations are the products 
of the partial derivatives, with respect to tho elements, of the light 
mombore which occui in the terms of tho first order, and the 
perturbations of tho fust order of the corresponding elements 
Thus, the second order poiturbations of the node are determined 
by the equations 


(101) i 




dt 

dt 


^^2 Y] ^ 5 ^( 0 , 1 )^ 

mai^ Vl Ci^ Bin 

Y" 2 g5j(l,0)^ 

niai^ Vl - c7 sin %% ^2 


where and 82 represent the elements of the orbits of mi and m 2 

rcspoctivcly. Tho partial deiivativo is a sum o£ periodio 

and constant torms) sx®-” and aie sums of periodic terms 
and terms containing the tune to the first degree os a factor The 

products » and ^ therefore contain terms of 
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four types («) wheie D contains the time; (&) 

(c) Ds, where Da is independent of the time, and (d) t Da. 

The mtogials of these foui types are lespectively. 


(a) 


(c) 


cos 

sin 


D 




Jini+jiUi ’ 

,sin j. 


( 6 ) t 

id) 


sm 


D 


3i^i + ^ 2^2 ^ {jiUi + j2n2y ' 


cos' 


sm T> 
2 cos 


Therefore, the perturbations of the second order with respect to 
the masses have purely periodic terms, Poisson terms, or terms 
in which the trigonometiic teims are multiplied by the time; 
secular terms wheie the time occuis to the first degiee, and secular 
terms where the tune ocouis to the second degiee This is true 
for all of the elements except the major semi-axis, m the case of 
which the coefficients of the teims of the third and fouith types 
aie zero, as Poisson first proved. 

In the terms of the third order with respect to the masses there 
are secular terms in the perturbations of all the elements except 
ax, which are proportional to the third power of the time, and so on, 

229. Lagrange^s Treatment of the Secular Variations. The 
presence of the secular terms in the expressions for the elements 
seems to indicate that, if it is assumed that the series represent 
the elements for all values of the time, then the elements change 
without limit with the time. But this conclusion is by no means 
necessarily true. For example, consider the function i 


(102) sm (emt) = emt — ^ , 

ol 

where c i^ a constant and m a very small factor whiqh may take the 
place of a mass The series in the right member converges for 
all values of L This function is never greater than unity for any 
value of the time, yet if its expansion in powers of m were given, 
and if the first few terms were considered without the law of the 
coefficients being known, it might seem that the series represents 
a function which increases indefinitely in numerical value with 
the time, 

On following out the idea that the secular terms may be ex- 
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pansions of functions which aie always finite, Lagiange has shown 
(&ec Collecled Wmks, vols v and vi), uncloi ceitam assumptions 
which have not lieen logically justified, that the secular teims aio 
in leality the expansions of penodic teims of veiy long period 
These teims dilfei fiom the long poiiod vaiiations (Art 226) in 
that tlioy come fiom the small uncompensated paits of the pei iodic 
variations, instead of dncctly from special conditions of con- 
junctions As a lulc these tciins aie very small, and then periods 
aio much longei than those of the sensible long peiiod teims It 
will not be possible to give hero moic than a veiy geneial idea of 
the method of Lagiange 

The fiist stop in the method of Lagiange is a transfoimation of 
vaiiables by the equations 


(103) 
and 

(104) 


hi = 6] sin TT/, 
. 1/j e, cos 


j), = tan %, sin 
.g, =5 Ian i/ cos 


where e], ir/, etc., are the oloments of the orbit of m„ and If is a 
new vaiiablo not to bo confused witli the moan longitude. These 
tiansfoimations are to bo made simultaneously m the elements of 
the mbits of all of the planets. Tlie elements a, and e, lemam 
without transformation. On omitting the subscripts, it is found 
from (103) and (104) that 


( 106 ) 


f clh ‘ dTT , . de 

ST- 


de 


dl 

dt 


Oh , 

dli 

dl 


1 OR , 

dU 


de ‘ 

dl 

de 

= wnir-^-t-COB^-^ 

) 

Oh , 

dli 

HL 


OR 


dR 

dir 

oi 

dw 


3 COS TT^ - C Sin TT 

'di' 

tan i 

cos 

a 

dSi 

~dt 

+ sec^ i sin £J 

dl. 

dt' 


tan i 

sin 

a 

d/Qt 

dl 

+ scc^ i cos Q> 

dl 

df 
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(105) 


^ j- 

BQi dv ^Qy do, 

= taniGoa Sl-z tan^sm u 

dp oq 

dR ^ dR dp , OR dq 
0% ^ dp ^^ dq dl 

dR dR 

= soo®ism ;^ + see*^ cos ft . 


Then it follows from (72) that 


(dh ma-Vl-A^" 
dt no? 


p aB 

~ dl 


( 100 ) 


m* VI - ft* - P 


3 JJ 


na* 
mai tan 


-» i + Vi -/i"- I* 
i 


+ 


2 aB 


waHl - /i“ ’ 




-maAll-/t"-t^ aB 

na^ a/i 

m 2 Vl - ^ 


I 


dR 


na‘ 

mill tan I 


1 + Vl - 7 i® ~ P 

dR 


^ = 
eft 


na 


naWl - ' 

m2 aB 

sWl - - P cosH ^3 

rntf 


2no? Vl — /i* - cos t cos® ^ 


^ l_a 7 r a 6 J ’ 


(igr _ — m2 ^ 

di ~ na®'Vl — /i® - i® cos® i 
m 2 g 


2no® Vl — A® - I® cos i cos® ^ 


Lar ^ ae J 


On developing the right membeis of these equations and neglecting 
all terms of degice higher than the fiist* in h, I, p, and q, those 
* The terms of order higher than the first are neglected throughout m a 
later stop in the method 
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equations reduce to 


(107) 


— , ittidR 

jia» dl ’ 

dl^ ?Ba dR 

dt ~ no? dh ’ 

dp nij dR 

dt~ ^ no? dq ' 

dq m-jUR 

. dt no? dp ■ 


Tlio terms which involve the denvative of R with respect to e, \ 
and w do not appeal in these equations because they involve h, I, 
p, 01 q as a factor This fact follows fiom the properties of C 
pliven in Ai t 220 and the form of equations (103) and (104) 

Each pcituibing planet contiibutcs terms m the right membeis 
of e(}uationB (107) similar to the ones written winch come from nii 
'riiesc diffeiential equations aie not stiictly collect, since the 
fust appioximation has aheady been made m neglecting the higher 
jiowers of the variables 

The second stop is in the method of treating the difteiential 
eijuations. Tho exiiansions of the ii,, , contain certain terms 
which are independent of the tune, which in the oidinary method 
give rise to tho soculai teims Let R^^K, ? represent these terms 
Lagiaiigo then tri'ated the differential equations by neglecting the 
poiTodic terms in R{, „ and wilting 


(108) 


dt s ' dl, ( 


(i = 1, * + i), 


dli 

dl 


- 


0R(\i 


dh. * 

dpi _ j dJi^j^ 

dt'-^'k ’ Oq, ’ 
dot 


dl 


dp, 


Tho values of h„ 1., p„ and q, determined from equations 
(]{)8) are usod inBioacl of the secular teims obtained by tie 
method of Art 227. The process of breaking up a differential 
equation in tins manner is not permissible except as a first approxi- 
mation, and any conclusions based on it are open to suspicion. 
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In spite of the logicsl defects of the method nnd the fiict that it 
cannot be geneially applied, theie is little doubt that in the 
piebont case it gives an accurate idea of the actual mannei in which 
the elements vaiy 

The light membeis of equations (108) are expanded in poweis of 
7i„ l„ p„ and q„ and all of the terms except those of the fiiat dogice 
aie neglected, consequently the terms omitted in (107) would 
have disappeared here if they had been retained up to this point. 
The system becomes hneai. and the detailed discussion of the 
, shows that it is homogeneous, giving equations of the form 


(109) 


f' + gciA-O, 


It +5'* 

d/ln 
dt 

[f + go-A-o, 




0 , 

^0, 

« 

= 0, 


and a similar system of equations in the p/ and the qf. 

The coefficients c„ depend only on the major axes (the not 
appearing in the secular terms) which aie consideiod as being 
constants, since the major axes have no secular terms in the 
peiturbations of the fiist and second ordeis with lespeot to the 
masses. It is to be noted here that the assumption that the c.j 
are constants is not strictly true because the major axes have 
periodic perturbations which may be of considerable magnitude 

When these linear equations are Solved by the method used in 
Art. 160, the values of the variables are found in the form 




< 110 ) 
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wlunc ilu' //,,, Ltj, P,„ and Q,„ aie constants depending upon the 
iiiitidl conditions A detailed discussion shows that the X, and fij 
aic all jiui’o iinaglnaties with veiy small absolute values, there- 
fou' the hi, It, j)i, and Q, oscillate around mean values with very 
long jx'i’iods. Or, since the e, and tan i, aie expressible as the 
sums of Hiiuaiea of the h„ l„ j)„ and q„ it follows that they also 
perfoun small oscillations with long peiiods, for example, the 
ecci'ntiu'ily of the earth’s oilnt is how decreasing and will continue 
to decreiiso for about 24,000 years 
lOiiualums (109) admit integials flrst found by Laplace in 1784, 
which lead inaelically to the same theorem They are 

4- V) = Constant = C, 

( 111 ) 

gm,tvbW + 5y*) = C"; 


or, becauBo of (103) and (104), 


( 112 ) 


n 


§ 




C, 


i. 


tan’ ij 


C, 


where n/ m the mean motion of w/. The constants C and C as 
dotormlnetl by the initial conditions are very small, and since the 
left nicmbors of (112) aio made up of positive terms alone, no e, 
or if call over liecomo very great. There might be an exception 
if Urn corresponding wi/ woio very small compared to the others. 

ICcluations (112) give tho celebrated theoiems of Laplace that 
Urn uccentriciUes and iuolinations cannot vary except wHhm very 
narrow limitB. Although the demonstration lacks complete ligor, . 
yet the results must bo considcicd as romaikable and significant, j 
Equations (112) do not give tho pciiods and amplitudes of the 
oscillationH as do equations (110). 

230, Computation of Perturbations by Mechanical Quadratures. 

If tho second term of the second factor of (84) in absolute value is 
greater than unity, the scries (87) does not converge and cannot 
1)0 used ill computing pciturbations. The ejcpansions may fail 
hecauan ri and n are very nearly equal; or, sometimes when they 
are not nearly equal, liccauso I is large. In the latter case 
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another mode of expansion sometimes can bo employed,* bnt ^ero 
are oases in winch neither method leads to valid results. They 
both fail if the two orbits placed in the same piano would intersect, 

for in this case 

rS, 2 == ri® + »’ 2 ® — 2» ir 2 cos (mi — + n — ti), 

would vanish when the two bodies arrive at a point of inter- 
section of their oibits at the same time Unless the periods are 
commensurable in a special way this would always happen. Of 
course, it is not necessary that n, 2 should actually vams 1 m 
ordoi that the expansion of (84) should fail to conyerp, ^ 
Perturbations can be computed by the method of mcchpica 
quadratuies without expanding the perturbative function explicitly 
in terms of the time Consequently, this method can be used in 
computing the distuibmg oflects of planets on comets and m other 
cases wheio the expansion of Ri, 2 fails altogetlp or converges 
slowly Let s lepiesent an element of the orbit of mi, then 
equations (77) can be written in the form 

and the perturbations of the first order in the interval U - <0 are 

(H3) ^ ~ X« 

where So is the value of s at f = to . . * ■ ji 

The only difficulty in computing portuibations is in forming the 
mtcgials indicated in (113). When the pcituibativc function can- 
not be expanded explicitly in terms of i tlic primitive of the 
function /.({) cannot be found. But in any case the values 0 
f,(t) can be found for any values of I, and from the values of /,(0 
for special values of t an approximation to the mtpral can be 
obtained. Geometrically considered, the integral (113) is the 
area comprised between the t-axis and the curve / = /.(O and the 
ordinates h and t„ An approximate value of the integral is 

s So + /.(io)(«i - <o) + “ «i) + • • + /•On-iX*" “ 

The intervals <1 - U, k ~ k, • , fn - k~i can be taken so small 
that the approximation will be as close as may be desnecl. 

Another method of obtaining an approximate value of the mte- 
* TiBBorand, M 6 c(i 7 viQue CSlestef vol. i , chap xxvni. 
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p;ml iH to vt'pliK'o tlio omvo /,(<), whose explicit value in convenient 
foim limy not Iw oblninabh*, by a polynomial cuive of the nth 
<l('p,r(M' which ii(fi(>('s in value with /.(t) at t = to, ti, -• , U The 
Hpiatioii of UiH polynomial is 

, (f - «,)(<_;- Jo) (t-u . . 

j‘ - -b If-- - k) (to - Q 

.u - «“<■.) f u N 

"(ti — In) (ti — tz) • • (<i — in) * ^ 


(i-m-h)-- (t -<»-,) 

Since there is no trouble in foimmg the integral of a polynomial 
tlieie H no trouble in computing the pciturbation of s for the in- 
ti'ival In ” <0 It th(‘ vnluo of the function /,(t) is not changing 
very rapidly or nrcgulaily, its lopresentation by a polynomial is 
vc'ry exact piovuled the intervals k — k, • •, tn — tn-i are not 
too gieat. 

Ilowi'vei, the area between the polynomial, the i-axis, and the 
limiting ordnmtes is not the best approximation to the value of 
the integral that can bo obtained fiom the values of /.(O at toi 
. . l„. The values of tho function give mfoimation respecting 

the nivtuio of tho cmvaturo of tho cuivc between the ordinates 
(this bc'ing true, of course, only because the function f.(i) is a 
regular funotion of 1), and corrections of the area duo to these 
cm vatuies can ('asily bo made. Oidiiiaiily they would involve the 
derivatives ot/.(0 at io, - • , L, which would lequiie a vast amount 
of labor to compute; but tho derivatives can be expressed with 
flulhciont approximation in terms of the successive diffcionces of 
tho function, aiiil tho differences are obtained dnectly from the 
tabular values by simple subtraction. The deiivntion of the 
most convenient explicit formulas is a lengthy matter and must 

bo omitted * , , j., , t 

Suppose the computation of the integrals fiom the values oi 
/,(0 at 1 » < 0 ) “ ' ( (n has not given results which are sufficiently 
exact. More exact ones can be obtained by dividing the interval 
l„ — id into a greater number of sub-intcivals. A little experience 
usually makes it unnecessary to subdivide the intervals first chosen. 

♦ «(>o TiHSorand's M^camgue CMe, vol. iv , chaps x and xi ) and Char- 
llcr'fl Mec/iam/c iJes /hvwiol$f vol n,, chap. I 
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Theie is a second icason why the results obtained by mechanical 
quadiatnips may not be sufficiently exact It has so far been 
assumed that/.(0 is a function of t alone, oi, in othoi woids, that 
the elements of the mbits on which it depends aio constants 
This is the assumption m computing pcituibations of the fiiat 
Older If it 13 not exact enough, new values of /«(«i), , f,{Q 

can bo computed, on using in them the lespeetivo values of 
the elements s which weie found by the fiisl mtcgiation From 
the new values of , f,{in) a moie appioximate value of 

the integral can be obtained. Unless the intoival In — la is too 
great this process conveigcs and the mtcgial can be found with 
any desired dcgieo of appioximation, because this method is 
simply Pieaid's method of successive appioxiinalions whoso 
validity has boon established ”■ In practice it is always advisable 
to choose the interval tn — <o so short that no I’opetition of the 
computation with impioved values of the function at the ends of 
the sub-intervals will be requned At each new stage of the inte- 
gration the values of the elements at the end of the ineeeding 
stop aio employed It follows that the method, as just explained, 
enables one to compute not only the peiturbations of the first oidei, 
but peituibations of all oideis except for the limitations that 
the intervals cannot be taken indefinitely small and the compu- 
tation cannot be made with indefinitely many places 

The pioecss of computing peituibations by the method of 
mechanical quadiatuies, as compaied with that of using the 
expanded form of the peituibativc function, has its advantages 
and its disadvantages. It is an advantage that in employing 
mechanical quadiatuies it is not noccssaiy to expicss the pei- 
turbing forces explicitly in teims of the elements and the time 
This IS sometimes of great importance, for, m cases wheio the 
eccentiicities and inclinations nie laigc, ns m some of the asteroid 
orbits, these cxpiessions, which are sciics, aio very slowly con- 
vergent; and in the case of orbits whose eccentricities exceed 
0 6627, or of orbits which have any radius of one otiual to any 
radius of the other the scries aie divcigcnt and cannot bo used. 
The method of mechanical quadiatuies is equally applicable to 
all kinds of orbits, the only lestiiction being that the intervals 
shall be taken sufficiently shoit It is the method actually em- 
ployed, in one of its many foims, m computing the peituibations 
of the orbits of comets 

♦ Picard’s Traitd d' Analyse, vol ii , chap, xi , Beotion 2 
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The dHadvtiniagcs oic that, in oidei to find by mechanical 
qundiatuics the values of the elements at any paiticular time, 
it IS neeessaiy to compute them at all of the mteimediate epochs. 
Being puicly iiumeiical, it tliiows no light whatever on the general 
cluuactoi of peituibations, and leads to no general theorems 
legal ding the stability of a system These aie questions of 
gicat iiiteii'st, and some of the most biilliant discoveries in Ce- 
lestial Mechanics have been made lespecting them 


231. General Reflections. Astionomy is the oldest science 
and 111 a ceitam sense the patent of all the others The relatively 
simple and legulaily lecuiimg celestial phenomena fiist taught 
men, in the days of the ancient Greeks, that Nature is systematic 
and ordeily The importance of tins lesson can be inferred from 
tho fact that it is the foundation on which all science is based 
For a long time progress was painfully slow Centuries of obser- 
vations and attempts at theories foi explaining them were neces- 
saiy befoic it was finally possible for Kepler to derive the laws 
which aio a liist appioximation to the description of the way m 
which tho planets move. The wonder is that, in spite of the 
distractions of tho constant sliuggles incident to an unstable 
social ordei, there should have been so many men who found their 
greatest pleasure in patiently making the laboiious observations 
which vveio neeessaiy to establish the laws of the celestial motions 
Tho woik of Kepler closed the piclimmaiy epoch of two thousand 
years, or more, and the biilhant discoveries of Newton opened 
another. Tho invention of the Calculus by Newton and Leibnitz 
fuinishcd for the first time mathematical machmeiy which was 
at all suitable for grappling with such difficult problems as the 
disturbing effects of the sun on tho motion of the moon, or the 
mutual perturbations of tho planets. It was fortunate that the 
telescope was invented about the same time, for, without its use, 
it would not have been possible to have made the accurate obser- 
vations which furnished tho numerical data for the mathematical 
theories and by which they were tested The history of Celestial 
Mechanics during the eighteenth century is one of a continuous 
series of triumphs Tho analytical foundations laid by Clairaut, 
d'Alemboit, and Euler foimed the basis for the splendid achieve- 
ments of Lagrange 'and Laplace. Their successors m the nine- 
toonth contuiy pushed forward, by the same methods on the 
whole, tho theoiics of the motions of the moon and 
higher oidcrs of approximation and compared them with 
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and better observations. In tins connection the names of Lever- 
rier Delaunay, Hansen, and Newcomb will be espeemlly icmem- 
bered Near the close of the nineteenth century a thud epoch 
was entered. It is distinguished by new points of view and new 
methods which, in powei and mathematical rigor, ^ 

surpass all those used before It was mauguiatcd by Hill m his 
Re^arches on the Lunar Theory, but owes most to the biilhant con- 
tributions of Poinoar4 to the Problem of Thico Bodios 

At the present time Celestial Mechanics is entitled to bo icgaulcd ^ 
as the most peifcot science and one of the most splendid achieve- 
ments of the human mind. No other science is based on so many 
observations extending over so long a time. In no othci science 
IS it possible to test so critically its conclusions, and m no other 
are theory and expel lence in so perfect accord There aio thou- 
sands of small deviations fiom conic section motion in the orbits 
of the planets, satellites, and comets where theoiy and the obser- 
vations exactly agieo, while the only unexplained iriegularitics 
(probably due to unknown foices) are a vciy few small ones m 
the motion of the moon and the motion of the poiiholion of the 
orbit of Mercury. Over and over again theory h as outrun practise 
and indicated the existence of peculiarities of motion which had 
not yet been derived from observations. Its peifection duimg 
the time covered by experience inspiics conadence m following it 
back into the post to a time befoie observations began, and into 
the future to a time when perhaps they shall have ceased As 
the telescope has brought within the range of the eye of man lo 
wonders of an enormous space, so Celestial Mechanics has bi ought 
within reach of his reason the no lesser wonders of a oonesponc - 
ingly enormous time. It is not to be marveled at that ho hnds 
profound satisfaction m a domain where he is largely fiecd from 
the restrictions of both spaco and time. 


XXVn. PROBLEMS. 

1 Suptfoso (p) that Ki,» w largo and nearly constant, (6) that Bi. j is 
largo and changing rapidly, (c) that Bi, , is small and nearly constant If ho 
perturbations aro computed by mechanical quadraUncs how shou d the 
{„ - to bo chosen relatively in the three cases, and how should the numbers of 
BubdiYisiona of in — compare? 

2o The perturbative function involves the reciprocal of the distance from 
the disturbing to tliQ disturbed planets Tins is oalled tho 'jmncipal pail and 
gives tho most difficulty m the development, How many soparalo rociprooal 
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diHtanoofl must he dovcloped in ordei to oompute, m a system of one aun and 
n pltuulH, (a) the peiiuibations of the first order of ono planet, (L) the per- 
iiirbalioiiH of tlio fust oulei of two planets, (c) the pertiubations of the aecond 
okUh of ono planet, and (d) the poitmbationa of the third older of one planet? 

3 What HunplilKations would time bo in the development of the per- 
tuibaiivo fuiu turn if the mutual inclinations of the orbits weie zero, and if 
the 01 1)1 Is were oi roles? 

4 Wiiat HOI is of ioirim will m Roneial appeal m perturbations of the third 
oulei with ie4ipect to tho masses? 


IIIBTOIIICAL HKKTCII AND BIBLIOGRAPHY 

Tlin Iheoiy of luntiiibationa, as applied to the Lunar Theory, was developed 
fioin Iho Keoinotiieal wtandpoint by Newton The memoirs of Clou aut and 
D'Alenibeit in 1747 <sm<ained impoitant advanees, makings the solutions 
depend upon the inti'giaison of tlio dilTeioniial equations in eoiies Clairaut 
Boon ha<l oeeasion to apply his pioeease^ of mtegiation to the pertuibations 
of 1 Talley eonu^ by the planets Jupitei and Saturn This comet had been 
oiiseived in 1581, 1007, and 1082 If its jjoiiod were constant it would pass 
the i)(‘uli(dton again about tho muldle of 1760 Claiiaut computed the 
peituibaiionH <lue lo the attractions of Jupiter and Satuin, and picdicted that 
tho penludion passage would bo Apiil 13, 1759 lie lemaiked that the time 
waH urn (M tain lo tho extent of a montli because of the unccitamties m tho 
niawHi’S of Jupilm an<l Hatuin and tho possibility of pcitiubations from un- 
known plaiielH beytnid these two Tho comet passed the poiihehon March 13, 
giving a Hhilung pi oof of tho vuUio of Clairaut’s motliods 

'i'lie Iheoiy of ilio iiortui ballons of tho planets was begun by Euler, whose 
nieniouH on tlie mutual poituibations of Jupitei and Satuin gamed tho prizes 
of tho Eusiidi Aciidomy in 1748 and 1752 In these momoiia was given tho 
liiHt aiudvlKul (U'vcdopmeiit of tiio method of tho vaiiation of parameters 
n^lio equations woio not entuoly gcneial as ho had not considered the elements 
as being all Hiniultuneourtly vaiiablcfl Tho fit at steps m the development of 
liio peitmiavtive function woio also given by Eulei 

Jaigiango, whoso conli ibutions to Celestial Mechanics were of tho most 
biilliant elianu'tei, wh)1<‘ Inn first mcsnoii m 1700 on the poituibations of 
Jupiter and Maimii In this woik lu developed slill furthci the method of 
tho vuiiaiinii of paiainetmH, leaving Ins final equations, however, still incorrect 
by legaiding tlio nuijoi axes and the epochs of Uio peiihohon paesagea ns 
eonslants in (kniving tho tsiuatinnH for the variations Tho equations for 
the imdination, nodes and longitude of tho perihelion fiom tho node were 
poifoetly {'oiuu't In iho oxpiesslons foi tho mean longitudes of tho plaiieta 
them weui UsniH inopoitional to tho fiist and second poweis of the time 
ThcBo worn ontiiely duo to the impel foe tions of tho method, their 
being tliat of the long penod ieiins, as was shown by Laplace m by 
considering toiins of the tluid oidoi in tho eeccnlneitica Tho method of the 
variation of luirmnelins was completely developed foi the fust time m 178^ 
by Lugiango in a i>n/o ineinon on iho perturbations of comets moving m 
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elliptical orbita By far tho most extensive use of the method of venation ol 
parameteia la due to Delaunay, wlioao Lunai Theory is caaontially a long 
Bueoeaaion of the applications of tho process, each stop of it removing a term 

from the perturbative function . i e 

In 1773 Laplace picsented his first memoir to tho Fionch Academy of 
Sciences In it ho proved his celebrated theoiem that, up to tho second 
powers of tho cceentiicities, tho major axes, and consequently tho mean 
motions of tho planets, have no scoular teims This theorem was extended 
hv Lagrange m 1774 and 1770 to all powers of tho cccontricitica and of tho sine 
of the angle of the mutual inclination, foi pcrfuihations of tho first order with 
respect to tho masses Poisson proved in 1809 that tho major axes have no 
purely secular terms m the pertuibations of the second order with lespcot to 
the masses Haretu pioved in his Disseitation at Sorbonno m 1878 that 
there ore secular vaiiations in the expicssions foi the major axes m the teims 
of tho third order with icspcct to the mlisses In vol xix of Annalea de 
I’Obsemloire de Pans, Eginilis oonsideied teims of still higher order with 
respect to tho masacB ^ 

Lagrange began tho study of the secular terms m 1774, introducing the 
variables h, I, p, and g Tho investigations were oained on by Lagrange 
and Laplace, each supplementing and extending tho work of tho other, unti 
1784 when their work became complete by Laplaco^s discovery of his celebrate 
equations 

S W/ti,OiV = C, 


^ tan’ i/ = C. 

These equations were derived by using only tho linear terms m the difforontial 
equations, Leverrier, Hill, and others have extended tho work by methods of 
successive approximations to terms of higher degree Newcomb (S»w</isoman 
Contnbulwns lo Scionce, vol xxi , 1870) has established the more fai-ronohing 
results that it is possible, m tho case of tho plonolary pertuibations, to repre- 
sent the elements by purely periodic functions of the lime whioh formally 
satisfy the difforontial equations of motion If these senes wore convergent 
the stability of tho solar system would be assuied; but Poincard has shown 
that they are in general divergent (Lea MHhodes Nouvellea do la Micaniquc 
CMeslc chap, ix ) Lradstodt and Gyldin have also succeeded m intogrnling 
tho equations of the motion of n bodies m ponodio senes, whioh, however, 
arc in general divergent 

Gauss, Airy, Adams, Leverrier, Hanson, and many others have made 
important contributions to the planetary theory in some of its many aspoots. 
Adams and Leverrier are noteworthy foi having predicted the oxistonro and 
apparent position of Neptune from tho unexplained inogulnilljcs in tho motion 
of Uranus More recently Pomentti turned his attention to Celestial Mechanics, 
publishing a pri/o memoir in tho Ada Mathemaltca, vol xiii This memoir 
was enlarged and published in book foim with the title Acs Milhodcs Nouvelks 
de la Mfcamque OUesle Pomearfi applied to tho problem all tho resources 
of modern mathematics with unrivaled genius, ho brought into tho invostiga^ 
tion such a wealth of ideas, and ho devised methods of such immense power 
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that the eub^eot in its theoiotical aspects has been entiiely revolutionized in 
his hands It cannot bo doubted that much of the work of the next fifty 
years will be in amplifying and applying the processes which he explained 
The following woiks should bo consulted 

Laplace^s Mkamque CClesley containing practically all that was known of 
Celestial McchnmcB at the time it was written (1799-1805) 

On the variation of paranieteis—zl nnoles de Whservatoire de Pans, vol i , 
TiBscrancFs MCcantijuc Cdleste^ vol i , Brown’s Lunar Theory, Dziobek’s 
Planeten-Bewegungui 

On the development of tho perturbative function— Annales de VObservaloire 
do Pai IS, vol I , 'L'lHHorand’s JlX^comgiic Cdleste, vol i , Hansen’s Enimckelung 
des Pioducis einci Potenz des Radius^^Veciors mit dem Sinus oder Cosinus eines 
Vielfachen der wahen Anomaho, etc , Ahh d K Sdchs Oes zu Leipzig, vol ii , 
Newcomb’s memoir on the Gonoial Integrals of Planetaiy Motion, Pomcar4, 
Los M6thodc8 Nouvellcs, vol i , clmp vi 

On the Btubihty of tho solar syatcin — ^TiBsoiand’s M6camque Celeste, vol i , 
chaps XI , XXV , XXVI , and vol iv , chap xxvi , Gylden, TraiU Analyhque 
dc8 Oi biles absolues, vol i , Newcomb, Smithsonian Coni , vol xxi , Pomcar^, 
Lcs M6thodea Nouvellcs de la Mdcamque Cdlcste, vol n , chap x 

On tho subject of Celestial Mechanics as a whole there is no bettor work 
available than that of Tissorand, which should bo m the possession of every 
one giving speoml attention to tluB subject, Another noteworthy work is 
Clmihor’B Mcchanil des IlmmcU, which, besides maintaining a high order of 
gcnoial oxccllenco, is imeciualcd by other treatises m its discussion of periodic 
solutions of tlio Problem of Threo Bodies* 
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